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Painlevé equations

�� Printed on acid-free paper which falls within the guidelines of the ANSI
to ensure permanence and durability.

Library of Congress � Cataloging-in-Publication Data

Gromak, V. I. (Valerii Ivanovich)
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Introduction

The Painlevé equations were first derived, between 1895–1910, in the investigations
by Painlevé and Gambier while studying the following problem originally posed by
Picard [1]: Given R(z,w,w′) rational in w and w′ and analytic in z, what are the
second order ordinary differential equations of the form

w′′ = R(z,w,w′) (0.1)

with the property that the singularities other than poles of any solution of (0.1) depend
on the equation in question only and not on the constants of integration?

Painlevé [1] and Gambier [1] proved that there are fifty canonical equations of
the form (0.1) with the property proposed by Picard. This property is known as the
Painlevé property, and the differential equations, respectively difference equations,
possessing this property are called equations of Painlevé type (P-type). For later
presentations of this classical background, see Ince [1] and Bureau [1]. The method
introduced by Painlevé to solve the classification problem by Picard was completely
different from the classical Fuchs method for solving the similar problem in the case
of first order differential equations. The Painlevé method relies on an application of a
Poincaré theorem concerning the expansion of solutions in a series of powers of small
parameters, called the α-method. By this method, finding necessary conditions for
the Painlevé property is relatively easy, while finding sufficient conditions becomes
more complicated.

Among the fifty equations obtained, the following six, known as the Painlevé
differential equations, appear to be the most interesting ones:

w′′ = 6w2 + z, (P1)

w′′ = 2w3 + zw + α, (P2)

w′′ = (w
′)2

w
− 1

z
w′ + 1

z
(αw2 + β)+ γw3 + δ

w
, (P3)

w′′ = (w
′)2

2w
+ 3

2
w3 + 4zw2 + 2(z2 − α)w + β

w
, (P4)

w′′ = 3w − 1

2w(w − 1)
(w′)2− 1

z
w′+ 1

z2 (w−1)2
(
αw + β

w

)
+ γw
z
+ δw(w + 1)

w − 1
, (P5)

w′′ = 1

2

(
1

w
+ 1

w − 1
+ 1

w − z
)
(w′)2 −

(
1

z
+ 1

z− 1
+ 1

w − z
)
w′

+ w(w − 1)(w − z)
z2(z− 1)2

(
α + βz

w2 +
γ (z− 1)

(w − 1)2
+ δz(z− 1)

(w − z)2
) (P6)
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where α, β, γ , δ are arbitrary complex constants. Indeed, the solutions of eleven of
other equations of Painlevé type may be expressed in terms of solutions of the six
equations above (actually of (P1), (P2) or (P4)), while the 33 remaining equations are
solvable in terms of solutions of linear differential equations of second or third order,
or in terms of elliptic functions.

In the early history of Painlevé equations, the investigations due to Boutroux
[1], [2] and to Garnier [1]–[4] are indispensable, inducing a lot of motivation and
influence to modern work in this field. Indeed, the Boutroux’ studies on the growth
and the asymptotic behavior of Painlevé solutions are in the background of the present
corresponding efforts. After Boutroux, it was Garnier who continued studying analytic
properties of Painlevé transcendents up to 1960’s on a wide scope, including the
behavior around fixed singular points, the relation to the Riemann–Hilbert problem
and isomonodromic deformations.

Due to the intuitive nature of possible singularities, it seems plausible that all
solutions of (P1), (P2) and (P4) would be meromorphic in the complex plane in
the sense that all local solutions admit an analytic continuation which is single-
valued and meromorphic in C. Similarly, it seems natural that (P3) and (P5) could
be transformed by z = exp t to corresponding modified equations (P̃3) and (P̃5)

such that all solutions of these modified equations would be meromorphic in C as
well. Finally, since 0, 1,∞ are potential fixed critical points for the solutions of (P6),
it is clear that no transformation of type z = ϕ(t), ϕ entire, would apply to (P6)

to produce meromorphic solutions only. These heuristic ideas arose almost simul-
taneously as the systematic research on Painlevé equations started, see Painlevé [1],
[2], [3]. In fact, Painlevé claimed in [2] that all solutions of (P1) are meromorphic
in the complex plane, proposing a proof. Unfortunately, his original idea remained
incomplete in technical details although the idea itself can be saved. This may be
seen from a number of later presentations due to Hukuhara [1], Hinkkanen and Laine
[1]–[4] and Steinmetz [4], see also Okamoto and Takano [1]. Our Chapter 1 is now
devoted to presenting the essential technical contents of these later completions to the
original idea of Painlevé to prove the meromorphic nature of solutions of the Painlevé
equations.

As all solutions of the Painlevé equations (P1), (P2), (P4), (P̃3) and (P̃5) are
meromorphic functions, it is natural to continue by investigating their growth and
value distribution. These considerations have been included in Chapter 2 and Chap-
ter 3. Boutroux started, around 1910, to investigate these questions. Credit for more
extensive studies of value distribution properties of Painlevé transcendents is due to
Schubart and Wittich in 1950’s and to Steinmetz about a quarter of century later. How-
ever, intensive research in this field really started only very recently. In Chapter 2, we
apply the rescaling idea due to Steinmetz to prove that all first Painlevé transcendents
are of finite order of growth, while a reasoning due to Shimomura will be applied
to prove that these functions are of regular growth. We then make use of the more
geometric reasoning due to Shimomura to consider the growth of solutions of (P2),
(P4), (P̃3) and (P̃5).
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In Chapter 3, value distribution of Painlevé transcendents will be studied. While
the main part of this chapter is devoted to considering deficiencies and ramification
indices as well as to analyzing the contents of the second main theorem with respect
to these functions, we also include a section to look at their value distribution with
respect to small target functions. This is perhaps the subfield of value distribution of
the Painlevé transcendents with the largest number of open problems; we included this
section in the book in the hope of prompting new research in this fascinating topic.

Due to the birth history of Painlevé differential equations, much of the fundamental
work by Painlevé was made while keeping in mind the relations between the singular-
ity structure and integrability. This connection was first observed by Kowalevskaya
[1], [2] in her work on the equations of a spinning top. The essence of these classi-
cal investigations was that whenever the movable singularities of a given system of
differential equations are nothing but poles, the system turns out to be integrable, in
some sense. More recently, the integrability of Painlevé equations has been conformed
by the inverse scattering method, originally developed by Gardner et al. [1] in order
to solve the Cauchy problem for the Korteweg–de Vries equation. Since there exist
several modern presentations about the connection between the singularity structure
and integrability, see e.g. Ablowitz, Ramani and Segur [2], [3], including the inverse
scattering method, in relation to the Painlevé equations, this aspect will mostly be
omitted in this book, while we take another approach in Chapters 4 through 10.

Indeed, it is well-known presently, see e.g. Nishioka [1] and Umemura [1], that the
Painlevé differential equations cannot be integrated, in general, in terms of solutions
of linear differential equations. Therefore, the Painlevé transcendents define, in a
generic sense, new transcendental functions which, in fact, may be considered as
some kind of nonlinear special functions. However, for some special values of the
equation parameters, the Painlevé equations may be integrated in terms of elementary
functions or in terms of some classical transcendental functions such as theAiry, Bessel
or hypergeometric functions. In the context of the Painlevé equations, such special
solution families are usually constructed by certain recurrence relations, usually called
as Bäcklund transformations. Informally, these transformations are understood as
systems of equations relating a given solution to another solution of the same equation,
possibly with different values of the equation parameters, or perhaps to a solution of
another equation. This kind of approach to investigate solutions of Painlevé equations
is in the core of Chapters 4 through 9, one chapter devoted to each of the six equations.
As a necessary background, we also provide a detailed analysis of the behavior of the
Painlevé transcendents in a neighborhood of a singularity. Moreover, for (P1) and
(P2), we have included an introduction to their higher order analogues, although their
investigation is not very developed as of today.

Our final Chapter 10 has been devoted to describe some applications of the Painlevé
differential equations. Due to the important role of Painlevé equations in a number of
physical applications in the fields of hydrodynamics, plasma physics, nonlinear optics
and solid state physics, we first offer a short (and certainly not complete) presentation
on connections between partial differential equations and Painlevé equations. In most
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cases, this connection appears while looking at special solutions of solitary type of the
partial differential equations in question. Typical such partial differential equations
are the Boussinesq, Korteweg–deVries and sine-Gordon equations, shortly considered
along with some of their modifications. The second part of the last chapter has been
devoted to discrete Painlevé equations. Indeed, there has been a lot of interest in
integrable mappings and discrete systems recently. Although discrete versions of
Painlevé equations seem to be a most natural field of studying, due to the importance of
the continuous Painlevé equations, not very have been done yet. In fact, investigations
of complex difference equations have not abounded in the last decades. Therefore,
this part is relatively short, mostly written as be a reminder of an extremely promising
field of research in the borderline of mathematics and its applications.

The two appendices contain (1) basic local existence and uniqueness results for
solutions of complex differential equations and (2) elements of the Nevanlinna theory.
In both parts, we have restricted ourselves to include such results only that are needed
to understand the preceding chapters.

Our list of references is quite extensive, but far from being complete anyway.
Indeed, the Mathematical Reviews database today contains about 1900 items with
the keyword Painlevé in the item title or the corresponding review text. Clearly, by
the same database, the scientific interest in this field of research has been steadily
increasing since 1980. Despite of the incompleteness of our bibliography, we have
made some effort to include, as far as possible, references known to us which are
treating Painlevé differential equations and Painlevé transcendents in the complex
domain, while other references have been restricted to the most essential ones only.

Finally, we would like mention here that the major part of the book, Chapters 4
through 10, has been built up on a base draft written by the first author, while the
second author, respectively the third author, has contributed the first draft for Chapter 1,
Chapter 2 and Appendix A, respectively Chapter 3 and Appendix B. Revising of the
numerous subsequent drafts has been made in continuous collaboration between the
whole author team. Reading the entire book in all details needs a large number of
technical computations. We have mostly omitted such detailed calculations including,
however, hints about the line of reasoning to be followed. We have made this decision
mostly by space requirements, but also by the standard availability of mathematical
software such as Mathematica or Maple.



Chapter 1

Meromorphic nature of solutions

As described in the Introduction, the original idea leading to the six Painlevé equations,
namely the lack of movable singularities other than poles for solutions of a second
order differential equation in the complex plane, proposes that the solutions might be
meromorphic. The first attempt to offer a proof for this was made by Painlevé himself
in [2], p. 227–238, for the solutions of (P1). However, as it is not difficult to observe,
the original proof as well as several subsequent proofs in well-known textbooks, see
e.g. Bieberbach [1], Golubev [2], Hille [1], Ince [1], appear to be incomplete. For a
more detailed analysis, see Hinkkanen and Laine [1], p. 346–348.

The defects in the classical treatments have been observed in Hukuhara [1], see
Okamoto and Takano [1]. Unfortunately, these lecture notes have not been widely
available outside of Japan. Independently of Hukuhara [1], the meromorphic nature
of Painlevé solutions for (P1), (P2), (P4) and for a modified form of (P3) and (P5)

has been rigorously proved recently, see Hinkkanen and Laine [1], Steinmetz [4],
Hinkkanen and Laine [2], [3]. See also Shimomura [11]

The purpose of this chapter is to present the reader an idea of these proofs, detailed
enough to enable him/her to work out complete proofs by relying, partially, to the
original references mentioned above and to a suitable symbolic software.

This chapter has been organized as follows: For the first Painlevé transcendents,
i.e. for solutions of (P1), we prove their meromorphic nature by giving a modified
version of Hukuhara [1], combined with some ideas from Hinkkanen and Laine [1].
For (P2), we offer here a proof which partially follows the treatment in Hinkkanen and
Laine [1], though not given in detail there. The modified forms of (P3) and (P5) have
been treated in detail in Hinkkanen and Laine [2], [3]. Unfortunately, these proofs are
technically complicated. Due to space limitations, they are omitted here, and we only
refer to the original papers. To give the reader an idea of the differential inequality
technique applied in the case of (P3), (P4) and (P5), we include a complete proof for
(P4), essentially following the pattern of reasoning in Steinmetz [4].

§1 The first Painlevé equation (P1)

Let w(z) be an arbitrary local solution of (P1) satisfying the initial conditions
w(z0) = w0, w′(z0) = w′0, and being defined in a disk centred at the point z0 ∈ C.
We may assume that w0 �= ∞, w′0 �= ∞ for if this is not the case, we may move the
point z0 slightly to achieve this. By the local existence and uniqueness theorem of
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complex differential equations, see Theorem A.3,w(z) has to be locally single-valued
and analytic around z0. We now proceed to prove

Theorem 1.1. All local solutions of

w′′ = z+ 6w2 (P1)

can be analytically continued to single-valued meromorphic solutions in the complex
plane.

Remark 1. The proof below is essentially based on the lecture notes by Hukuhara
[1], while part of the reasoning is that one proposed by Hinkkanen and Laine [1].

Proof of Theorem 1.1, first part. Let w(z) be a local solution of (P1) with w(z0) =
w0 �= ∞, w′(z0) = w′0 �= ∞, defined in a disk centred at z0. Let B(z0, R) be the
largest disk to whichw(z) can be continued as a single-valued meromorphic function.
By the uniqueness theorem of meromorphic functions, the extended function obviously
satisfies (P1) in B(z0, R). If R = ∞, there remains nothing to prove.

Therefore, assume now that R < ∞ in D := B(z0, R). If, for each z1 ∈
S(z0, R) := ∂D, there exists δ > 0 such thatw(z) can be continued as a single-valued
meromorphic function to the domain D ∪ B(z1, δ), then we may cover S(z0, R) by
finitely many such disks (by reducing some of the radii, if necessary) so that any
disk overlaps exactly two others. The union of D with these disks covers a disk
D1 = B(z0, R1) for some R1 > R. If two disks B and B ′ of the form B(z1, δ)

overlap, then the extensions of w to D ∪ B and D ∪ B ′ agree in D ∩ B ∩ B ′ �= ∅ so
that they agree in B ∩ B ′. We conclude that w may be analytically (more precisely,
meromorphically) continued without restriction inD1. SinceD1 is simply connected,
it follows from the monodromy theorem that we have defined w as a single-valued
meromorphic function in D1. This contradicts the definition of R.

Therefore, there exists a point a ∈ S(z0, R) for which there is no δ > 0 such that
w(z) can be continued as a single-valued meromorphic function fromD toD∪B(a, δ).

(1) We are now looking for a pair of analytic functions u, v defined in a neigh-
borhood of a possible pole z1 of w, due towards constructing the necessary auxiliary
functions needed along with the subsequent proof. To motivate the selection of u, v,
recall that poles are the only singularities which may appear in B(z0, R). A usual
analysis shows that the poles are of double multiplicity. Substituting now the Laurent
expansion of w(z) around z = z1 into (P1), and denoting ζ := z − z1, we obtain by
standard coefficient comparison

w(z) = 1

ζ 2 −
z1

10
ζ 2 − 1

6
ζ 3 + hζ 4 + z2

1

300
ζ 6 + z1

150
ζ 7 +

∞∑
k=8

akζ
k, (1.1)

where the coefficient h depends on the initial conditions. Moreover,

w′(z) = −2ζ−3 − z1

5
ζ − 1

2
ζ 2 + 4hζ 3 + z

2
1

50
ζ 5 + 7z1

150
ζ 6 +

∞∑
k=8

kakζ
k−1. (1.2)
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Taking into account that ζ = z− z1, we obtain from (1.1) and (1.2),⎧⎪⎨⎪⎩
w(z) = ζ−2 − z

10
ζ 2 − 1

15
ζ 3 + hζ 4 + · · ·

w′(z) = −2ζ−3 − z
5
ζ − 3

10
ζ 2 + 4hζ 3 + · · · .

(1.3)

Since all poles w(z) are double, it is natural to propose such an auxiliary function
v that w(z) = v(z)−2, at least locally around a pole, say z1. Taking now a branch
of v(z), we obtain from the first equation of (1.3) by the usual formal power series
computations that

ζ = v(z)
(

1− z

20
v(z)4 − 1

30
v(z)5 + 1

2
hv(z)6 + · · ·

)
.

Substituting this into the second equation of (1.3), we get

w′(z) = −2v(z)−3 − 1

2
zv(z)− 1

2
v(z)2 + 7hv(z)3 + · · · . (1.4)

Now, this leads us to propose the auxiliary functions u, v defined by

w = v−2, w′ = −2v−3 − 1

2
zv − 1

2
v2 + uv3. (1.5)

Invoking (P1), we obtain⎧⎪⎪⎨⎪⎪⎩
u′ = 1

8
z2v + 3

8
zv2 +

(
1

4
− zu
)
v3 − 5

4
uv4 + 3

2
u2v5

v′ = 1+ 1

4
zv4 + 1

4
v5 − 1

2
uv6.

(1.6)

It is immediate to see that whenever u, v are meromorphic functions satisfying (1.6),
then w = v−2 is a solution of (P1).

(2) In addition to u and v, we need to consider

	(z) := (w′)2 + w
′

w
− 4w3 − 2zw. (1.7)

It is now a straightforward computation to see that

	(z) = − 1

4w2 +
z2

4w
+ u

2

w3 −
zu

w2 − 4u. (1.8)

In fact, it suffices to substitute (1.5) into (1.7) and make use of w = v−2. Multiplying
both sides of (P1) by 2w′, we observe that

d

dz

(
	(z)− w

′(z)
w(z)

)
= −2w(z).
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Using (P1) once more, it is immediate to verify that	(z) satisfies the non-homogenous
first order linear differential equation

	′(z)+ 1

w(z)2
	(z) = − z

w(z)
+ w

′(z)
w(z)3

. (1.9)

Let now Γ be the line segment joining z0 and a. We may assume that Γ avoids zeros
of w(z) modifying Γ by small half-circles around the zeros of w(z) on Γ . In fact,
it suffices to choose the radii of these half-circles so that the modified line segment
remains rectifiable. For simplicity, we continue to speak of Γ as a line segment. Let
Γ (z0, t) denote the initial part of Γ from z0 to t . We now solve (1.9) along Γ (z0, t).
By partial integration, we get

	(z) = E(z0, z)
−1
[
	(z0)− E(z0, z)

2w(z)2
+ 1

2w(z0)2

−
∫
Γ (z0,z)

E(z0, t)

2w(t)4
(2tw(t)3 − 1) dt

]
,

(1.10)

where

E(z0, t) = exp
( ∫
Γ (zo,t)

w(τ)−2 dτ
)
. (1.11)

By (1.10) and (1.11) we immediate conclude

Lemma 1.2. If |w(z)|−1 is bounded on Γ , then 	(z) is bounded on Γ . 	


(3) To prove the assertion of Theorem 1.1, denote

A := lim inf
Γ �z→a |w(z)|,

and consider three possible cases separately as follows.

Case I. 0 < A < +∞.
By Lemma 1.2, 	(z) is bounded on Γ near z = a, since |w(z)| ≥ A

2 > 0
there. Take now a sequence (zn) on Γ , zn→ a, such that w(zn) and w(zn)−1 remain
bounded as n→∞. Regarding (1.7) with z = zn as a quadratic equation for w′(zn)
we observe that w′(zn) is bounded as n → ∞. Applying now the standard Cauchy
estimates reasoning, see Corollary A.4, to the pair{

w′ = g
g′ = 6w2 + z

of differential equations we conclude that w(z) is analytic around z = a, which is a
contradiction.
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Case II. A = +∞.
In this case, limΓ �z→a w(z) = ∞, and so, by Lemma 1.2, 	(z) is bounded on Γ

near z = a. Recalling that w = v−2, we may write (1.8) in the form

	(z) = −1

4
v4 + 1

4
z2v2 − u(zv4 + 4− uv6).

Therefore,u(zv4+4−uv6) is bounded onΓ near z = a. Ifu(zn) is bounded near z = a
for a sequence zn→ a, the Cauchy estimates method may be applied to the pair (1.6) to
conclude that w(z) has a pole at z = a, a contradiction. Hence limΓ �z→a u(z) = ∞,
implying that limΓ �z→a uv6 = 4. Writing u(zv4 + 4 − uv6) = uv6( z

v2 + 4
v6 − u),

we observe that

g := u− 4

v6 −
z

v2 (1.12)

remains bounded on Γ as z→ a. Differentiation gives

g′ = u′ + 24v′

v7 − 1

v2 +
2zv′

v3 . (1.13)

In the second equation of (1.6), we may express u in terms of g and v by using (1.12).
This results in

v′ = −1− 1

4
zv4 + 1

4
v5 − 1

2
gv6. (1.14)

Substituting (1.14) into (1.13), taking the first equation of (1.6) and using (1.12) again
to write u in terms of v and g, we obtain

g′ = 1

8
z2v − 3

8
zv2 + 1

4
v3 + zgv3 − 5

4
gv4 + 3

2
g2v5. (1.15)

As v and g are bounded on Γ near z→ a, the Cauchy method applies once more to
(1.14) and (1.15) implying that w(z) has a pole at z = a, a contradiction. 	


Remark 2. Before proceeding to the final case, we remark that the above argument
remains valid for any rectifiable arc Γ ⊂ B(z0, R) from z0 to a avoiding zeros of
w(z).

Lemma 1.3. Suppose that for a first Painlevé transcendent w(z) and a point c ∈
B(z0, R), |w(c)| ≤ 1/5 and |w′(c)| ≥ 3|c|1/2 + 12. Then w(z) is analytic and
bounded in |z− c| < |w′(c)|−1, and |w(z)| ≥ 1/4 on the circle |z− c| = 1

2 |w′(c)|−1.

Proof. We make the following change of variables for (P1): ρ := w′(c), ξ := ρ(z−c),
η(ξ) := w(z). Denoting by ˙ the differentiation with respect to ξ , (P1) transforms
into

η̈ = 6ρ−2η2 + ρ−3ξ + ρ−2c, η(0) = w(c), η̇(0) = 1.

Integrating twice (from 0 to ξ ), we obtain

η(ξ) = η(0)+ η̇(0)ξ + ξ2g(ξ), (1.16)
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where

g(ξ) := 6ρ−2ξ−2
∫ ξ

0

( ∫ τ
0
η(t)2 dt

)
dτ + 1

2
ρ−2
(
c + ρ−1 ξ

3

)
. (1.17)

Define now δ0 := sup{δ | |η(ξ)| < 2 for |ξ | < δ} and assume, for a while, that
δ0 < 1. Since |ρ| ≥ 3|c|1/2 + 12, we obtain from (1.16) and (1.17)

|g(ξ)| ≤ 6 · 12−2|ξ |−2 · 2|ξ |2 + |c| + 1/3

2(9|c| + 122)
<

1

6

and

|η(ξ)| < 1

5
+ 1+ 1

6
<

3

2
for all |ξ | < δ0. This is in contradiction to the definition of δ0, implying that we have
δ0 ≥ 1. Therefore, |η(ξ)| < 2, |g(ξ)| < 1

6 hold in |ξ | < 1. Invoking (1.16) and (1.17)
once more, we observe that

|η(ξ)| ≥ |ξ | − |η(0)| − |ξ |2|g(ξ)| ≥ 1

2
− 1

5
−
(

1

2

)2 1

6
>

1

4
,

on the circle |ξ | = 1
2 . Expressing these inequalities in terms of the original variables,

we obtain the conclusion. 	


Proof of Theorem 1.1, second part. We now complete the proof of Theorem 1.1. By
the notations of the first part of the proof, this amounts to proving

Case III. A = 0.
Consider the subset Γ0 := {z ∈ Γ | |w(z)| ≤ 1/5} of Γ . By the condition A = 0,

Γ0 extends to z = a. We may also assume that |w′(z)| ≥ 3R1/2 + 12 ≥ 3|z|1/2 + 12
for z ∈ Γ0, at least close enough to z = a. In fact, if this is not true, then there exists
a sequence (zn) on Γ0, zn → a, such that

(
w(zn)

)
and
(
w′(zn)

)
are bounded, and

we may apply the final reasoning of Case I to conclude that w(z) is analytic around
z = a, a contradiction.

Consider now that part of Γ which is close enough to z = a in the above sense,
and let z = c1 be the first point in Γ0. By Lemma 1.3, we find a semicircle Γ1, defined
by |z − c1| = 1

2 |w′(c1)|−1, Im
(
(z − c1)/(a − c1)

) ≥ 0, such that |w(z)| ≥ 1/4 on
Γ1 and that w(z) is analytic and bounded on |z − c1| < |w′(c1)|−1. The point z = a
cannot be located inside of |z − c1| = |w′(c1)|−1, since the analytic continuation of
w(z) over z = a along Γ would follow. Replace now the “diameter” [c−1 , c+1 ] ⊂ Γ
by the semicircle Γ1, see Figure 1.1, and call this modified path Γ̃1. Obviously, on the
part of Γ̃1, from the starting point to c+1 , |w(z)| ≥ 1/5. Restart from z = c+1 , and let
z = c2 be the first point on Γ , beyond c+1 and in Γ0. Again we find a semicircle Γ2 :
|z−c2| = 1

2 |w′(c2)|−1, Im
(
(z−c2)/(a−c2)

) ≥ 0, with the “diameter” [c−2 , c+2 ] ⊂ Γ .
Let Γ ′2 ⊂ Γ2 be the arc on Γ2 with end-points c̃−2 , c

+
2 on Γ̃1, see Figure 1.1 again,
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B(z0, R)

c̃−2

z0 c−1
c−2 c

+
1

c+2
a�1

Figure 1.1.

and denote Γ̃2 to be the path obtained by replacing the part on Γ̃1 from c̃−2 to c+2 by
Γ ′2. Repeating this process inductively we obtain a modified path Γ̃ (= Γ̃∞), with
the corresponding sequence (cn) contained in Γ0. Observe that this process cannot
terminate in finitely many steps by the same argument as to Γ1. Moreover, (cn)
converges to z = a. In fact, if cn → c0 ∈ Γ \ {a} then the radius of Γn satisfies
1
2 |w′(cn)|−1 � |cn+1 − cn| → 0 as n→∞. Hence, |w(c0)| ≤ 1/5, |w′(c0)| = ∞,
contradicting the fact that w(z) is meromorphic at z = c0. Finally, the modified path
Γ̃ is rectifiable, its length being σ(Γ̃ ) � (1 + 2π)σ(Γ ), see Figure 1.1 once more.
Hence, by Remark 2 before Lemma 1.3, Case III now reduces back to either Case I
or Case II, since |w(z)| ≥ 1/5 on Γ̃ , and we arrive at the final contradiction. 	


§2 The second Painlevé equation (P2)

Let now w(z) be an arbitrary local solution of (P2) satisfying the initial conditions
w(z0) = w0, w′(z0) = w′0 defined at least in a disk centred at z0 ∈ C. Again, we may
assume that w0 �= ∞, w′0 �= ∞. We now prove

Theorem 2.1. All local solutions of

w′′ = 2w3 + zw + α, α ∈ C, (P2)

can be analytically continued to single-valued meromorphic solutions in the complex
plane.

Remark. The proof below is again based on the original idea due to Painlevé [2].
In the details, we now follow the reasoning proposed by Hinkkanen and Laine [1].
However, their coefficient estimate technique for the Case V below, see Hinkkanen
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and Laine [1], p. 372–375, has been replaced by a reasoning through elementary
differential inequalities. This idea has been proposed by Langley [1]. We are grateful
for his permission to apply this idea here.

The proof below is indirect, being divided in five subcases. The actual contradic-
tion results by Case I and Case II, while Case III, Case IV and Case V eventually go
back to Case II. Observe that Case I, Case III, Case IV and Case V form the logical
entity exhausting all possibilities. Therefore, Case II can be understood as a technical
lemma.

Proof of Theorem 2.1, first part. Similarly as to the proof of Theorem 1.1, let
B(z0, R) be the largest disc to which w(z) can be continued as a single-valued mero-
morphic function, with R < ∞, and let a ∈ S(z0, R) and δ > 0 be such that
w(z) cannot be continued as a single-valued meromorphic function from B(z0, R) to
B(z0, R) ∪ B(a, δ).

We are now looking for a pair of analytic functions u, v defined in a neighborhood
of a possible pole z1 ofw, and satisfying equations similar to the case of (P1), see (1.6)
above. This is due towards constructing the necessary auxiliary functions needed along
with the subsequent proof. To motivate the selection of these auxiliary functions, recall
that poles are the only singularities which may appear in B(z0, R). A usual analysis
shows that the poles are simple with residue μ = ±1, hence μ2 = 1. Substituting
now the Laurent expansion of w(z) around z = z1 into (P2), we obtain by standard
coefficient comparison

w(z) = μ
ζ
− μz1

6
ζ − α + μ

4
ζ 2 + Aζ 3 + μ+ 3α

72
z1ζ

4 +O(ζ 5) (2.1)

and

w′(z) = − μ
ζ 2 −

μz1

6
− α + μ

2
ζ +O(ζ 2), (2.2)

where ζ := z− z1 and A is an arbitrary complex parameter. Defining now v := 1/w,
a simple computation results in

v = μζ + μz1

6
ζ 3 + α + μ

4
ζ 4 +

(
μz2

1

36
− A
)
ζ 5 + 3α + 5μ

72
z1ζ

6 +O(ζ 7). (2.3)

Inverting the series (2.3) by the usual formulas for formal power series, we obtain

ζ = μv − μz1

6
v3 − 1+ αμ

4
v4 +O(v5)

= μv
(

1− z1

6
v2 − α + μ

4
v3 +O(v4)

)
.

(2.4)

Therefore
1

ζ
= μ
v

(
1+ z1

6
v2 + α + μ

4
v3 +O(v4)

)
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and
1

ζ 2 =
1

v2

(
1+ z1

3
v2 + α + μ

2
v3 +O(v4)

)
. (2.5)

Inserting (2.4) and (2.5) into (2.2), we obtain

w′ = − μ
v2

(
1+ z1

3
v2 + α + μ

2
v3 +O(v4)

)
− μz1

6
− α + μ

2
μv +O(v2).

Writing z1 = z− ζ , and expressing ζ in terms of v again in the constant term, we get

w′ = − μ
v2 −

μz

2
+ v

2
− (1+ αμ)v +O(v2).

This motivates us to define the function u by

w′ = − μ
v2 −

μz

2
−
(

1

2
+ αμ

)
v + uv2, (2.6)

hence

v′ = −v2w′ = μ+ μz
2
v2 +

(
1

2
+ αμ

)
v3 − uv4. (2.7)

Differentiating (2.6) we obtain

w′′ = (w′)′ = 2μv′

v3 − μ
2
−
(

1

2
+ αμ

)
v′ + u′v2 + 2uvv′. (2.8)

Writing (P2) in the formw′′ = 2v−3+ zv−1+α, equating with (2.8), substituting the
right hand side of (2.7) for v′, and recalling (2.7), a formal computation results in

⎧⎪⎪⎪⎨⎪⎪⎪⎩
u′ = μz

2

(
1

2
+ αμ

)
− μzuv +

(
1

2
+ αμ

)2

v − 3

(
1

2
+ αμ

)
uv2 + 2u2v2

v′ = μ+ μz
2
v2 +

(
1

2
+ αμ

)
v3 − uv4,

(2.9)
corresponding to (1.5) in the case of (P1). To construct the auxiliary functions, we
first observe by (P2) that(

(w′)2 − w4 − 2αw − zw2)′ = −w2.

Since (2.1) implies that

w2 = 1

ζ 2 −
z1

3
+O(ζ),

we readily obtain

(w′)2 − w4 − 2αw − zw2 = 1

ζ
+ γ + z1

3
ζ +O(ζ 2),
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where γ is a constant. Therefore, the auxiliary function

V := (w′)2 − w4 − 2αw − zw2 + w
′

w
(2.10)

is holomorphic in a neighborhood of any pole z1 of w. In addition, we shall make use
of

W := V
′

V
= w4 − (w′)2 + zw2 + αw
w
(
w(w′)2 − w5 + w′ − 2αw2 − zw3

) . (2.11)

To obtain the form (2.11) ofW , the expression of w′′ from the equation (P2) has to be
substituted.

We now continue the proof in the absence of singularities other than poles. Let
z0, R, and a be as before. We join z0 and a by an arc Γ of finite length contained
in B(z0, R), such that Γ avoids the zeros and poles of w(z). This implies that w(z),
u(z), v(z) and V (z) are holomorphic along Γ \ {a}. We initially join z0 and a by
a line segment Γ . The assumption that Γ avoids the zeros and poles of w(z) can be
satisfied by modifying Γ , similarly as to (P1) above, by small half-circles around the
zeros and poles of w(z) on Γ . For simplicity, however, we first speak of Γ as a line
segment. Later on, Γ will have to be modified for another reason. The proof now
divides in five subcases as follows:

Case I. We first show that if at least one of |w(z)|, |w′(z)| is bounded along Γ , then
w(z) is analytic at z = a, leading to a contradiction. In fact, from

w(z) = w(z0)+
∫ z
z0

w′(t) dt,

w′(z) = w′(z0)+
∫ z
z0

(
2w(t)3 + tw(t)+ α) dt,

where the integrals are taken along Γ , we observe thatw(z),w′(z) are simultaneously
bounded along Γ . Writing (P2) as the pair of differential equations{

w′ = g
g′ = 2w3 + zw + α (2.12)

for w(z) and g(z), the Cauchy estimates imply that w, g must be analytic around
z = a.

Before proceeding, we again recall that the above argument applies, if |w(zn)|,
|w′(zn)| are bounded for a sequence (zn) on Γ , tending to z = a.

Case II. We next prove that if |w(z)| is unbounded on Γ while |u(z)| stays bounded,
then z = a is a pole of w(z). This assumption means that for some fixed A <∞ and
for any pre-assigned ε > 0, there are points z1 on Γ in any neighborhood of z = a
small enough where |u(z1)| < A and |v(z1)| < ε. At such a point z1, the pair (2.9)
has a solution u(z), v(z) which takes on pre-assigned values u(z1), v(z1) at z = z1
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such that the functions u(z), v(z) are holomorphic in a disk |z− z1| < r , where r has
a positive lower bound. We may take r to be a fixed constant independent of z1 (under
the conditions z1 ∈ Γ , |u(z1)| < A, |v(z1)| < ε). This follows from Corollary A.4.
If |z1 − a| < r , then u(z) and v(z) are holomorphic at z = a. Hence w = 1/v is
well defined in a neighborhood of a. Since lim inf |v(z)| = 0 as z→ a along Γ and
limz→a v(z) exists, it follows that v(a) = 0. Thus w(z) has a pole at z = a, and a
contradiction again follows.

Case III. We now assume that there is a sequence of points {zn} onΓ such that zn→ a,
|w(zn)| → ∞, and |V (zn)| < A for some finite A. Note that |v(zn)| → 0. From
(2.10) and the second equation in (2.9) we obtain

V = (v
′)2 − 1− 2αv3 − zv2 − v′v3

v4

= z
2

4
− 2μu+ αzv − μzuv2 − 2αμuv3 +

(
α2 − 1

4

)
v2 + u2v4

= z
2

4
+ αzv +

(
α2 − 1

4

)
v2 + uv

4

v4 (uv
4 − 2μ− μzv2 − 2αμv3)

= z
2

4
+ αzv +

(
α2 − 1

4

)
v2 + u(uv4 − 2μ− μzv2 − 2αμv3)

= z
2

4
+ αzv +

(
α2 − 1

4

)
v2 + u(−2μ− μzv2 − 2αμv3)+ u2v4.

(2.13)

The last expression in (2.13) offers a quadratic equation for u. Solving this equation,
we get

2uv4 = 2μ+ μzv2 + 2αμv3 ±√	,
where

	 = (2μ+ μzv2 + 2αμv3)2 + [4V − z2 − 4αzv − 4

(
α2 − 1

4

)
v2
]
v4.

Therefore, uv4 remains bounded on {zn} as n → ∞. Since |v(zn)| → 0, the third
last expression of (2.13) implies that either uv4 → 0 or uv4 → 2μ �= 0 on {zn} as
n→∞.

If uv4 → 0, then u2v4 = o(|u|) and (2.13) gives u
(−2μ+o(1)) = O(1). Hence

u is bounded on zn, and this situation reduces back to Case II. Therefore, it suffices
to consider the subcase uv4 → 2μ in more detail. We now conclude from the second
last expression of (2.13) that

u(uv4 − 2μ− μzv2 − 2αμv3)

remains bounded {zn}, and so

h = v−4(uv4 − 2μ− μzv2 − 2αμv3)
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as well. Writing

h = u− 2μ

v4 −
μz

v2 −
2αμ

v
, (2.14)

we may differentiate (2.14) to obtain

h′ = u′ − μ

v2 +
(

2αμ

v2 + 2μz

v3 + 8μ

v5

)
v′. (2.15)

Expressing u in terms of h and v from (2.14), we rewrite the second equation of (2.9)
in the form

v′ = −μ− 1

2
μzv2 +

(
1

2
− αμ

)
v3 − hv4. (2.16)

Substituting (2.16) into (2.15) and the first equation of (2.9) for u′, expressing u in
terms of h and v from (2.14), and noting that μ2 = 1, we finally obtain

h′ =
(α

2
− μ

4

)
z+
(

1

4
− αμ+ α2 + hμz

)
v+
(

3αhμ− 3

2
h

)
v2+2h2v3. (2.17)

Now, (2.16) and (2.17) is a pair of differential equations for v(z) and h(z). Since
h and v remain bounded on {zn}, the same reasoning as in Case II above shows that
w(z) = 1/v(z) has a simple pole at z = a.

Case IV. We now assume that |w(z)| and V (z) are unbounded along Γ as z → a,
while |w(z)| ≥ ε > 0 on Γ . The idea is to construct a sequence {zn} on Γ such that
zn → a, |w(zn)| → ∞ and |V (zn)| → 0. This means that Case IV reduces back to
Case III.

Now if |V (z)| is unbounded on Γ , the function W(z) of (2.11) must also be
unbounded since

V (z) = V (z0) exp
[ ∫ z
z0

W(t) dt
]
.

Hence there is a sequence {zn} on Γ with zn → a and |W(zn)| → ∞. At least
one of the two sequences {w(zn)} and {w′(zn)} has to be unbounded, since otherwise
the argument under Case I would apply, and w(z) would be holomorphic at z = a,
contradicting the assumption that w(z) is unbounded on Γ . If now {w(zn)} were
bounded, {w′(zn)} must be unbounded and we may assume that limn→∞ |w′(zn)| =
∞. Writing now (2.11) in the form

W =
−1+ 1

(w′)2
(w4 + zw2 + αw)

w2 + w

w′
+ 1

(w′)2
(−w6 − 2αw3 − zw4)

,

we immediately conclude

lim sup
n→∞

|W(zn)| �
[

lim inf
n→∞ |w(zn)|

]−2
.
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This is finite by the assumption that |w(z)| ≥ ε > 0 onΓ , contradicting the assumption
that |W(zn)| → ∞. It follows that |w(zn)| → ∞ as zn→ a. From (2.10) and (2.11),
we obtain

w2VW = w4 − (w′)2 + zw2 + αw = −(V − w′/w)− αw
= (w′/w)− V − αw,

so that w′ = w3VW + wV + αw2 and w′/w = w2VW + V + αw. Substituting
these into (2.10), we obtain

(w6W 2 + 2w4W + w2)V 2 + (2αw5W + 2αw3 + w2W)V

+ (α2 − 1)w4 − zw2 − αw = 0.

This may be written as a quadratic equation

h1V
2 + h2V + h3 = 0

for V (z), where h1 = w2(w2W + 1)2 and

h2

h1
= 2αw5W + 2αw3 + w2W

w2(w2W + 1)2
,
h3

h1
= (α

2 − 1)w4 − zw2 − αw
w2(w2W + 1)2

.

It is immediate to see that h3/h1 and h2/h1 tend to zero on the sequence (zn) as
n→∞. Therefore, we observe that V (zn)→ 0, and this subcase now reduces back
to Case III.

Case V. In this final case, w(z) and V (z) are unbounded on Γ as z→ a, while

lim inf
Γ �z→a |w(z)| = 0.

Now, the only properties of Γ that matter in Case IV are that Γ has a finite length
and avoids the zeros and poles of w(z). Hence, we are free to modify Γ to another
arc Γ̃ as long as these properties are preserved. Therefore, the idea in this case is to
construct a modified arc Γ̃ such that

lim inf
Γ̃ �z→a

|w(z)| > 0.

Let ε > 0 be given. By assumption, there is a sequence of points {zn} on Γ such
that |w(z)| < ε for z ∈ Γk , where Γk is the subarc of Γ joining z2k−1 to z2k , for
k ≥ 1, while |w(z)| ≥ ε on the remaining subarcs of Γ . Consider now the sequence
{|w′(zn)|}. None of its infinite subsequences can be bounded, for, if there were such a
bounded subsequence, then the method of Case I would apply (since also |w(zn)| ≤ ε
for all n) and w(z) would be holomorphic at z = a, contradicting the assumption that
|w(z)| is unbounded on Γ . Hence, given any small κ > 0, we may assume that

|w′(zn)| > 1/κ for all n > N.
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We set w(zn) = wn, w′(zn) = 1/ζn and consider the differential equation for the
local inverse z = f (w),

−f ′′(w) = (2w3 + wf (w)+ α)(f ′(w))3 (2.18)

at w = w2k−1 with the initial conditions

f (w2k−1) = z2k−1, f ′(w2k−1) = ζ2k−1.

In fact, the inverse function f (w) of w(z) exists in a neighborhood of wn, since
w′(zn) �= 0. 	


To continue, we now apply a differential inequality technique due to Langley [1].
This presents a considerable improvement to the complicated reasoning in Hinkkanen
and Laine [1].

Lemma 2.2 (Langley). GivenM ≥ max(16, |α|), let f be a solution of

−f ′′(w) = (2w3 + wf (w)+ α)f ′(w)3

in a neighborhood of ξ , where

|ξ | ≤ 1, |f (ξ)| ≤ M, |f ′(ξ)| ≤ 1

2
.

Then, f has a continuation to a single-valued analytic function on the discB
(
ξ, 1

12M

)
.

Moreover, if 0 < σ < 1
12M , then∣∣∣∣f ′(s)f ′(t)

− 1

∣∣∣∣ < 3Meσ (2.19)

for all s, t ∈ B(ξ, σ ).
Proof. Let firstρ be the supremum for all t > 0 such thatf is analytic with |f ′(w)| ≤ 1
on B(ξ, t). Clearly, ρ > 0 and we may assume ρ � 1, for otherwise there is
nothing to prove concerning the first assertion. Next we find w∗ ∈ B(ξ, ρ) such that
|f ′(w∗)| ≥ 3

4 . In fact, if this is not the case, then |f ′(w)| ≤ 3
4 and

|f (w)| =
∣∣∣f (ξ)+ ∫ w

ξ

f ′(s) ds
∣∣∣ � M + 3

4ρ < M + 1

hold on B(ξ, ρ). By the argument based on Cauchy estimates as in Case I, f could
now be extended to an analytic function with |f ′(w)| ≤ 1 on a disc B(ξ, ρ′) with
ρ′ > ρ, a contradiction.

Now, on B(ξ, ρ) we have

|f ′(w)| ≤ 1, |f (w)| � M + ρ � M + 1.



§2 The second Painlevé equation (P2) 19

By (2.18), this implies

|f ′′(w)| � 2|w|3 + |w||f (w)| + |α| ≤ 2+M + 1+M ≤ 3M.

Therefore,
1

4
� |f ′(w∗)− f ′(ξ)| =

∣∣∣ ∫ w∗
ξ

f ′′(s) ds
∣∣∣ � 3Mρ

and so ρ ≥ 1
12M , proving the first assertion.

To prove (2.19), we first observe that, for |z| � 1,

|ez − 1| � e|z|. (2.20)

In fact,

|ez − 1| =
∣∣∣ ∞∑
j=1

1

j !z
j
∣∣∣ = |z|∣∣∣ ∞∑

j=1

1

j !z
j−1
∣∣∣

� |z|
∞∑
j=0

1

(j + 1)! |z|
j � |z|

∞∑
j=0

1

(j + 1)! � e|z|.

Take now 0 < σ < 1
12M � ρ and w, s, t ∈ B(ξ, σ ). By (2.18), we now obtain∣∣∣∣f ′′(w)f ′(w)

∣∣∣∣ � (2|w|3 + |w||f (w)| + |α|)|f ′(w)|2 � 3M.

Therefore, ∣∣∣∣log
f ′(s)
f ′(t)

∣∣∣∣ = | log f ′(s)− log f ′(t)| =
∣∣∣∣∫ s
t

f ′′(u)
f ′(u)

du

∣∣∣∣
�
∫ s
t

∣∣∣∣f ′′(u)f ′(u)

∣∣∣∣ du � 3Mσ
(
< 1

4

)
.

By (2.20), we conclude that∣∣∣∣f ′(s)f ′(t)
− 1

∣∣∣∣ = ∣∣elog f
′(s)
f ′(t) − 1

∣∣ � e ∣∣∣∣log
f ′(s)
f ′(t)

∣∣∣∣ � 3Meσ,

proving Lemma 2.2. 	


Proof of Theorem 2.1, second part. We are now prepared to complete the proof of
Theorem 2.1. Following the reasoning below might be easier, if the reader makes
use of Figure 2.1 while reading the proof. Recall that we have a sequence (zn) on Γ
such that zn → a, |w(zn)| → ∞ and |W(zn)| → ∞, while lim infΓ �z→a |w(z)| =
0, and we would like to modify Γ into a rectifiable arc Γ̃ from z0 to a such that



20 1 Meromorphic nature of solutions

fk(Qk)

z2k−1

�k
z2k

a

B(z0, R)

B(ξk, 3ε)

ξk Qk

w(�k)

B(0, ε)

Figure 2.1.

lim inf Γ̃ �z→a |w(z)| ≥ ε > 0. Fix now M := max(16, |α|, |z0| + R) and ε > 0
such that 3ε < 1

12M . Let fk denote the branch of the inverse function of w, mapping
ξk := w(z2k−1) to z2k−1. Since limn→∞ |w′(zn)| = ∞,we may assume |f ′k(ξk)| � 1

2 .
Obviously, |fk(ξk)| ≤ M, and |ξk| = ε ≤ 1. By Lemma 2.2, fk extends to be analytic
on B(ξk, 1

12M ), and so on B(ξk, 3ε) =: Bk in particular. By (2.19),

∣∣∣∣f ′k(w1)

f ′k(w2)
− 1

∣∣∣∣ ≤ 3Meσ <
e

4
< 0, 75

onBk . Hence, fk is univalent onBk,mappingBk onto a simply connected domainDk
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containing z2k−1. Moreover, ∣∣∣∣f ′k(w1)

f ′k(w2)

∣∣∣∣ < 2

on Bk, and therefore ∣∣∣∣w′(z1)

w′(z2)

∣∣∣∣ < 2

for all z1, z2 ∈ Dk . We also observe that B(0, 2ε) ⊂ Bk.
Now w(Γk) is a path in Bk, starting at ξk, and fk(w(z)) = z close to z2k−1.

Therefore, fk maps w(Γk) to Γk . So the arc Γk lies is Dk, as well as the arc fk(Qk),
where Qk is the shorter arc of the circle |w| = ε joining w1 := w(z2k−1) = ξk to
w2 := w(z2k), and fk(w2) = z2k . Since |w′(z)| � 2|w′(z2k−1)| for all z ∈ Dk, the
length Lk of Γk satisfies

Lk ≥ |w2 − w1|/(2|w′(z2k)|) = 1

2
|w2 − w1||f ′k(ξk)|.

On the other hand, |f ′(w)| � 2|f ′(ξk)| for allw ∈ Bk, and so the length L̃k of fk(Qk)
is at most

L̃k � π

2
|w2 − w1| · 2|f ′k(ξk)| ≤ 2πLk.

Hence, replacing each Γk by fk(Qk), we obtain a modified path Γ̃ whose length is at
most 2π times the length of Γ, hence finite. By construction, lim infz→a,z∈Γ̃ w(z) ≥
ε > 0.

Applying now the argument of Case IV to Γ̃ , considering Γ̃ close enough to a,
we conclude that w extends meromorphically to a neighborhood of a, and we have
the final contradiction. However, we have to take into account the possible need of
constructing a Riemann surface around the modified path Γ̃ before applying the final
argument, see Hinkkanen and Laine [1], p. 367, for details. 	
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The third Painlevé equation

w′′ = (w
′)2

w
− w

′

z
+ αw

2 + β
z

+ γw3 + δ

w
, (P3)

where α, β, γ, δ ∈ C, has a behavior different of (P1) and (P2) with respect to the
meromorphic nature of solutions. In fact, if β = γ = 0, and αδ �= 0, then it is
immediate to see that

w(z) = Cz1/3, where C3 = −δ/α,
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is a non-meromorphic solution of (P3). However, by the transformation

W(ζ) = zw(z) = eζ/2w(eζ/2), z = eζ/2, (3.1)

the meromorphic nature of all solutions can be achieved. In fact, replacing (α, β, γ, δ)
with (4α, 4β, 4γ, 4δ) in the transformed equation, and writing again w, z instead of
W, ζ , we obtain

Theorem 3.1. All local solutions of the modified third Painlevé equation

w′′ = (w
′)2

w
+ αw2 + γw3 + βez + δe

2z

w
(P̃3)

can be analytically continued to single-valued meromorphic solutions in the complex
plane.

For a detailed proof of Theorem 3.1, we only refer to Hinkkanen and Laine [2].
For what follows later on in Chapter 7, it is useful to observe here as well that the pairs
of coefficients (α, γ ) and(−β,−δ) are in a symmetric role. In fact, multiplying (P̃3)
by 1/w we get (

w′

w

)′
= αw + γw2 + βe

z

w
+ δe

2z

w2 . (3.2)

By an additional transformation 1
t
= e−zw, we obtain(

t ′

t

)′
= −βt − δt2 − αe

z

t
− γ e

2z

t2
, (3.3)

showing the anticipated symmetry. Moreover, defining

V := 1

2

(
w′

w

)2

− αw − 1

2
γw2 + βe

z

w
+ 1

2

δe2z

w2 , (3.4)

and combining (3.2) and (3.4), we immediately obtain

V ′ =
(
w′

w

)′
− αw − γw2 = βe

z

w
+ δe

2z

w2 . (3.5)

Therefore, by (3.5), the auxiliary function V (z) reduces to a constant as soon as
β = δ = 0 (and similarly, if α = γ = 0). Actually, this case reduces back to a Riccati
equation, see Hinkkanen and Laine [2], p. 326–327, for details.

§4 The fourth Painlevé equation (P4)

The fourth Painlevé equation

w′′ = 1

2

(w′)2

w
+ 3

2
w3 + 4zw2 + 2(z2 − α)w + β

w
, (P4)
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where α, β,∈ C, again behaves similarly as to (P1) and (P2) with respect to the
meromorphic nature of solutions. In fact, we apply the idea of reasoning in Steinmetz
[4] to prove

Theorem 4.1. All local solutions of (P4) can be analytically continued to single-
valued meromorphic solutions in the complex plane.

Proof of Theorem 4.1, first part. In this proof, the division in subcases is not com-
pletely the same as in Hinkkanen and Laine [1], [2], see §2. However, the basic idea
of the proof is the same, by letting B(z0, R) be the largest disk to which a local so-
lution w(z) around z0 can be analytically continued as a single-valued meromorphic
function, and deducing a contradiction from R <∞. To this end, let a ∈ S(z0, R) be
a point for which there exists no δ > 0 such that w(z) can be continued as a single-
valued meromorphic function from B(z0, R) to B(z0, R) ∪ B(a, δ), and let Γ be the
line segment [z0, a), possibly slightly modified to avoid zeros, poles and one-points
of w(z).

Case I. In this case, assume that there exists M > 1 and a sequence (zn) on Γ with
zn→ a such that

1

M
≤ |w(zn)| ≤ M and |w′(zn)| ≤ M. (4.1)

Then we may write (P4) as a pair of first order differential equations⎧⎨⎩
w′ = g

g′ = 1

2

g2

w
+ 3

2
w3 + 4zw2 + 2(z2 − α)w + β

w
,

(4.2)

with bounded right hand sides on the sequence (zn). Therefore, by the standard Cauchy
estimates reasoning, w must be analytic around z = a, a contradiction. 	


Auxiliary functions and path modification. In B(z0, R), we may now define a
meromorphic function V (z) by

V := 1

4w

(
(w′)2 − w4 − 4zw3 − 4(z2 − α)w2 + 2β

)
. (4.3)

Differentiating and making use of (P4), we immediately see that

V ′ = −w2 − 2zw. (4.4)

Moreover, we define another meromorphic function U(z) in B(z0, R) by

U := V + w′

w − 1
. (4.5)

As a preparation for the path modification, we first prove two lemmas.
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Lemma 4.2. If lim infΓ �z→a|w(z)− 1| > 0, then U is bounded on Γ .

Proof. We first proceed to find four polynomials, Q1,Q2,Q3,Q4 in the variables z
and t := (w − 1)−1 such that(

U ′ − (Q1 +Q2U)
)2 = Q3 +Q4U. (4.6)

To this end, observe that

U ′ = V ′ +
( w′

w − 1

)′ = −w2 − 2zw + w′′

w − 1
−
( w′

w − 1

)2
. (4.7)

By (4.3) and (4.5),

(w′)2 = w4 + 4zw3 + 4(z2 − α)w2 − 2β + 4w
(
U − w′

w − 1

)
, (4.8)

which may be used to solve w′ as

w′ = − 2w

w − 1
±
{(

4w2

(w − 1)2
+w4+4zw3+4(z2−α)w2−2β

)
+4wU

}1/2

. (4.9)

Substituting now into (4.7) w′′ from (P4), (w′)2 from (4.8) and w′ from (4.9), and
simplifying the result by a suitable mathematical software, we obtain (4.6) with
t := w − 1 and⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Q1 := 1

t4

(
(−1− 2z)t4 + (−2+ 4α − 6z− 4z2)t3

+ (−5+ 4α + 2β − 4z− 4z2)t2 − 12t − 8
)
,

Q2 := − 2

t2
(t + 2),

Q3 := 4(t + 2)2

t8

(
t6 + 4(1+ z)t5 + (6− 4α + 12z+ 4z2)t4

+ 4(1− 2α + 3z+ 2z2)t3 + (5− 4α − 2β + 4z+ 4z2)t2

+ 8t + 4
)
,

Q4 := 16

t6
(4+ 8t + 5t2 + t3).

(4.10)

Recalling that Qj(z), j = 1, . . . , 4, remain bounded on Γ , we may apply (4.6) and
(4.10) to conclude that

|U ′(z)| ≤ K1|U(z)| +K2

on Γ for some constants K1 ≥ 0, K2 ≥ 0. Therefore,

d|U |
K1|U | +K2

� |dU |
K1|U | +K2

≤ dz,

and so |U | is bounded on Γ due to the rectifiability of Γ . 	
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Lemma 4.3. Let 	(w, z) be a polynomial in both variables and z = f (w) be the
local solution of the initial value problem

f ′′(w) = −f
′(w)+	(w, f (w))f ′(w)3

2w
, f (w0) = z0, f ′(w0) = η, (4.11)

where w0 �= 0 and 0 < |η| < 1. If |z0| ≤ K and 1
K

� |w0| ≤ K , then there
exists δ = δ(K,	) > 0 such that z = f (w) exists in |w − w0| ≤ 1

2 |w0| and that
1
2 |η| ≤ |f ′(w)| ≤ 2|η|, provided 0 < |η| < 1.

Proof. Define δ > 0 to be the largest radius to satisfy

δ ≤ 1

2
|w0|, f (w) exists in |w − w0| < δ and |f (w)− z0| < 1. (4.12)

Moreover, defineM = M(K) as

M := sup
{
|	(w, z)| ∣∣ |w−w0| ≤ 1

2
|w0|, |z−z0| ≤ 1, |z0| ≤ K, 1

K
≤ |w0| ≤ K

}
.

Since |w| ≥ |w0| − |w − w0| ≥ 1
2 |w0| in |w − w0| < δ, we observe that

|f ′′(w)| ≤ |f ′(w)| +M|f ′(w)|3
|w0| (4.13)

in |w−w0| < δ. Consider now an arbitrary, but fixed radius {w = w0+reiα | α ∈ R}
and define

v(r) := |f ′(w0 + reiα)|.
Since

|v′(r)| =
∣∣∣∣ ddr |f ′(w0 + reiα)|

∣∣∣∣ ≤ |f ′′(w0 + reiα)| (4.14)

we may combine (4.13) and (4.14) to obtain

−v +Mv
3

|w0| ≤ v′ ≤ v +Mv
3

|w0| , v(0) = |η|. (4.15)

Observe now that the initial value problems

y′ = ±y +My
3

|w0| , y(0) = |η|

are solved (uniquely) by

y±(r) = ±|η| e
r
|w0 |{

1+M|η|2 −M|η|2e2 r
|w0 |
}1/2 . (4.16)
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By standard differential inequality techniques, see Walter [1], Theorem XI, p. 69, we
conclude that

y−(r) ≤ v(r) ≤ y+(r). (4.17)

By (4.16) it readily follows that

y+(r) ≤ |η|e
r
|w0 | (1−Me|η|2)−1/2

in 0 ≤ r ≤ 1
2 |w0|, provided 0 < |η| < (4eM)−1/2. Therefore, by (4.17), we infer

that

|f ′(w)| ≤ |η|e1/2

√
3/4

< 2|η|, w = w0 + reiα,

whenever 0 ≤ r < δ ≤ 1
2 |w0|. Moreover, by radial integration,

|f (w)− z0| ≤ 2|η|δ ≤ |η||w0| ≤ |η|K
for |w − w0| < η. Assuming now η small enough to satisfy

|η| < min
(
(4eM)−1/2, 1/K

)
,

we have obtained
|f ′(w)| < 2|η|, |f (w)− z0| < 1 (4.18)

in |w − w0| < η. Writing now (4.11) as the pair of differential equations⎧⎨⎩
f ′ = g

g′ = −g +	(w, f )g
3

2w

we may apply the standard Cauchy estimates technique, taking into account (4.11)
and (4.18), that f (w) continues analytically over the circle boundary |w − w0| = δ.
Therefore, δ = 1

2 |w0|. The asserted lower estimate for |f ′(w)| similarly follows from

|f ′(w0 + reiα)| ≥ y−(r) > y−(r)
(1+My2−(r))1/2

≥ ηe−r/w0

(1+M|η|2)1/2 ≥
|η|

(e + 1/4)1/2
>

1

2
|η|. 	


We are now able to proceed to the required path modification, i.e. to modifyΓ into a
rectifiable curve Γ̃ from z0 toa such that lim inf Γ̃ �z→a |w(z)−1| > 0 on Γ̃ . Of course,
this is only needed, if lim infΓ �z→a |w(z)− 1| = 0. If lim supΓ �z→a |w(z)− 1| = 0,
then V ′ is bounded on Γ by (4.4). Consequently, V is bounded on Γ and, by (4.3),w′
as well. Hence, this situation reduces back to Case I. Therefore, we may assume that
lim infΓ �z→a |w(z)− 1| = 0 and lim supΓ �z→a |w(z)− 1| > 0. We now consider

Γε :=
{
z ∈ Γ | |w(z)− 1| < ε},
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assuming that ε ≤ 1/5. The set Γε clearly consists of countably many arcs Γε,j , to be
replaced by arcs Γ̃ε,j of length l(Γ̃ε,j ) ≤ 4πl(Γε,j ) such that |w(z)− 1| = ε on Γ̃ε,j .
Therefore, the rectifiability of Γ̃ is obvious.

We may assume that limΓε�z→a |w′(z)| = +∞, since otherwise the situation again
reduces back to Case I by taking a sequence (zn) from Γε converging to a. Take now a
subarc Γε,j close enough to a so that |w′| is sufficiently large on Γε,j . Given z0 ∈ Γε,j
with w0 = w(z0), w′(z0) = 1/η, w(z) admits a local inverse z = f (w) satisfying

f ′′(w) = − 1

2w

(
f ′(w)+ (3w4 + 8zw3 + 4(z2 − α)w2 + 2β)(f ′(w))3

)
,

with initial valuesf (w0) = z0, f ′(w0) = η. By Lemma 4.3, f (w) exists in |w−w0| ≤
1
2 |w0|. Since |w0 − 1| ≤ ε ≤ 1/5, 1

2 |w0| ≥ 2
5 , hence f (w) exists in |w − 1| ≤ ε

contained in |w − w0| ≤ 1
2 |w0|. Replace now the arc w(Γε,j ) by the shorter arc μj

on |w − 1| = ε joining the end-points of w(Γε,j ). Then

l
(
w(Γε,j )

) ≤ πl(μj ).
By Lemma 4.3 again, if |wj−1| ≤ ε for j = 1, 2, |f ′(w1)/f

′(w2)| ≤ 4. Replace now
the original subarcΓε,j by Γ̃ε,j := f (μj ), and we are done with the path modification.

Proof (of Theorem 4.1, second part). We may now proceed under the assumption that
Γ has been modified as described above to ensure that (w− 1)−1 and U = V + w′

w−1
are bounded on Γ . Moreover, (4.8) may be rewritten in the form(
w′ + 2w

w − 1

)2

= w4 + 4zw3 + 4(z2 − α)w2 − 2β + 4Uw + 4w2

(w − 1)2
(4.19)

to continue into

Case II (i). Assume that for a sequence (zn) on Γ , converging to a, w(zn) → 0 as
n → ∞. Moreover, we assume that β �= 0 and we fix γ to satisfy −2β = γ 2. By
(4.19), w′(zn)2 → γ 2 as n→∞. Taking a subsequence, if needed, we may assume
that w′(zn)→ γ as n→∞. We now define u by

w′ = γ (1+ uw). (4.20)

Therefore, u(zn)w(zn) → 0 as n → ∞. By (4.5), V (zn) remains bounded on (zn).
Combining (4.3) and (4.20) we obtain

−2βu(2+ uw) = w3 + 4zw2 + 4(z2 − α)w + 4V,

and so u(zn) remains bounded on (zn). Differentiating now (4.20) and applying (P4),
resp. (4.20), to eliminate w′′, resp. w′, we get

u′ = −γ
2
u2 + 1

2γ

(
3w2 + 8zw + 4(z2 − α)). (4.21)
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Now, the Cauchy estimates may be applied to (4.20) and (4.21) to see that w may be
continued analytically over z = a, a contradiction.

Case II (ii). Assume now that w(zn)→ 0 for a sequence (zn) on Γ converging to a
while β = 0. We now consider v satisfying v2 = w. By (4.8), we deduce(

v′ + v

v2 − 1

)2 = (w
′)2

4v2 + 2vv′

v2 − 1
+ v2

(v2 − 1)2

= 1

4
w3 + zw2 + (z2 − α)w + U + w

(w − 1)2
,

implying that v′(zn) remains bounded on (zn). Substituting (P4) with β = 0 into
2vv′′ = w′′ − 2(v′)2 we immediately get⎧⎨⎩

v′ = g
g′ = 3

4
v5 + 2zv3 + (z2 − α)v,

resulting in a contradiction by the Cauchy estimates technique again.

Case III. We now assume that w(zn)→ ∞ for a sequence (zn) on Γ converging to
a. Substituting now w = 1

v
into (4.19), we infer that(

v′ − 2v2

1− v
)2

= 1+ 4zv + 4(z2 − α)v2 − 2βv4 + 4Uv3 + 4v4

(1− v)2 . (4.22)

Looking at (4.22), we note that v(zn)→ 0 as n→∞ implies v′(zn)2 → 1 as n→∞.
Taking a subsequence, if needed, we may assume that v′(zn)→ δ, where δ = ±1, as
n→∞. By (4.22),

(v′)2 − 1

v
= 4z+ 4(z2 − α)v − 2βv3 + 4Uv2 + 4

vv′

1− v . (4.23)

Differentiating vw = 1 twice, and substituting (P4) and (4.23), we get

v′′ = 2
(v′)2

v
− v2
(

1

2

(w′)2

w
+ 3

2
w3 + 4zw2 + 2(z2 − α)w + β

w

)
= 3

2

(v′)2 − 1

v
− 4z− 2(z2 − α)v − βv3

= 2z+ 4(z2 − α)v − 4βv3 + 6Uv2 + 6
vv′

1− v .

Since v(zn)→ 0 and v′(zn)→ δ �= 0, we may apply the Cauchy estimates reasoning
to ⎧⎨⎩ v

′ = g
g′ = 2z+ 4(z2 − α)v − 4βv3 + 6Uv2 + 6

vg

1− v .
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Therefore, v has an analytic continuation over z = a and v(a) = 0. Hence, w
continues analytically across z = a with a simple pole at z = a, a contradiction again.

	


Remark. As in the case of (P2), the Riemann surface construction around Γ̃ may
have to be applied.

§5 The fifth Painlevé equation (P5)

The fifth Painlevé equation

w′′ =
(

1

2w
+ 1

w − 1

)
(w′)2−w

′

z
+ (w − 1)2

z2w
(αw2+β)+ γw

z
+ δw(w + 1)

w − 1
, (P5)

where again α, β, γ, δ ∈ C, behaves similarly as to (P3) with respect to the meromor-
phic nature of solutions. As to examples of non-meromorphic solutions, it is noted at
once that

w(z) = Cz1/2 + 1, where C �= 0,

is a solution of (P5), provided α = −β = 1
8 , δ = 0 and γ = − 1

8C
2. Moreover, in the

case of α = β = γ = δ = 0, i.e. in the reduced case of

w′′ =
(

1

2w
+ 1

w − 1

)
(w′)2 − w

′

z
,

non-meromorphic solutions may be found in the form

w(z) =
(

1+ Cza
1− Cza

)2

,

provided C �= 0 and a �∈ Z.
Parallel to the case of (P3), we apply the transformation z = et , and revert to write

z instead of t , after the transformation. We then obtain

Theorem 5.1. All local solutions of the modified fifth Painlevé equation

w′′ =
(

1

2w
+ 1

w − 1

)
(w′)2+ (w−1)2

(
αw+ β

w

)
+γ ezw+ δe

2zw(w + 1)

w − 1
(P̃5)

can be analytically continued to single-valued meromorphic solutions in the complex
plane.

For a detailed proof of this theorem, we refer to Hinkkanen and Laine [3].
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§6 The sixth Painlevé equation (P6)

For the sixth Painlevé equation

w′′ = 1

2

(
1

w
+ 1

w − 1
+ 1

w − z
)
(w′)2 −

(
1

z
+ 1

z− 1
+ 1

w − z
)
w′

+ w(w − 1)(w − z)
z2(z− 1)2

(
α + βz

w2 + γ
z− 1

(w − 1)2
+ δ z(z− 1)

(w − z)2
)
,

(P6)

perhaps the most detailed presentation for meromorphic nature of its solutions may
be found in Hukuhara [2], see also Okamoto and Takano [1]. Another program to this
end has been sketched in Steinmetz [4], p. 374–376. For a further treatment in the
original spirit of Painlevé [4], see Hinkkanen and Laine [4].

The presentation offered by Hukuhara may be summarized as follows, using the
notations (α0, α1, α∞, αz) in place of (−β, γ, α, 1

2 − δ) for the coefficients of (P6):
(1) For an arbitrary solution w(z), consider a line segment Γ terminating in z =

a ∈ C \ {0, 1}. Supposing that w(z) is continued meromorphically along Γ \ {a}, we
would like to show that z = a is at most a pole ofw(z). In the right-hand side of (P6),
the singular values of w(z) around z = a are w = 0, 1, a,∞. Note that they have a
symmetric property implied by the following three transformations

z = 1− Z, w = 1−W ; z = 1/Z, w = 1/W ; z = Z, w = Z/W.
(2) Let β be a complex number such that β �= 0, 1, a,∞. Take the auxiliary

function

U : = z(z− 1)(w′)2

2w(w − 1)(w − z) −
α0

(z− 1)w
+ α1

z(w − 1)

− α∞w
z(z− 1)

− αz − 1/2

w − z − (z− β)w′
(w − z)(w − β) .

Under the supposition lim infΓ �z→a |w(z) − β| > 0, the function U is bounded on
Γ, and then, by the use of this property, it is shown that z = a is at most a pole of
w(z). In this argument, we treat the case where w(ak) tends to one of the singular
values as ak → a along Γ, and by the symmetry of the singular values, it is sufficient
to examine the case where w(ak)→ 0 as ak → a.

(3) Finally, the case where lim infΓ �z→a |w(z)− β| = 0 is treated. By a suitable
modification of the path Γ, it is reduced to the case mentioned above. In this process,
we employ essentially the same method as in §1, Case III.

(4) The proof is described under the supposition α0 �= 0. In case α0 = 0, we
make the change of variables w = v2, v′ = u. Then (w′)2/(2w) = 2u2; and (P6) is
equivalent to the pair ⎧⎨⎩

v′ = u,
u′ = Q(z, u, v)

z2(z− 1)2(v2 − 1)2(v2 − z)2 ,
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of differential equations, whereQ is a polynomial. A similar reasoning as for the case
α0 �= 0 may now be applied to complete the proof.



Chapter 2

Growth of Painlevé transcendents

In this chapter, we proceed to consider the growth of solutions of (P1), (P2), (P4),
(P̃3) (P̃5), known to be meromorphic by the preceding Chapter 1. Examining the
growth of Painlevé transcendents, Nevanlinna theory plays a background role in our
considerations. For all necessary notations and basic results needed, see Appendix B.
A twofold approach has been adopted in this chapter. Namely, we make use of the
Steinmetz’ rescaling method for (P1), while the more geometric approach due to the
third author will be applied for (P2) and (P4). Finally, for (P̃3) and (P̃5), we just add
a couple of remarks, in addition to a reference to Shimomura [9].

§7 Growth of first Painlevé transcendents

In this section, we prove that all first Painlevé transcendents w(z) are of regular
growth of order ρ(w) = 5/2. This fact actually goes back to Boutroux [1], [2],
although no definition for the order of a meromorphic function was available at that
time. See Steinmetz [5] for a more detailed background. The classical paper by
Boutroux remained in the category of mathematical folklore until N. Steinmetz [5]
and Shimomura [8], [10] recently offered the first rigorous proofs, independently.

Let now w(z) be a fixed solution of (P1), meromorphic in C by Theorem 1.1. By
Laine [1], p. 178, w(z) is transcendental, with infinitely many poles by the Clunie
argument, see Lemma B.11. For each point z0 �= 0 regular forw(z), we define a local
scaling unit by

r(z0) := min
{|w(z0)|−1/2, |w′(z0)|−1/3, |z0|−1/4}, (7.1)

with the proviso that 0−α = +∞ for α > 0. The local scaling unit is the key notion
in this section.

Lemma 7.1. Let (zn) be a sequence of points regular for w(z) with zn→∞, and let
rn := r(zn) be the corresponding local scaling units. Moreover, we assume that the
three limits

y0 := lim
n→∞ r

2
nw(zn), y′0 := lim

n→∞ r
3
nw

′(zn), a := lim
n→∞ r

4
nzn (7.2)

exist. If y now denotes the unique solution of the initial value problem

y′′ = 6y2 + a, y(0) = y0, y′(0) = y′0, (7.3)
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then
r2
nw(zn + rnz)→ y(z) (7.4)

locally uniformly in C as n→∞.

Proof. We first define
yn(z) := r2

nw(zn + rnz). (7.5)

Therefore, by (P1),
y′′n = 6y2

n + znr4
n + r5

nz. (7.6)

By analytic dependence on initial values and parameters, see e.g. Horn and Wittich
[1], p. 141,

yn(z)→ y(z)

in a neighborhood of z = 0. By a classical result due to Poincaré, see Bieberbach [1],
p. 14, the convergence holds locally uniformly in C. 	


Before proceeding, we remark that the limit function y(z) does not vanish identi-
cally. In fact, if so, then max(|y(0)|, |y′(0)|, |a|) = 0 by (7.3). But (7.2) now implies
that

max(|y(0)|, |y′(0)|, |a|) = max(|y0|, |y′0|, |a|)
= max

(| lim
n→∞ r

2
nw(zn)|, | lim

n→∞ r
3
nw

′(zn)|, | lim
n→∞ r

4
nzn|
) = 1,

a contradiction.

Lemma 7.2. Let (qn) be a sequence of zeros ofw(z) and let (zn) be any other sequence
such that |zn − qn| = o(r(zn)). Then r(zn)� r(qn).

Proof. By definition we have ρn := r(qn) = min
{|w′(qn)|−1/3, |qn|−1/4

}
since

|w(qn)|−1/2 = ∞. Note that r2
nw(zn + rnζ ) → y(ζ ) as n → ∞ uniformly for

|ζ | < δ0, where δ0 is some positive constant. Hence, by |zn − qn| = o(rn), we may
suppose that

sup
{
r2
n |w(z)| | z ∈ [zn, qn]

} ≤ M0 = sup{|y(ζ )| | |ζ | < δ0} + 1,

where [zn, qn] denotes the line segment joining zn to qn. Integrating both sides of
w′′(z) = 6w(z)2 + z, and using this estimate, we obtain

|w′(qn)− w′(zn)| ≤
∣∣∣ ∫ qn
zn

(6w(t)2 + t)dt
∣∣∣ ≤ o(rn) · max

s∈[zn,qn]
(|w(s)|2 + |s|)

≤ o(r−3
n )
[

max
t∈[zn,qn]

(r2
n |w(t)|)2 + r4

n(|zn| + o(rn))
]

= o(r−3
n ).

Therefore,
w′(qn) = w′(zn)+ o(r−3

n ),
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and, by assumption,
qn = zn + o(rn).

Observing that |r3
nw

′(zn)| ≤ 1, and that |r4
nzn| ≤ 1, we obtain

|w′(qn)| ≤ |w′(zn)| + o(r−3
n ) ≤ r−3

n (1+ o(1)),
and

|qn| ≤ |zn|(1+ o(1)) ≤ r−4
n (1+ o(1)).

Hence,
|w′(qn)|−1/3 ≥ rn(1+ o(1)), |qn|−1/4 ≥ rn(1+ o(1)),

which implies rn � qn. 	


Letting now (qn) be the sequence of zeros ofw, and ε > 0 be given, we denote by

Q(ε) :=
∞⋃
n=1

{
z | |z− qn| < εr(qn)

}
a neighborhood of the sequence (qn).

Lemma 7.3. Given ε > 0, |w′(z)|/|w(z)|3/2 is bounded outside of Q(ε). Moreover,
the spherical derivative w#(z) := |w′(z)|/(1+ |w(z)|2) is bounded there as well.

Proof. The last assertion is trivial. In fact, if |w(z)| ≥ 1, then 1+|w(z)|2 > |w(z)|2 ≥
|w(z)|3/2 and if |w(z)| < 1, then 1+ |w(z)|2 ≥ 1 > |w(z)|3/2.

Suppose now, contrary to the assertion, that

|w′(zn)|/|w(zn)|3/2 →∞ (7.7)

for a sequence (zn) tending to ∞. We may assume that w(zn) is finite for all zn.
Moreover, taking a subsequence, if needed, we may assume that the limits in (7.2)
exist. Therefore, Lemma 7.1 may be applied. Since

r2
nw(zn) =

(
r3
n |w(zn)|3/2

)2/3 = o(|w′(zn)|r3
n)

2/3 = o(1)
by (7.2) and (7.7), we observe, by (7.2) again, that y0 = 0. Hence, from (7.4) and
the classical Hurwitz’ theorem, we find a sequence z′n → 0 with w(zn + rnz′n) = 0.
Denoting now q̃n := zn + rnz′n we infer that

|zn − q̃n| = o(rn) = o(r(q̃n))
by Lemma 7.2. Hence zn ∈ Q(ε) for n large enough, a contradiction. 	


A similar reasoning results in
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Lemma 7.4. Given ε > 0,

|z| � |w(z)|2 and |w′(z)|/|w(z)|3 � |z|−3/4

as z→∞ outside ofQ(ε).

Proof. To prove the first assertion, suppose there is a sequence tending to infinity such
that

|w(zn)| = o(|zn|1/2). (7.8)

Assuming, as we may, that the limits in (7.2) again exist, we observe that

|w(zn)| = o(r(zn)−2)

by (7.8) and (7.2). Therefore, y0 = limn→∞ r(zn)2w(zn) = 0. A contradiction now
follows exactly as in the proof of Lemma 7.3. 	


To proceed, we first observe by routine computation that

F(z) := −zw(z)− 2w(z)3 + 1

2
(w′(z))2 (7.9)

is a primitive function of −w(z). Recalling the Laurent expansion of w(z) at a pole
z0, see (1.1),

w(z) = 1

(z− z0)2
− z0

10
(z− z0)

2 − 1

6
(z− z0)

3 + h(z− z0)
4 + · · · , (7.10)

and substituting (7.10) into (7.9), we get

F(z) = 1

z− z0
− 14h+ z0

30
(z− z0)

3 + 1

24
(z− z0)

4 − h
5
(z− z0)

5 + · · · . (7.11)

Defining now
V (z) := −2F(z)− w′(z)/w(z), (7.12)

then (7.12) and (7.11) readily imply that

V (z0) = 28h. (7.13)

Lemma 7.5. Given σ > 0 and ε > 0, there exists K > 0 such that for any z ∈
C\Q(ε), either |V (z)|/|w(z)|2 ≤ K|z|1/2 or |w(z)|−2 ≤ σ |z|−1 holds. Therefore,

|V (z)|
|w(z)|2 ≤ σ

|V (z)|
|z| +K|z|1/2

for all z ∈ C\Q(ε).
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Proof. Suppose that for a sequence (zn) in C\Q(ε), tending to infinity,

0 <
|V (zn)|

|w(zn)|2|zn|1/2 →+∞

as n → ∞. Again, we may assume that the points in (zn) are no poles of w(z). By
Lemma 7.4, |zn| � |w(zn)|2. By (7.9) and (7.12),

(w′(z))2 = 2zw(z)+ 4w(z)3 − V (z)− w′(z)/w(z). (7.14)

Therefore,

|V (zn)|
|w(zn)|2|zn|1/2 ≤

|w′(zn)|2
|w(zn)|2|zn|1/2 +

4|w(zn)|
|zn|1/2 + 2|zn|1/2

|w(zn)| +
|w′(zn)|

|w(zn)|3|zn|1/2 .

Since the last two terms remain bounded as n→∞, by Lemma 7.4, we must have

|w′(zn)|2
|w(zn)|2|zn|1/2 +

4|w(zn)|
|zn|1/2 →∞ (7.15)

as n → ∞. If now 4|w(zn)|/|zn|1/2 remains bounded as n → ∞, at least in a
subsequence, then by Lemma 7.4,

|w′(zn)|2
|w(zn)|2|zn|1/2 =

|w′(zn)|2|w(zn)|
|w(zn)|3|zn|1/2 � |w(zn)|

|zn|1/2 ,

and so |w′(zn)|2/(|w(zn)|2|zn|1/2) also remains bounded, contradicting (7.15). There-
fore, |w(zn)|/|zn|1/2 →+∞ as n→∞ and so

|V (zn)|
|w(zn)|2 =

|V (zn)|
|zn|

|zn|
|w(zn)|2 = o

( |V (zn)|
|zn|

)
holds and the assertion follows. 	


Lemma 7.6. Given ε > 0 sufficiently small, consider the corresponding neighbor-
hood Q(ε) of the zero-sequence of w(z). Then there exist R0 > 1 and a sequence of
mutually disjoint disks

�n(ε) =
{
z | |z− zn| < 3εr(zn)

}
such that

Q(ε) ∩ {z | |z| ≥ R0
} ⊂ �(ε) := ∞⋃

n=1

�n(ε).

Proof. Suppose first that there exists a sequence of disks

Dn :=
{
z | |z− zn| < ηnr(zn)

}
,
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where 0 < ηn→ 0, such that Dn contains at least three zeros of w, including zn. By
Lemma 7.1 and the Hurwitz’ theorem, the limit function y(z) has at least a triple zero
at z = 0. By (7.3), this implies that a = 0, contradicting the fact that |a| = 1, see the
remark after the proof of Lemma 7.1. Therefore, for ε > 0 sufficiently small and n
sufficiently large, the disk

En :=
{
z | |z− qn| < εr(qn)

}
,

has a non-empty intersection with at most one diskEm,m �= n. The assertion follows
by taking�n(ε) = En in the case of an empty intersection with allEm,m �= n, and by
taking�n(ε) to be the larger of {z | |z− qn| < 3εr(qn)} and {z | |z− qn| < 3εr(qm)}
otherwise. 	


Lemma 7.7. Given ε > 0 sufficiently small,

V (z)� |z|3/2 (7.16)

outside of �(ε). In particular,

V (pn) = O(|pn|3/2) (7.17)

as n→∞, where (pn) denotes the sequence of distinct poles of w(z).

Proof. Fix R0 > 1 and let �(ε) be as in Lemma 7.6. Denote further, for R > R0,

M(R) := max
{|V (z)||z|−3/2 | R0 ≤ |z| ≤ R, z /∈ �(ε)

}
.

Suppose this maximum will be attained at z1 = ρ exp(iα), R0 < ρ ≤ R. Let L be
the radial line segment from z0 = R0 exp(iα) to z1, modified to a path Γ as follows,
if needed: If L ∩ �n(ε) �= ∅, we replace that intersection by the shorter part of the
boundary ∂�n(ε), and if z0 ∈ �m(ε) for somem, we replace z0 by a pointL∩∂�n(ε).
Obviously,

∫
Γ
|t |1/2|dt | ≤ π |z1|3/2. Clearly, V (z0) is finite, say |V (z0)| ≤ γ , where

γ is independent of R. Moreover,

|V (t)|
|t | = |V (t)|

|t |3/2 |t |
1/2 ≤ M(R)|t |1/2 (7.18)

on the path of integration Γ .
To obtain a differential equation for V (z), differentiate (7.13), and invoke (P1)

and (7.15) to obtain

V ′ = 2w −
(
w′

w

)′
= 2w − w

′′

w
+
(
w′

w

)2

= − z
w
− 4w +

(
w′

w

)2

= − z
w
− 4w + 1

w2

(
2zw + 4w3 − V − w

′

w

)
= z

w
− w

′

w3 −
1

w2V,
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from which we obtain by integration along Γ

V (z1) = V (z0)+
∫
Γ

(
t

w(t)
− w

′(t)
w(t)3

− 1

w(t)2
V (t)

)
dt.

Therefore, by Lemma 7.4 and 7.5,

|V (z1)| � |V (z0)| +
∫
Γ

(
σ
|V (t)|
|t | +K|t |1/2

)
|dt |;

here we have used the observation that |t |/|w(t)| = |t |1/2
( |t |
|w(t)|2

)1/2 � |t |1/2 re-

mains bounded on Γ by Lemma 7.4 and that |w′(t)|/|w(t)|3 = O(|t |−3/4), hence
being bounded as well. Making now use of (7.18), we obtain

|V (z1)| � γ + σM(R)
∫
Γ

|t |1/2|dt | +K
∫
Γ

|t |1/2|dt |
� γ + πσM(R)|z1|3/2 + πK|z1|3/2.

Therefore,

|V (z1)|
|z1|3/2 = M(R) � γ

|z1|3/2 + πσM(R)+ πK � γ

R
3/2
0

+ πσM(R)+ πK.

Hence, selecting σ to satisfy πσ < 1/2, we obtain

M(R) � 2

(
γ

R
3/2
0

+ πK
)
=: B

and so |V (z)|
|z|3/2 � M(R) � B

whenever z /∈ �(ε) and R > R0.
Finally, to see that (7.16) implies (7.17), let zn now stand for the centres of the disks

�n(ε). Lemma 7.1 again applies, resulting in the limit function y(z) = y0+y′0z+· · · .
Since y(0) = y0 is finite, there are no poles of y(z) in a certain disk around the origin.
Therefore, if n is large enough and ε small enough, �n(ε) contains no poles of w(z),
hence (7.17) is valid by (7.16). 	


We now proceed to prove the final lemma to prepare our preliminary growth esti-
mate for first Painlevé transcendents. To this end, recall again the Laurent expansion
(1.1) of w(z) at a pole z = p, with the notation ξ = z− p:

w(z) =
∞∑
k=0

akξ
k−2 = 1

ξ2 −
p

10
ξ2 − 1

6
ξ3 + hξ4 + p2

300
ξ6 +

∞∑
k=9

akξ
k−2. (7.19)
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Lemma 7.8. Suppose that the coefficients in (7.19) satisfy, for some K > 0,

|ak| � (K|p|1/4)k (7.20)

for k = 0, . . . , 8. Then (7.20) holds for all k ∈ N.

Proof. Substituting (7.19) into (P1), we obtain by a standard coefficient comparison
that (

(k − 1)(k − 2)− 12
)
ak+1 = 6

k∑
j=1

ajak+1−j (7.21)

for all k ≥ 8. Taking moduli and observing that the right-hand side in (7.21) contains
at most k − 3 non-zero terms, we get, inductively,(

(k + 2)(k − 5)
)|ak+1| � 6(k − 3) · (K|p|1/4)k+1.

Since 6(k − 3)/
(
(k + 2)(k − 5)

)
� 1 for all k ≥ 8, the assertion follows. 	


Proposition 7.9. For any first Painlevé transcendent w(z) with the distinct pole se-
quence (pn), ∑

0<|pn|≤r
|pn|−1/2 = O(r2) (7.22)

as r →∞. Moreover, N(r,w) = O(r5/2) and T (r,w) = O(r5/2).

Proof. Restricting to poles of sufficiently large modulus, recall that 28h = V (pn) by
(7.13). Therefore, by Lemma 7.7,

|h| = O(|pn|3/2).
It is now immediate to check that (7.20) holds for k = 0, . . . , 8 in (7.19) for some
K > 0, hence for all k ∈ N by Lemma 7.8. By the standard formula to compute the
radius of convergence for a power series, we observe that (7.19) converges at least in
0 < |z−pn| < c|pn|−1/4, c being a constant independent of pn. Therefore, the polar
neighborhoods |z − pn| < c

2 |pn|−1/4 must be mutually disjoint (for n sufficiently
large, say |pn| ≥ r0). Comparing the total area of these polar neighborhoods with the
area of the disk of radius r , centred at the origin, we obtain

∑
r0≤|pn|≤r

π
c2

4
|pn|−1/2 � π(2r)2,

proving (7.22). Moreover, since |pn|−1/2 ≥ r−1/2 for all pn in the disk, we get

4πr2 ≥ π c
2

4
|pn|−1/2(n̄(r, w)− n̄(r0, w)) ≥ π c2

4
r−1/2(n̄(r, w)− n̄(r0, w)),
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hence
n̄(r, w)− n̄(r0, w) � 16c−2r5/2

and so
n(r,w) = 2n̄(r, w) = O(r5/2). (7.23)

Therefore,
N(r,w) = O(r5/2),

and since m(r,w) = S(r,w) by an immediate application of the Clunie lemma, see
Lemma B.11, we infer that

T (r,w) = O(r5/2). 	


Theorem 7.10. The first Painlevé transcendents w(z) are of order ρ(w) = 5/2.
Moreover, they are of regular growth, and therefore the lower order μ(w) = 5/2
as well.

Remark. By Proposition 7.9, it suffices to prove the reversed inequality ρ(w) ≥ 5/2
to get the first assertion. Actually, this has been already proved by Mues and Redheffer
[1], p. 419–420. However, we prefer another approach, due to Shimomura [10], as
this enables to obtain the regularity of growth at the same time. Similarly as to
Proposition 7.9, the proof of Theorem 7.10 follows by a series of lemmas. To this
end, let γ > 1 (in fact > 2, as shown along with the proof) denote a real number,
and assume that (pn), the distinct pole sequence ofw(z), has been arranged according
increasing moduli. Moreover, we shall use the shortened notation n̄(ρ) := n̄(ρ,w).
Lemma 7.11. For each ρ sufficiently large, there exists a point zρ such that ρ/2 ≤
|zρ | < ρ and that ∑

|pn|<γρ
|zρ − pn|−2 ≤ 6n̄(γρ)ρ−2 log ρ.

Proof. Given a suitable constant δ > 0, we first define polar neighborhoods |z−pn| <
δω(|pn|),where ω(t) := min{1, t−1/4} for t ≥ 0. Moreover, denoteHδ :=⋃∞n=1{z |
|z− pn| < δω(|pn|)} and �δ(ρ) = B(ρ) \Hδ , where B(ρ) := B(0, ρ). By (7.23),

∑
|pn|≤ρ+1

ω(|pn|)2 =
∫ ρ+1

1
t−1/2dn̄(t)+O(1)

� (ρ + 1)−1/2n̄(ρ + 1)+
∫ ρ+1

1
t−3/2n̄(t)dt +O(1)

� (ρ + 1)2 � ρ2.

Therefore, choosing δ > 0 small enough, we may assume that

A(Hδ ∩ B(ρ)) ≤ πρ2/4, (7.24)
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where A( · ) denotes the area of the set. For |pn| < γρ, we obtain

ω(|pn|) = min(1, |pn|−1/4) ≥ min(1, (γ δ)−1/4) ≥ min(1, (γ + 1)−1/4δ−1/4)

by the definition of ω(t). Hence, integrating over the annulus Rn := {z | δω(|pn|) ≤
|z− pn| ≤ (γ + 1)ρ}, we get∫∫

δω(|pn|)≤|z−pn|≤(γ+1)ρ
|z− pn|−2 dxdy =

∫ 2π

0

∫ (γ+1)ρ

δω(|pn|)
r−1 drdϕ

= 2π log
(
(γ + 1)ρδ−1ω(|pn|)−1) ≤ 2π log

(
δ−1(γ + 1)5/4ρ5/4)

≤ 3π log ρ

as ρ →∞. Summing them up, we conclude that

I (ρ) =
∫∫
�δ(ρ)

Sρ(z) dxdy ≤ 3πn̄(γρ) log ρ, (7.25)

where
Sρ(z) :=

∑
|pn|<γρ

|z− pn|−2,

provided that ρ is large enough. On the other hand, by (7.24),

I (ρ) ≥ F(ρ)A(�δ(ρ) \ B(ρ/2)) ≥ (πρ2/2)F (ρ),

where
F(ρ) = inf

{
Sρ(z) | z ∈ �δ(ρ) \ B(ρ/2)

}
.

Combining this with (7.25), we get F(ρ) ≤ 6n̄(γρ)ρ−2 log ρ. Thus we obtain the
conclusion. 	


Lemma 7.12. Given ρ > 1, γ > 2, there exists a constant C1 > 0 independent of ρ
and γ such that

∑
|pn|≥γρ

∣∣∣∣ 1

(z− pn)2 −
1

p2
n

∣∣∣∣ ≤ C1

(
ρ

γ

)1/2

,
∑

|pn|≥γρ
|z− pn|−4 � C1

for every z ∈ B(ρ).
Proof. Since |z− pn| = |pn||1− z

pn
| ≥ 1

2 |pn| by |z/pn| ≤ 1/γ < 1/2, we immedi-
ately observe that∣∣∣∣ 1

(z− pn)2 −
1

p2
n

∣∣∣∣ = ∣∣∣∣ z(2pn − z)p2
n(z− pn)2

∣∣∣∣ � 10|z||pn|
|pn|4 ≤ 10ρ|pn|−3.
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Therefore, recalling that n̄(r, w) = O(r5/2), see (7.23), it follows that∑
|pn|≥γρ

∣∣∣∣ 1

(z− pn)2 −
1

p2
n

∣∣∣∣ ≤ 10ρ
∑

|pn|≥γρ
|pn|−3

= 10ρ
∫ ∞

γρ

t−3 dn̄(t) ≤ 30ρ
∫ ∞

γρ

t−4n̄(t) dt = O(ρ/γ )1/2.

Moreover, ∑
|pn|≥γρ

|z− pn|−4 � 16
∑

|pn|≥γρ
|pn|−4 = 16

∫ ∞

γρ

t−4 dn̄(t)

≤ 64
∫ ∞

2ρ
t−5n̄(t) dt = O(1).

	


Lemma 7.13. There exists a set E∗ ⊂ (0,+∞) of finite linear measure such that

∞∑
n=1

∣∣∣∣ 1

(z− pn)2 −
1

p2
n

∣∣∣∣ = O(r9)

for all r = |z| ∈ (0,+∞)\E∗.
Proof. It suffices to define

E∗ := (0, |p1| + 1) ∪
( ∞⋃
n=2

[|pn| − |pn|−3, |pn| + |pn|−3]).
Making use of n̄(r, w) = O(r5/2) again, we conclude that

σ(E∗) ≤ |p1| + 1+ 2
∞∑
n=2

|pn|−3 = |p1| + 1+ 2
∫ ∞

|p2|
t−3 dn̄(t) <∞.

By Lemma 7.12, we now see that, for γ > 2 and |z| = r /∈ E∗,
∞∑
n=1

∣∣∣∣ 1

(z− pn)2 −
1

p2
n

∣∣∣∣ ≤ ∑
1≤|pn|≤γ r

(|pn|6 + 1)+
∑

|pn|≥γ r

∣∣∣∣ 1

(z− pn)2 −
1

p2
n

∣∣∣∣
≤ (1+ γ 6r6)n̄(γ r, w)+ C1r

1/2 = O(r9). 	


Lemma 7.14. For any η, 0 < η < 1, and some L > 0 independent of γ and η,∑
|pn|≤γρ

|pn|−2 � η−4n̄(γρ)ρ−2 + ηLρ1/2 +O(1).
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Proof. Since n̄(t) ≤ Lt5/2 for some L > 0, we get∑
|pn|≤γρ

|pn|−2 =
∫ γρ
ρ0

t−2 dn̄(t)+O(1)

= (γρ)−2n̄(γρ)+ 2
∫ γρ
ρ0

t−3n̄(t) dt +O(1)

= (γρ)−2n̄(γρ)+ 2
∫ η2ρ

ρ0

t−3n̄(t) dt + 2
∫ γρ
η2ρ

t−3n̄(t) dt +O(1)

� (γρ)−2n̄(γρ)+ 2L
∫ η2ρ

ρ0

t−1/2 dt + 2n̄(γρ)
∫ γρ
η2ρ

t−3 dt +O(1)

= 4ηLρ1/2 + η−4ρ−2n̄(γρ)+O(1). 	


Proof of Theorem 7.10. Recalling that all poles ofw(z) are double, we may apply the
Mittag–Leffler representation for w(z) to obtain

w(z) = ϕ(z)+	(z) = ϕ(z)+
∞∑
n=1

(
1

(z− pn)2 −
1

p2
n

)
,

where ϕ(z) is an entire function. In case p1 = 0, the corresponding term in 	(z)
should be replaced by 1/z2. In what follows, we may assume that r > 1 is sufficiently
large.

We split the summation of 	(z) in two parts by

	(z) =
∑

|pn|<γ r

(
1

(z− pn)2 −
1

p2
n

)
+
∑

|pn|≥γ r

(
1

(z− pn)2 −
1

p2
n

)
.

Choosing now γ ≥ γ0 := max(2, 400C2
1 ), we may apply Lemma 7.12 to conclude

that ∑
|pn|≥γ0r

∣∣∣∣ 1

(z− pn)2 −
1

p2
n

∣∣∣∣ � 1

20
r1/2, (7.26)

whenever z ∈ B(r). By Lemma 7.11, and the estimate (7.23), we find a point z0 ∈
B(r)\B(r/2) such that ∑

|pn|<γ0r

1

|z0 − pn|2 ≤ K
′n̄(γ0r)r

−2 log r (7.27)

for some constant K ′ > 0. Choosing now η = η0 := L−1/20 in Lemma 7.14, we
obtain ∑

|pn|<γ0r

|pn|−2 ≤ η−4
0 n̄(γ0r)r

−2 + 1

20
r1/2 +O(1). (7.28)
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Hence, combining (7.26), (7.27) and (7.28), we obtain

|	(z0)| ≤ K∗n̄(γ0r)r
−2 log r + 1

10
r1/2 +O(1) = O(r1/2 log r) (7.29)

for some z0 ∈ B(r)\B(r/2); here K∗ = K ′ + (η0)
−4. Moreover, we may estimate

	′′(z0) by observing first that

|	′′(z0)| � 6
∞∑
n=1

1

|z0 − pn|4

� 6
∑

|pn|<γ0r

1

|z0 − pn|4 + 6
∑

|pn|≥γ0r

1

|z0 − pn|4

� 6

( ∑
|pn|<γ0r

1

|z0 − pn|2
)2

+ 6
∑

|pn|≥γ0r

1

|z0 − pn|4

and then applying (7.27) and Lemma 7.12 to obtain

|	′′(z0)| ≤ 6(K∗)2n̄(γ0r)
2r−4(log r)2 + 6C1 = O(r(log r)2). (7.30)

We next observe that ϕ(z) in the decomposition w(z) = ϕ(z)+	(z) is a polyno-
mial and, even more, a constant. In fact, by Lemma 7.13,

T (ρ, ϕ) = m(ρ, ϕ) � m(ρ,w)+m(ρ,	) = O(log ρ),

provided ρ /∈ E∗. Herem(ρ,w) = O(log ρ) follows by the Clunie argument and the
fact thatw(z) is of finite order. AsE∗ is of finite linear measure, a standard reasoning,
see Laine [1], Lemma 1.1.1, may be applied to remove the exceptional set, hence ϕ(z)
is a polynomial.

Since |w(z0)|2 = 1
6 (w

′′(z0)− z0), we may first write

|ϕ(z0)| ≤ |	(z0)| + |w(z0)| � |	(z0)| + 1√
6
|w′′(z0)− z0|1/2

≤ |	(z0)| +
(|ϕ′′(z0)| + |	′′(z0)| + |z0|

)1/2
.

Invoking now (7.29) and (7.30), we obtain a contradiction, unless ϕ(z) is a constant,
say ϕ(z) ≡ C0 ∈ C. This follows from the fact that we may find a sequence of points
z0 tending to∞.

To arrive at the final conclusion, we now write z0 = w′′(z0)− 6w(z0)
2. Then for

all r sufficiently large,

(r/2)1/2 � |z0|1/2 �
(|	′′(z0)| + 6(|	(z0)| + |C0|)2

)1/2
� |	′′(z0)|1/2 +

√
6
(|	(z0)| + |C0|

)
� 2

√
6K∗n̄(γ0r)r

−2 log r +
√

6

10
r1/2 +O(1).
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This readily results in

n̄(γ0r) ≥ 1

12

1

K∗
r5/2(log r)−1,

and so

T (r,w) ≥ N(r,w) = 1

2
N̄(r, w)� r5/2(log r)−1, (7.31)

which proves the assertion. 	


§8 Growth of second and fourth Painlevé transcendents

For the second and fourth Painlevé transcendents, we may also show the finiteness of
their order of growth.

Theorem 8.1. For an arbitrary solution w(z) of (P2), resp. (P4), we have T (r,w) =
O(rC),whereC is a positive number independent ofw(z) and of the coefficients α, β.

Remark. More precise results are known, see Steinmetz [5] and Shimomura [8]. In
fact, for every solution of (P2), resp. (P4), T (r,w) = O(r3), resp. T (r,w) = O(r4).
It is well-known that (P2), resp. (P4), may admit, for suitable values of parameters,
rational solutions and transcendental solutions of order 3/2, resp. 2. See Chapters 5
and 6 for more details. It seems likely that these are the only exceptional possibilities
with respect to the order of growth for solutions of (P2), resp. (P4). However, it
remains open to find a rigorous proof.

In Section 8.1 below, using the method of Shimomura [6], we prove Theorem 8.1
for solutions of (P2). The same argument applies for (P4); the proof will be sketched
in Section 8.2.

8.1. Proof of Theorem 8.1 for (P2). Let w(z) be an arbitrary solution of (P2). The
main part of the proof is devoted to constructing a polar neighborhood around each
pole p. In this reasoning, we treat w(z) in the sector | arg z − argp| < π/2, 0 ≤
argp < 2π , containing the pole p. In what follows, we assume that the branch of z1/2

together with the value a1/2 needed below is determined by z1/2 = |z|1/2 exp(iφ/2),
|φ − argp| < π/2. Similarly as to the case of (P1), we organize the proof through a
sequence of lemmas. To this end, define

θ := 2−5, R0(α) := 1200(|α| + 1). (8.1)

We begin with the following lemma, which is proved by a modification of Hukuhara’s
argument, see Okamoto and Takano [1].

Lemma 8.2. Let a be a point satisfying |a| > R0(α). If |w(a)−θa1/2| ≤ θ3|a|1/2/6,
then

(i) w(z) is analytic and bounded for |z− a| < δa,
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(ii) |w(z)− θa1/2| ≥ θ3|a|1/2/5 for (5/6)δa ≤ |z− a| ≤ δa,
where

θ |a|−1/2 min{1, θ2|a|/|w′(a)|} < δa ≤ 3θ |a|−1/2. (8.2)

Proof. We put z = a + ρt , ρ = a−1/2, w(z) = θa1/2(1+ θv(t)) in (P2). Then (P2)

becomes

v̈(t) = θ−1 + v(t)+ ρ3t (θ−1 + v(t))+ θ−2ρ3α + 2θ(1+ θv(t))3,
where ˙ again stands for the differentiation with respect to t . Integrating both sides
twice, we obtain

v(t) = v(0)+ v̇(0)t + θ−1t2/2+ g(t), (8.3)

where

g(t) = θ
−2ρ3

6
(θt3+3αt2)+

∫ t
0

∫ τ
0

(
v(s)+ρ3sv(s)+2θ(1+θv(s))3) dsdτ. (8.4)

Here
v(0) = θ−2a−1/2(w(a)− θa1/2), v̇(0) = θ−2a−1w′(a).

By assumption,
|v(0)| ≤ θ−2|a|−1/2|w(a)− θa1/2| ≤ θ/6. (8.5)

We now divide the proof in two subcases.

(1) Case |v̇(0)| ≤ 1.We put

M(η) := max
{|v(t)| | |t | ≤ η}, η0 := sup

{
η | M(η) ≤ 8θ

}
.

By (8.5), η0 > 0. Suppose that η0 < 3θ. Since |a| > R0(α), we may use (8.1) and
(8.4) to conclude that, for |t | ≤ η0,

|g(t)| ≤ θ
−2|a|−3/2

6
(3θ2 + 3|α|)(3θ)2

+ (3θ)
2

2

(
8θ + |a|−3/2 · 24θ2 + 2θ(1+ 8θ2)3

)
≤ 9

2
θ2R0(α)

−3/2(1+ 24θ2 + θ−2|α|)+ 9θ3(4+ (1+ 8θ2)3
)

≤ 9

2
θ2
(

2+ 210|α|
1200(1+ |α|) + 2−4(4+ (1+ 10−7)3)

)
<

9

2
θ2 · 1.4 < θ

4
.

(8.6)
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Hence, from (8.3) and (8.5) it follows that, for |t | ≤ η0,

|v(t)| ≤ |v(0)| + |t | + θ−1|t |2/2+ θ/4
≤ (1/6+ 3+ 9/2+ 1/4)θ < 7.92θ,

(8.7)

which contradicts the definition of η0. This implies that η0 ≥ 3θ, and that (8.6) is
valid for all t such that |t | ≤ 3θ.Moreover, by (8.3), if 2.5θ ≤ |t | ≤ 3θ, then

|v(t)| ≥ θ−1|t |2/2− |v(0)| − |t | − |g(t)|
≥ (2.52/2− 1/6− 2.5− 1/4)θ > θ/5.

Therefore, |w(z) − θa1/2| ≥ θ3|a|1/2/5 for (5/6)δa ≤ |z − a| ≤ δa with δa =
3θ |a|−1/2.

(2) Case |v̇(0)| =: κ > 1. We now define

η1 := sup
{
η | M(η) ≤ 3θ

}
,

and suppose that η1 < (1.2/κ)θ. Then, by (8.1), we get for |t | ≤ η1,

|g(t)| ≤ θ
−2|a|−3/2

6
(1.2θ2 + 3|α|)(1.2θ)2

+ (1.2θ)
2

2

(
3θ + |a|−3/2 · 3.6θ2 + 2θ(1+ 3θ2)3

)
≤ (1.2θ)

2

2
R0(α)

−3/2(1+ 4θ2 + θ−2|α|)
+ (1.2θ)2θ(1.5+ (1+ 3θ2)3)

≤ (1.2θ)
2

2

( 2+ 210|α|
12003/2(1+ |α|) + 2−4(1.5+ (1+ 3θ2)3)

)
≤ (1.2θ)

2

2
(0.029+ 0.16) <

1.22

2
· θ

2

5
<
θ

100
.

(8.8)

By (8.3), (8.5) and this inequality (8.8), again for |t | ≤ η1,

|v(t)| ≤ |v(0)| + κ|t | + θ−1|t |2/2+ θ/100

≤ (1/6+ 1.2+ 1.22/2+ 1/100)θ < 2.1θ,
(8.9)

which contradicts the definition of η1. This implies η1 ≥ (1.2/κ)θ, and hence (8.9) is
valid for all t such that |t | ≤ (1.2/κ)θ. For (0.8/κ)θ ≤ |t | ≤ (1.2/κ)θ, we have

|v(t)| ≥ κ|t | − θ−1|t |2/2− |v(0)| − |g(t)|
≥ (0.8− 0.82/2− 1/6− 1/100)θ > θ/5.

Therefore |w(z) − θa1/2| ≥ θ3|a|1/2/5 in (5/6)δa ≤ |z − a| ≤ δa with δa =
(1.2/κ)θ |a|−1/2 = 1.2θ |a|−1/2(θ2|a|/|w′(a)|), which completes the proof. 	
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Lemma 8.3. Under the same supposition as in Lemma 8.2, if |w(a) − θa1/2| ≤
θ3|a|1/2/6, then

(ii′) |w(z)− θz1/2| > θ3|z|1/2/5.5 for (5/6)δa ≤ |z− a| ≤ δa.
Proof. By (8.1), (8.2) and the supposition |a| > R0(α),we have |z| ≥ |a|−δa > θ−2,
|a| > θ−2 = 210 and ||z|1/2 − |a|1/2| = |z − a|/(|z|1/2 + |a|1/2) ≤ δa/60 ≤ θ2/20.
Hence, by Lemma 8.2, (ii), for (5/6)δa ≤ |z− a| ≤ δa,

|w(z)− θz1/2| − θ3|z|1/2/5.5
≥ |w(z)− θa1/2| − θ3|z|1/2/5.5− θ ∣∣|z|1/2 − |a|1/2∣∣
≥ θ3(1/5− 1/5.5)|a|1/2 − (θ3/5.5+ θ)∣∣|z|1/2 − |a|1/2∣∣
≥ (25/55− 2/20)θ3 > 0,

which completes the proof. 	


We next proceed to a path construction, related to an arbitrary pole, sufficiently
large, of w(z), and based on Lemma 8.2 and Lemma 8.3.

Lemma 8.4. Let p be an arbitrary pole of w(z) satisfying |p| > 2R0(α), and let R∗
be a complex number satisfying R0(α) < R∗ < R0(α)+ 1. Then there exists a curve
Γ (p), defined by φ : [0, xp] → C as follows:

(1) |φ(0)| = R∗, φ(xp) = p;
(2) x is the length of Γ (p) from φ(0) to φ(x);
(3) |φ(x)| is monotone increasing on [0, xp];

(4) |dz| ≤ (6/√11)d|z| along Γ (p);
(5) |w(z)− θz1/2| ≥ 2−18|z|1/2 along Γ (p).

Proof. For the simplicity of the description, we treat the case where argp = 0. For p
in the generic position, a completely similar argument applies. Consider the segment
S0 := [R∗, p] ⊂ R. We start from z = R∗, and proceed along S0. If |w(z)− θz1/2| >
θ3|z|1/2/6 on S0, then we put Γ (p) = S0. Suppose now that a point a ∈ S0 satisfies
|w(a)− θa1/2| ≤ θ3|a|1/2/6 and |w(z)− θz1/2| > θ3|z|1/2/6 for R∗ ≤ z < a. Draw
the semi-circleCa : |z−a| = δa,Re z ≥ 0, which intersects R at a− and a+, a− < a+.
Here δa is as in Lemma 8.2. Note that a+ ∈ S0, because the pole p does not belong to
the interior of Ca. Let a∗−, a∗+ (Re a∗− < Re a∗+) be the points on the semi-circle C∗a :
|z − a| = (5/6)δa, Re z ≥ 0 such that the segments [a−, a∗−] and [a∗+, a+] come in
contact with the semi-circleC∗a .Replace the segment [a−, a+] by the curve γ (a)which
consists of the segments [a−, a∗−], [a∗+, a+] and the shorter arc (a∗−, a∗+)̃ ⊂ C∗a . Then
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we get a new curve Γ1 =
(
(S0 \ [a−, a+]) ∪ γ (a)

) ∩ {z | |z| ≥ R∗}. By Lemmas 8.2
and 8.3, we see that

|w(z)− θz1/2| ≥ θ3|z|1/2/6 > 2−18|z|1/2 (8.10)

holds on Γ1. By a geometric consideration about the gradient of tangent lines to γ (a),
we observe that

|dz| ≤ (6/√11) d|z|. (8.11)

Restart now from z = a+. Suppose that we first meet a point b ∈ Γ1, b > a+
such that |w(b) − θb1/2| = θ3|b|1/2/6. (If such a point does not exist, then we put
Γ (p) = Γ1.) By the same argument as above, we obtain the curve γ (b), which
crosses Γ1 at b′−, b+ (Im b′− ≥ 0, b+ ∈ S0, Re b′− < b+). Replacing the part Γ1
from b′− to b+ by that of γ (b) from b′− to b+, we get a curve Γ2. On Γ2, (8.10) and
(8.11) obviously remain valid. Starting from z = b+, we continue this procedure.
As will be shown at once, after repeating this procedure finitely many times, we
arrive at the pole p. Thus we get the path Γ (p) with the properties (1) through
(5). To show the finiteness of the number of steps in the process, suppose, in the
contrary, that there exists a sequence {a(ν)}∞ν=0 ⊂ S0 satisfying

∑∞
ν=0 δa(ν) ≤ 1 and

|w(a(ν))− θa(ν)1/2| ≤ θ3|p|1/2/6. Hence, by (8.2), we may choose a subsequence
{a(νj )}∞j=0 satisfying a(νj )→ a∗ ∈ S0, w(a(νj ))→ w∗ �= ∞, w′(a(νj ))→ ∞ as
j → ∞, which implies w(a∗) = w∗ �= ∞, w′(a∗) = ∞. This is a contradiction.
Thus the lemma is proved. 	


For the two final lemmas, we need to define an auxiliary function as follows:

	(z) = w′(z)2 + w′(z)
w(z)− θz1/2 − w(z)4 − zw(z)2 − 2αw(z). (8.12)

By a suitable mathematical software we may verify that

	′(z)+ 	(z)

W(z)2
= G(z) := G1(z)+G2(z), (8.13)

where

G1(z) := w′(z)
W(z)3

(
1− θ2/2+ (θ/2)z−1/2w(z)

)
,

G2(z) := −1

W(z)2

(
θ2zw(z)2 + θz3/2w(z)+ αw(z)+ θαz1/2),

W(z) := w(z)− θz1/2.

Since

G1(z) = −
(

1/2

W(z)2
+ (θ/2)z

−1/2

W(z)

)′
− (θ/4)z

−3/2

W(z)
+ (θ/2)

2z−1

W(z)2
+ (θ/2)z

−1/2

W(z)3
,

G2(z) = −θ2z− 1

W(z)
(2θ3z3/2 + θz3/2 + α)− 1

W(z)2
(θ4z2 + θ2z2 + 2αθz1/2),
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the right-hand side of (8.13) may be written in the form

G(z) = −H ′1(z)−H2(z),

H1(z) = (θ/2)z
−1/2

W(z)
+ 1/2

W(z)2
,

H2(z) = θ2z+ h1(z)

W(z)
+ h2(z)

W(z)2
+ h3(z)

W(z)3
,

h1(z) = O(z3/2), h2(z) = O(z2), h3(z) = O(z−3/2).

To solve (8.13), we have the following basically elementary

Lemma 8.5. Let γ (z0, z) be an arbitrary path starting from z0 and ending at z such
thatW(t) �= 0 on γ (z0, z). Then

	(z) = E(z0, z)
−1	(z0)−H1(z)+ E(z0, z)

−1H1(z0)

+ E(z0, z)
−1
∫
γ (z0,z)

E(z0, t)

(
H1(t)

W(t)2
−H2(t)

)
dt.

(8.14)

Here E(z0, t) := exp
( ∫
γ (z0,t)

W(τ)−2dτ
)

for t ∈ γ (z0, z), and γ (z0, t) ⊂ γ (z0, z)

is the part of γ (z0, z) from z0 to t.

Consider now a circle |z| = R∗ such that R0(α) < R∗ < R0(α) + 1. Moreover,
assume that there are no poles of 	(z) on this circle. Let p be an arbitrary pole of
w(z) such that |p| > 2R0(α), and U(p) = {z | |z−p| < η(p)} be a domain defined
by

η(p) := sup
{
η ≤ 1 | |W(z)| > 2|z|1/2 in |z− p| < η}.

Then we have

Lemma 8.6. In U(p), |	(z)| ≤ K0|z|�, whereK0 is a positive number independent
of p, and � ≥ 2 a number independent of w(z) and p.

Proof. We shall now make use of the path Γ (p), constructed in Lemma 8.4, and
starting from some point z0(p) such that |z0(p)| = R∗. Then, |W(t)| ≥ 2−18|t |1/2,
|dt | ≤ (6/√11)d|t | along Γ (p). From these facts, for t ∈ Γ (p), it follows that

|E(z0(p), t
)±1| ≤ exp

( ∫
Γ (p,t)

|dτ |
|W(τ)|2

)
≤ exp

(
237 · 3√

11

∫ |t |

R∗

d|τ |
|τ |
)
= O(t�′).

Here �′ = 237 · 3/
√

11 and Γ (p, t) ⊂ Γ (p) denotes the part of Γ (p) from z0(p)

to t. Moreover, H1(t) = O(t), H2(t) = O(t) along Γ (p). Using (8.14) and these
estimates, and observing that |	(z0(p)

)| ≤ M0, we have	(p) = O(p2�′+2), where
M0 = max{|	(z)| | |z| = R∗}. Observing that H1(z) = O(1) and H2(z) = O(z) in
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U(p), and applying Lemma 8.5 with z0 = p, γ (z0, z) = [p, z] ⊂ U(p), we obtain
	(z) = O(z2�′+2) in U(p). This completes the proof. 	


Now we are ready to complete the proof of Theorem 8.1. Put w(z) = 1/u(z),
z = p + p−�/4s in (8.12). Then (8.12) takes the form

u′(z)2 − u(z)3u′(z)
1− θz1/2u(z)

− 1− zu(z)2 − 2αu(z)3 − u(z)4	(z) = 0.

Hence v(s) = u(p + p−�/4s) satisfies

(dv/ds)(s) = ±p−�/4(1+ h(s, v(s))), (8.15)

where
|h(s, v(s))| < 1/2, v(0) = 0,

as long as ∣∣z�/4u(z)∣∣ = ∣∣(p + p−�/4s)�/4∣∣|v(s)| < ε0, (8.16)

and z ∈ U(p), see Lemma 8.6. Here ε0 = ε0(K0) is a sufficiently small positive
constant independent of p. If z satisfies (8.16), then |w(z)| > ε−1

0 |z|�/4 ≥ ε−1
0 |z|1/2,

and hence z ∈ U(p). Put now

η∗ = sup
{
η | (8.16) is valid for |s| < η}. (8.17)

Suppose that η∗ < ε0/4. Then, integrating (8.15), we get

|s|/2 ≤ ∣∣p�/4∣∣|v(s)| ≤ 3|s|/2 ≤ 3ε0/8 (8.18)

for |s| ≤ η∗ < ε0/4. This implies∣∣(p + p−�/4s)�/4∣∣|v(s)| ≤ ∣∣p�/4∣∣|v(s)|(1+ 1/L)�/4 ≤ ε0/2

for |s| ≤ η∗ and for |p| ≥ L, where L is sufficiently large. For |p| ≥ L, this
contradicts (8.17). Hence η∗ ≥ ε0/4. Therefore, for |p| ≥ L, (8.18) is valid for
|s| < ε0/4, and w(z) is analytic for 0 < |z − p| < (ε0/4)|p|−�/4. Thus we have
proved

Lemma 8.7. For every pole p ofw(z) satisfying |p| > L0 := max{2R0(α), L}, w(z)
is analytic in the domain 0 < |z− p| < (ε0/4)|p|−�/4.
Proof of Theorem 8.1. For each pole p, |p| > L0, we allocate a polar neighbor-
hood U∗(p) := {z | |z − p| < (ε0/8)|p|−�/4}. Then, for arbitrary distinct poles
p1, p2, with moduli > L0, these neighborhoods are mutually disjoint. Hence the
counting function of poles in the disk |z| < r does not exceed O(r2+�/2). Since
m(r,w) = S(r,w), using the Clunie lemma, Lemma B.11, again, we have T (r,w) =
O(N(2r, w)) = O(r2+�/2), which completes the proof for (P2). 	
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8.2. Proof of Theorem 8.1 for (P4). The proof of Theorem 8.1 for (P4) is parallel
to the preceding proof for (P2). Due to its rather technical nature, we don’t repeat the
proof in detail here. For the convenience, a short sketch will be offered. Concerning
more details, see Shimomura [6]. Let now w(z) be an arbitrary solution of (P4). In
this case, we define θ = 2−7. The counterpart to Lemma 8.2 now reads as follows:

Lemma 8.8. Let a be a point satisfying |a| > R0(α, β), where R0(α, β) is a suffi-
ciently large positive number. If |w(a)− θa| ≤ θ3|a|/6, then

(i) |w(z)| is analytic and bounded for |z− a| < δa,
(ii) |w(z)− θa| ≥ θ3|a|/5 for (5/6)δa ≤ |z− a| ≤ δa,
where

θ |a|−1 min{1, θ2|a|2/|w′(a)|} < δa ≤ 3θ |a|−1.

Similarly, corresponding to Lemma 8.3, we obtain

Lemma 8.9. Under the same conditions as in Lemma 8.8, if |w(a)− θa| ≤ θ3|a|/6,
then

(ii′) |w(z)− θz| > θ3|z|/5.5 for (5/6)δa ≤ |z− a| ≤ δa.
Proof of Lemma 8.8. Substituting now z = a+ρt, ρ = a−1, w(z) = θa(1+θv(t))2
into (P4), we obtain

v̈(t) = θ−1 + f0(t, v(t))+ f1(t, v(t)),

where

f0(t, v) := v + 2(1+ θv)3 + 3

4
θ(1+ θv)5,

f1(t, v) := ρ2(−α + 2t + ρ2t2)(θ−1 + v)+ 2ρ2t (1+ θv)3 + ρ4βθ−2

8(1+ θv)3 .

Integrating twice, we derive that

v(t) = v(0)+ v̇(0)t + θ−1t2/2+ g(t),
g(t) =

∫ t
0

∫ τ
0
f0(s, v(s)) dsdτ +

∫ t
0

∫ τ
0
f1(s, v(s)) dsdτ.

Using this relation, a reasoning parallel to the proof of Lemma 8.2 applies. In esti-

mating g(t),we choose R0(α, β) so large that
∣∣∣ ∫ t0 ∫ τ0 f1(s, v(s)) dsdτ

∣∣∣ is sufficiently

small for all a such that |a| > R0(α, β) and |t | ≤ 3θ. 	


Using Lemmas 8.8 and 8.9, we may repeat the idea of Lemma 8.4 for an arbitrary
pole p, |p| > 2R0(α, β), to construct a path Γ (p) ending at z = p with the same
properties (1) through (4) of Lemma 8.4, while the counterpart to (5) now reads
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(5′) |w(z)− θz| ≥ 2−24|z| along Γ (p).

The auxiliary function 	(z) now takes the form

	(z) = w
′(z)2

w(z)
+ 4w′(z)
w(z)− θz − w(z)

3 − 4zw(z)2

− 4(z2 − α)w(z)+ 2β

w(z)
,

(8.19)

which satisfies the linear differential equation

	′(z)+
(

2

W(z)
+ 4θz

W(z)2

)
	(z) = G(z) := G1(z)+G2(z), (8.20)

where

W(z) := w(z)− θz,
G1(z) := 4w′(z)

W(z)3

(
(2+ θ)w(z)+ (2− θ)θz),

G2(z) := − 4

W(z)2

(
θ2z2w(z)2 + 2θz2w(z)(w(z)+ θz)

+ 4θ(z2 − α)zw(z)− 2β
)
.

Since

G1(z) = −
(

4(θ + 2)

W(z)
+ 8θz

W(z)2

)′
+ 4θ(θ + 4)

W(z)2
+ 16θ2z

W(z)3
,

G2(z) = h0
2(z)

W(z)2
+ h

0
1(z)

W(z)
+ h0

0(z)

h0
0(z) = O(z2), h0

1(z) = O(z3), h0
2(z) = O(z4),

the right-hand side of (8.20) may be written in the form

G(z) = −
(

4(θ + 2)

W(z)
+ 8θz

W(z)2

)′
+ h0(z)+ h1(z)

W(z)
+ h2(z)

W(z)2
+ h3(z)

W(z)3
,

h0(z) = O(z2), h1(z) = O(z3), h2(z) = O(z4), h3(z) = O(z).
Let now p be an arbitrary pole ofw(z) such that |p| > 2R0(α, β). Solving (8.19) with
the aid of the pathΓ (p),we obtain an estimate |	(z)| ≤ K0|z|� in the domainU(p) =
{z | |z − p| < η(p)}, where η(p) = sup{η ≤ 1 | |W(z)| > 2|z| in |z − p| < η}.
Substitute noww(z) = 1/u(z), z = p+p−�/3s into (8.19). By the same argument as
in Section 8.1, we get distinct polar neighborhoods |z−p| < (ε0/4)|p|−�/3.Similarly
as to the case of (P2), we obtainN(r,w) = O(r2+2�/3), and hence T (r,w) = O(rC).
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§9 Growth of third and fifth Painlevé transcendents

All solutions of (P̃3) and (P̃5) are meromorphic in C, see Chapter 1 and Hinkkanen
and Laine [2], [3]. The method used to find growth estimates for solutions of (P2) and
(P4) in the proceeding section is applicable in the case of (P̃3) and (P̃5) as well. As a
result, we obtain estimates of exponential for the growth of solutions of (P̃3) and (P̃5):

Theorem 9.1. Let w(z) be an arbitrary solution of (P̃5), resp. (P̃3), with coeffi-
cients (α, β, γ, δ). Then T (r,w) = O(exp(�5r)), resp. O(exp(�3r)), where �5 =
�5(α, β, γ, δ), resp. �3 = �3(α, β, γ, δ), is a positive number independent of w(z).

We omit the proof of Theorem 9.1. The interested reader may consult Shimomura
[9]. Concerning the sharpness of these estimates, we offer the following remarks.

Remark. In the case of (α, β, γ, δ) = (1,−1,−1, 1), (P̃3) possesses a solution
χ(z) = ez/2φ(z) such that

φ(z) = exp
[
R0(1+ o(1))e−z/4 cos(4ez/2 − (1− R0)z/2+ θ0 + o(1))

]
as z→+∞, z > 0,whereR0 and θ0 are positive constants, see Shimomura [2]. Since
T (r, φ) ≥ N(r, 1/(φ − 1)) + O(1) � er/3, we have T (r, χ) � er/3. Similarly of
the case of (P̃5), assume that the coefficients of (P̃5) satisfy β = 0, δ > 0, α, γ ∈ R.

Then, an arbitrary solution ψ(z) of (P̃5) such that 0 < ψ(0) < 1 and that ψ ′(0) ∈ R

admits the asymptotic representation

ψ(z) = R0(1+ o(1))e−z cos2 (√δ/2ez − C(R0)z+ θ0 + o(1)
)
,

where C(R0) = (γ /4)
√

2/δ − √δ/2R0, as z → ∞ along the positive real axis.
Here R0 > 0 and θ0 ∈ R are constants depending on the initial values ψ(0),
ψ ′(0), see Shimomura [1], [3]. By this expression it is easy to see that T (r, ψ) ≥
N(r, 1/ψ)+O(1)� er/2. Therefore, the growth estimates in Theorem 9.1 are qual-
itatively sharp. However, under certain conditions, (P5) and (P3) possesses rational
or algebraic solutions. Then the corresponding solutions w(z) of (P̃5) or (P̃3) satisfy
T (r,w) = O(r�0) for some �0 > 0.



Chapter 3

Value distribution of Painlevé transcendents

This chapter is devoted to considering value distribution properties of Painlevé tran-
scendents. Similarly as to the preceding chapter, Nevanlinna theory will be applied,
see Appendix B again for notations and necessary background results. Moreover,
several of the error term estimates in this chapter are based on the finiteness of order
of growth, as established in Chapter 2. In §10, we evaluate basic properties of defi-
ciencies and ramification indices for Painlevé transcendents, except for solutions of
(P6). The next §11 is devoted to treating the second main theorem for Painlevé tran-
scendents. More precisely, we proceed to show, for (P1), (P2), (P4), (P̃3) and (P̃5),
how the second main theorem reduces to an asymptotic equality. The final section
in this chapter, §12, offers an introduction to deficiencies with respect to small target
functions for the first and second Painlevé transcendents. It seems to us that the topics
considered in §12 remains open to interesting further developments.

§10 Deficiencies and ramification indices

10.1. Solutions of (P1). Let w(z) be an arbitrary solution of

w′′ = z+ 6w2. (P1)

By Chapter 1,w(z) is transcendental meromorphic. Moreover, by §7,w(z) is of finite
order ρ(w) = 5

2 and of regular growth. We proceed to show the following

Theorem 10.1. For every a ∈ C, we have

m(r, 1/(w − a)) = O(log r) and δ(a,w) = 0.

Moreover,

m(r,w) = O(log r) and δ(∞, w) = 0.

Proof. Since, for every a ∈ C, w ≡ a is not a solution of (P1), we may apply the
Mohon’ko–Mohon’ko lemma, see Lemma B.12, to w(z), recalling that w(z) is of
finite order. Hence, we have m(r, 1/(w − a)) = O(log r) from which δ(a,w) =
0 immediately follows. By the Clunie argument, see Lemma B.11, we also have
m(r,w) = O(log r) and δ(∞, w) = 0. 	
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Theorem 10.2. For every a ∈ C, we have

N1(r, 1/(w − a)) ≤ 1

6
T (r,w)+O(log r) and ϑ(a,w) ≤ 1

6
.

Moreover,

N1(r, w) = 1

2
T (r,w)+O(log r) and ϑ(∞, w) = 1

2
.

Remark 1. In the results above, the estimates δ(a,w) = δ(∞, w) = 0, ϑ(a,w) ≤
1/6 have been obtained, originally, by Schubart and Wittich [1]. It remains open
whether some of the ramification results in this section could be improved.

Proof. To prove Theorem 10.2 we recall that all poles of w(z) are double, with the
Laurent expansion (1.1). Moreover, by the finiteness of order, m(r,w′) = O(log r).
Defining now

�(z) := w′(z)2 − 4w(z)3 − 2zw(z), (10.1)

we immediately see that
� ′(z) = −2w(z). (10.2)

For a ∈ C, consider the set

A := {z | w(z) = a, w′(z) = 0
}
.

We may suppose thatA is an infinite set, since otherwise, trivially, ϑ(a,w) = 0.Now
choose a point z ∈ A \ {−6a2}. Then, from (10.1), we obtain

G(z) := w′(z)2 − 4(w(z)3 − a3)− 2z(w(z)− a)
= �(z)+ 4a3 + 2az.

(10.3)

Furthermore, by (10.2),

G′(z) = 2(a − w(z)),
G′′(z) = −2w′(z),
G(3)(z) = −2w′′(z) = −2(6w(z)2 + z).

(10.4)

Hence, for every σ ∈ A \ {−6a2},
G(σ) = G′(σ ) = G′′(σ ) = 0, G(3)(σ ) = −2(6a2 + σ) �= 0,

and so σ is a triple zero of G(z). This fact means that

N1(r, 1/(w − a)) ≤ 1

3
N(r, 1/G)+O(log r) ≤ 1

3
T (r,G)+O(log r). (10.5)

By Theorem 10.1, Proposition B.5 and (10.3), m(r,G) � m(r,w′) + m(r,w) �
log r. Since all poles of G′(z) are double by (10.4), all poles of G(z) are simple, and
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therefore N(r,G) = (1/2)N(r,w) = (1/2)T (r, w) + O(log r). Hence T (r,G) =
(1/2)T (r, w)+O(log r). Combining this with (10.5), we obtain

N1(r, 1/(w − a)) ≤ 1

6
T (r,w)+O(log r),

from which ϑ(a,w) ≤ 1/6 immediately follows. From the fact that every pole of
w(z) is double, it follows that

N1(r, w) = 1

2
N(r,w) = 1

2
T (r,w)+O(log r).

Hence ϑ(∞, w) = 1/2, which completes the proof. 	


10.2. Solutions of (P2). Recall again that all solutions of

w′′ = 2w3 + zw + α, α ∈ C, (P2)

are meromorphic functions of finite orderρ(w) � 3. Also recall that all poles solutions
of (P2) are simple, see (2.1). Since (P2) may admit rational solutions, we now
restrict ourselves to considering transcendental solutions only. So let w(z) denote an
arbitrary transcendental solution of (P2). Concerning the estimates for deficiencies in
Theorem 10.3, see Schubart [1] and Schubart and Wittich [1], and for the ramification
indices in Theorem 10.4, see Kießling [1].

Theorem 10.3. (1) We have

m(r,w) = O(log r) and δ(∞, w) = 0.

(2) If α �= 0, then, for every a ∈ C,

m(r, 1/(w − a)) = O(log r) and δ(a,w) = 0.

In the case of α = 0, we have, for every a ∈ C\{0},
m(r, 1/(w − a)) = O(log r) and δ(a,w) = 0,

and for a = 0,

m(r, 1/w) ≤ 1

2
T (r,w)+O(log r) and δ(0, w) ≤ 1

2
.

Proof. It is sufficient to show δ(0, w) ≤ 1/2 under the condition α = 0, because
the other assertions of Theorem 10.3 immediately follow from Lemma B.11 and
Lemma B.12, and the finiteness of the order of w(z). Assuming that α = 0, we
define

�(z) = w′(z)2 − w(z)4 − zw(z)2, (10.6)
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hence by differentiating (10.6),

� ′(z) = −w(z)2. (10.7)

Moreover, we define
�(z) = �(z)/w(z). (10.8)

Obviously, all poles of � ′(z) are double by (10.7), hence � has to be analytic at the
poles z0 of w(z). Differentiating � = w�, we obtain −w = �′ + w′

w
�, and making

use of the Laurent expansion (2.1), we conclude that �(z0) = ±1. Now we suppose
that

�(z) �≡ ±1. (10.9)

Then

N(r,w) ≤ N(r, 1/(�2 − 1)) ≤ 2T (r,�)+O(1)
= 2(N(r,�)+m(r,�))+O(1), (10.10)

where
m(r,�)� m(r,w′/w)+m(r,w)+ log r � log r. (10.11)

Since every pole of �(z) is necessarily a zero of w(z),

N(r,�) ≤ N(r, 1/w) = T (r,w)−m(r, 1/w)+O(1). (10.12)

Substituting (10.11), (10.12) and N(r,w) = T (r,w) + O(log r) into (10.10), we
obtain

m(r, 1/w) ≤ 1

2
T (r,w)+O(log r)

under the condition (10.9). To derive the desired estimate, it remains to show that
(10.9) is fulfilled. To do so, suppose the contrary �(z) ≡ ±1. Then, by (10.7) and
(10.8),

�(z) = w′(z)2 − w(z)4 − zw(z)2 ≡ ±w(z),
and so

� ′(z) = −w(z)2 = ±w′(z).
Solving this elementary differential equation, we obtain that either w(z) = 0 or
w(z) = 1/(±z+ C), C ∈ C, contradicting the transcendency of w(z). 	


Theorem 10.4. (1) For every a ∈ C\{0}, we have

N1(r, 1/(w − a)) ≤ 1

4
T (r,w)+O(log r) and ϑ(a,w) ≤ 1

4
.

(2) If α �= 0, then

N1(r, 1/w) ≤ 1

5
T (r,w)+O(log r) and ϑ(0, w) ≤ 1

5
,
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and if α = 0, then
N1(r, 1/w) = 0 and ϑ(0, w) = 0.

(3) N1(r, w) = 0 and ϑ(∞, w) = 0.

Proof. (1). For a ∈ C \ {0}, we consider the set

A := {z | w(z) = a, w′(z) = 0
}
.

By the same argument as in the proof of Theorem 10.2, we may suppose that A is an
infinite set, and we see that every a-point in A \ {z∗(a)}, z∗(a) := −2a2 − α/a is
double. Denoting

�α(z) := w′(z)2 − w(z)4 − zw(z)2 − 2αw(z),

note that � ′α(z) = −w(z)2. Define now

G(z) := w′(z)2 − (w(z)4 − a4)− z(w(z)2 − a2)− 2α(w(z)− a)
= �α(z)+ a4 + 2αa + a2z

(10.13)

and
�(z) := G(z)/(w(z)− a). (10.14)

By differentiation, we obtain G′(z) = a2 −w(z)2, G′′(z) = −2w(z)w′(z). Invoking
(10.13), we see that G(σ) = G′(σ ) = G′′(σ ) = 0 for every σ ∈ A \ {z∗(a)}.
Hence each σ ∈ A \ {z∗(a)} is a zero of �(z). Furthermore, differentiating G(z) =
(w(z) − a)�(z) we get −w(z)2 + a2 = G′(z) = w′(z)�(z) + (w(z) − a)�′(z).
Making use of the Laurent expansion (2.1) we conclude that �(z) is analytic around
each pole z0 of w(z), and �(z0) = ±1. These facts imply that

N(r,�) ≤ N(r, 1/(w − a))− 2N1(r, 1/(w − a))+O(log r)

≤ T (r,w)− 2N1(r, 1/(w − a))+O(log r).
(10.15)

By (10.13) and (10.14),

m(r,�)� m(r,w′)+m(r,w)+m(r, 1/(w − a))+ log r � log r.

This estimate and (10.15) yield

T (r,�) ≤ T (r,w)− 2N1(r, 1/(w − a))+O(log r). (10.16)

For each pole z0 ofw(z), �(z0) = ±1, as shown above. On the other hand,�(σ) = 0
for every σ ∈ A \ {z∗(a)} �= ∅, which implies that �(z) �≡ ±1. Hence

N(r,w) ≤ N(r, 1/(�2 − 1)) ≤ 2T (r,�)+O(1). (10.17)
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Observing that N(r,w) = T (r,w)+O(log r), and combining (10.17) with (10.16),
we obtain

N1(r, 1/(w − a)) ≤ 1

4
T (r,w)+O(log r),

proving the first assertion.
(2) and (3). Since every pole of w(z) is simple, the assertion (3) is trivial. If

α = 0, andw(z1) = w′(z1) = 0, thenw(z) ≡ 0 by Theorem A.3. Therefore, for each
transcendental solution of (P2)with α = 0, every zero is simple, and so ϑ(0, w) = 0.
Hence, in what follows, it suffices to show the assertion (2) under the condition α �= 0.
We now define

A0 :=
{
z | w(z) = w′(z) = 0

}
.

Clearly, every σ ∈ A0 is a double zero, and we may suppose that A0 is an infinite set.
For a similar argument as to above, define

G0(z) := w′(z)2 − w(z)4 − zw(z)2 − 2αw(z), (10.18)

which coincides with (10.13) with a = 0. Then,

G′0(z) = −w(z)2,
G′′0(z) = −2w(z)w′(z),

G
(3)
0 (z) = −2w′(z)2 − 2w(z)w′′(z),

G
(4)
0 (z) = −6w′(z)w′′(z)− 2w(z)w(3)(z),

G
(5)
0 (z) = −8w′(z)w(3)(z)− 6w′′(z)2 − 2w(z)w(4)(z).

Hence, for every σ ∈ A0, we have G0(σ ) = G′0(σ ) = G′′0(σ ) = G
(3)
0 (σ ) =

G
(4)
0 (σ ) = 0, G(5)0 (σ ) = −6w′′(σ )2 = −6α2 �= 0. Therefore, σ is a zero of G0(z)

of multiplicity five. This fact yields

N1(r, 1/w) ≤ 1

5
N(r, 1/G0)+O(log r) ≤ 1

5
T (r,G0)+O(log r). (10.19)

On the other hand, since all poles of G0(z) are simple, as seen by differentiating
(10.18), N(r,G0) = N(r,w).Moreover, by (10.18) m(r,G0) = O(log r). Substitut-
ing these formulas into (10.19), we get

N1(r, 1/w) ≤ 1

5
T (r,w)+O(log r),

which implies the desired estimate. 	


Remark 2. In the proofs of Theorems 10.3 and 10.4, the argument with the use of the
auxiliary functions (10.8) and (10.14) is due to Steinmetz [2]. In Theorem 10.4, by
the same method as in the proof of Theorem 10.2, Schubart and Wittich [1] obtained
≤ 1/3 instead of ≤ 1/4.



§10 Deficiencies and ramification indices 61

10.3. Solutions of (P4). Let w(z) denote an arbitrary transcendental meromorphic
solution of

w′′ = 1

2

(w′)2

w
+ 3

2
w3 + 4zw2 + 2(z2 − α)w + β

w
. (P4)

For special combinations of values of (α, β), (P4) may admit rational solutions as
well, see Murata [1], for a complete treatment. See also Chapter 6. The deficiencies
and ramification indices for transcendental solutions have been originally estimated
by Steinmetz [2].

Theorem 10.5. (1) We have

m(r,w) = O(log r) and δ(∞, w) = 0.

(2) If (β, a) �= (0, 0), then

m(r, 1/(w − a)) = O(log r) and δ(a,w) = 0.

(3) If β = 0 and if w(z) does not satisfy the Riccati differential equation w′ =
∓(w2 + 2zw), then

m(r, 1/w) ≤ 1

2
T (r,w)+O(log r) and δ(0, w) ≤ 1

2
.

Remark 3. As will be shown in the course of the proof below, (P4) with β = 0
admits a family of solutions satisfying w′ = ∓(w2 + 2zw) simultaneously, if and
only if α = ±1. For such solutions, N(r, 1/w) = 0, and hence δ(0, w) = 1.

Proof. First recall that all poles ofw(z)must be simple, with the residue equal to±1.
Similarly as to the previous subsections, m(r,w′) = O(log r). By Lemma B.11 and
Lemma B.12 again, and the finiteness of the order of w(z), it is sufficient to show the
assertion (3). Since β = 0, we may define

�(z) := w′(z)2/w(z)− w(z)3 − 4zw(z)2 − 4(z2 − α)w(z) (10.20)

to obtain
� ′(z) = −4w(z)2 − 8zw(z). (10.21)

Moreover, we define an auxiliary function by

�(z) := �(z)/w(z). (10.22)

Differentiating now �(z) = w(z)�(z), (10.21) immediately implies that

−4w(z)− 8z = w
′(z)
w(z)

�(z)+�′(z). (10.23)
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Since the poles of �(z) are simple by (10.21) and they appear at the poles z0 of w(z)
only by (10.21), (10.23) immediately results in �(z0) = ±4. By the same argument
as in the proof of Theorem 10.3, we have

m(r, 1/w) ≤ 1

2
T (r,w)+O(log r),

and hence δ(0, w) ≤ 1/2, provided that�(z) �≡ ±4.Therefore, it remains to examine
the case where

�(z) ≡ ±4. (10.24)

By (10.20) and (10.22), this is equivalent to

�(z) = w′(z)2/w(z)− w(z)3 − 4zw(z)2 − 4(z2 − α)w(z) ≡ ±4w(z). (10.25)

Differentiating (10.25), and recalling (10.21), we have

∓w′(z) = w(z)2 + 2zw(z). (10.26)

Substitution of this into (10.25) yields 4αw(z) ≡ ±4w(z). Hence, (P4) with β = 0
admits a family of solutions satisfying (10.26) if and only if α = ±1. For these
solutions only, (10.26) holds. This completes the proof. 	


Theorem 10.6. (1) For every a ∈ C\{0},

N1(r, 1/(w − a)) ≤ 1

4
T (r,w)+O(log r) and ϑ(a,w) ≤ 1

4
.

(2) If β �= 0, then
N1(r, 1/w) = 0 and ϑ(0, w) = 0.

On the other hand, if β = 0, then

N1(r, 1/w) = 1

2
T (r,w)+O(log r) and ϑ(0, w) = 1

2
.

(3) N1(r, w) = 0 and ϑ(∞, w) = 0.

Proof. (2) and (3) For each transcendental solution w(z) of (P4), every zero of w(z)
is simple if β �= 0, and double if β = 0. Recalling that all poles of w(z) are simple,
(2) and (3) immediately follow.
(1). PutA := {z | w(z) = a, w′(z) = 0}. Then every σ ∈ A\ {z∗(a), z∗∗(a)} is a

double a-point, where z∗(a), z∗∗(a) are the roots of the quadratic equation (3/2)a4+
4a3z+ 2(z2 − α)a2 + β = 0. This time, we define

�(z) := w
′(z)2

w(z)
− w(z)3 − 4zw(z)2 − 4(z2 − α)w(z)+ 2β

w(z)
.
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By a direct differentiation, and making use of (P4), we obtain

� ′(z) = −4w(z)2 − 8zw(z).

Moreover, we define

G(z) := w
′(z)2

w(z)
− (w(z)3 − a3)− 4z(w(z)2 − a2)

− 4(z2 − α)(w(z)− a)+ 2β

(
1

w(z)
− 1

a

)
,

= �(z)+ a3 + 4a2z+ 4a(z2 − α)− 2β

a

(10.27)

to consider the function
�(z) = G(z)/(w(z)− a). (10.28)

Then,

G′(z) = −4(w(z)2 − a2)− 8z(w(z)− a),
G′′(z) = −8(w(z)+ z)w′(z)− 8(w(z)− a).

Hence, for every σ ∈ A\ {z∗(a), z∗∗(a)}, G(σ) = G′(σ ) = G′′(σ ) = 0. By the same
argument as in the proof of Theorem 10.4, (1), we obtain

N1(r, 1/(w − a)) ≤ 1

4
T (r,w)+O(log r),

which completes the proof. 	


10.4. Solutions of ( ˜P3). As already mentioned in §3, while considering the modified
third Painlevé equation

w′′ = (w
′)2

w
+ αw2 + γw3 + βez + δe

2z

w
, (P̃3)

the special cases β = δ = 0 and α = γ = 0 behave symmetrically, reducing back to
an equation of the form

(v′)2 = γ v2(v − τ1)(v − τ2), γ, τ1, τ2 ∈ C, (10.29)

or, ultimately, to a Riccati differential equation by elementary transformations, see §3
and Hinkkanen and Laine [2], p. 326–327. Therefore, we may omit these special cases
here, as the value distribution of (10.29) and of the Riccati equation is well-known,
see e.g. Laine [1].

Hence, from now on, we may suppose that

(α, γ ) �= (0, 0), and (β, δ) �= (0, 0). (10.30)
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Under this supposition, the characteristic functions of the coefficients of (P̃3) are
dominated by T (r, ez) � O(r).A solution w(z) of (P̃3) is said to be admissible, if

T (r, ez)/T (r, w) � r/T (r, w)→ 0 (10.31)

as r →∞ outside of a possible exceptional set of finite linear measure. Examples of
non-admissible solutions of (P̃3) may easily be constructed by combining the trans-
formation (3.1) with an algebraic solution of (P3), see §9 and Murata [2] and Gromak
[1], [3].

For a concrete example of an admissible solution, see §9.
In what follows,w(z) denotes an arbitrary admissible solution of (P̃3). By Hinkka-

nen and Laine [2], Theorem 1, w(z) is meromorphic. Concerning their value distri-
bution, we prove the following two theorems, see Shimomura [2]:

Theorem 10.7. For every a ∈ C, we have

m(r, 1/(w − a)) = O(r) and δ(a,w) = 0.

Moreover,
m(r,w) = O(r) and δ(∞, w) = 0.

Proof. First observe that for every solution w(z) of (P̃3), T (r,w) = O(exp(�r)),
for some � ∈ C, without an exceptional set, see §9 and Laine [1], Lemma 1.1.1.
Therefore, the Nevanlinna error term S(r,w) here and in the proof of Theorem 10.10
takes the formO(r)without an exceptional set, see Lemma B.13. Using now (α, γ ) �=
(0, 0), see (10.30), and applying the standard Clunie reasoning to (P̃3), we obtain

m(r,w) = O(r)+ S(r,w) = O(r).
By (β, δ) �= (0, 0), see (10.30) again, we observe that for every a ∈ C \ {0}, w ≡ a
is not a solution of (P̃3). By the Mohon’ko–Mohon’ko lemma, see Lemma B.12, we
have

m(r, 1/(w − a)) = O(r)+ S(r,w) = O(r).
By the transformation,W(z) = ez/w(z),W(z) satisfies

WW ′′ = (W ′)2 − βW 3 − δW 4 − αezW − γ e2z. (10.32)

Clearly, T (r,w) � T (r,W). Applying now the Clunie lemma, see Lemma B.11, to
(10.32), we obtain

m(r, 1/w) = m(r, e−zW) ≤ m(r,W)+O(r) = S(r,W)+O(r) = O(r).
Since w(z) is admissible, the remaining assertions immediately follow. 	


To proceed, we first observe that m(r,w′) = O(r) by m(r,w′) = m(r,w′/w) +
m(r,w) = O(r)+S(r,w) = O(r). To prove Theorem 10.10 below, we also need the
following elementary lemmas.
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Lemma 10.8. Let z = z0 be an arbitrary pole of w(z). Around z = z0, the Laurent
expansion of w(z) starts as

w(z) =
{
±γ−1/2(z− z0)

−1 +O(1), if γ �= 0,

(2/α)(z− z0)
−2 +O(1), if γ = 0, α �= 0.

Lemma 10.9. Let z = c be an arbitrary zero of w(z). Around z = c, the Taylor
expansion of w(z) starts as

w(z) =
{
±(−δ)1/2ec(z− c)+O(z− c)2, if δ �= 0,

−(β/2)ec(z− c)2 +O(z− c)4, if δ = 0, β �= 0.

The expressions in Lemma 10.8 are easily obtained by substituting the Laurent
series around z0 into (P̃3). Using (10.32), we derive Lemma 10.9 from Lemma 10.8.

Theorem 10.10. (1) Assume that a ∈ C\{0}. If δ �= 0, then

N1(r, 1/(w − a)) ≤ 1

4
T (r,w)+O(r) and ϑ(a,w) ≤ 1

4
.

If δ = 0 and β �= 0, then

N1(r, 1/(w − a)) ≤ 1

6
T (r,w)+O(r) and ϑ(a,w) ≤ 1

6
.

(2) If δ �= 0, then

N1(r, 1/w) = 0 and ϑ(0, w) = 0.

If δ = 0 and β �= 0, then

N1(r, 1/w) = 1

2
T (r,w)+O(r) and ϑ(0, w) = 1

2
.

(3) If γ �= 0, then

N1(r, w) = 0 and ϑ(∞, w) = 0.

If γ = 0, α �= 0, then

N1(r, w) = 1

2
T (r,w)+O(r) and ϑ(∞, w) = 1

2
.

Proof. The assertion (2) immediately follows from Lemma 10.8 and Lemma 10.9.
For a ∈ C \ {0}, consider the sets

A := {z | w(z) = a,w′(z) = 0
}
, Ã := {z ∈ A | w′′(z) = 0

}
.
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If z∗ ∈ Ã, then, substituting w(z∗) = a,w′(z∗) = 0 into (P̃3), we observe that
αa3 + γ a4 + βez∗a + δe2z∗ = 0. This implies that

Ã = {z ∈ A | ez = κ1, or ez = κ2
}

for some κ1, κ2 ∈ C. Observing that, for every j ∈ N, w(j) is a polynomial in
the variables w, 1/w,w(s), s ≤ j − 1, and ez, we have that the cardinal number of
Ã ∩ {z | |z| < r} is at most O(r).Moreover, there exists an integer μ0 such that, for
every a-point belonging to Ã, the multiplicity of it does not exceedμ0. If the setA\ Ã
is finite, then we immediately conclude that N1(r, 1/(w − a)) = O(r), and we are
done. Therefore, we may assume that A \ Ã is an infinite set. By (3.3) and (3.4),

1

2
V ′ = d

dz

(
(w′)2

w2 − 2αw − γw2 + 2βez

w
+ δe

2z

w2

)
= 2βez

w
+ 2δe2z

w2 .

Therefore, defining now

H(z) := w
′(z)2

w(z)2
− 2α(w(z)− a)− γ (w(z)2 − a2)

+ 2βez
(

1

w(z)
− 1

a

)
+ δe2z

(
1

w(z)2
− 1

a2

)
,

(10.33)

we observe by differentiation that

H ′(z) = 2βez
(

1

w(z)
− 1

a

)
+ 2δe2z

(
1

w(z)2
− 1

a2

)
, (10.34)

H ′′(z) = 2βez
(

1

w(z)
− 1

a

)
− 2βezw′(z)

w(z)2
+ 4δe2z

(
1

w(z)2
− 1

a2

)
− 4δe2zw′(z)

w(z)3
.

Therefore, it is immediate to observe that for each σ ∈ A,

H(σ) = H ′(σ ) = H ′′(σ ) = 0. (10.35)

Now we define

�(z) := e
−zw(z)H(z)
w(z)− a . (10.36)

Case I. Suppose that δ �= 0. By Lemma 10.9, each zero c of w(z) is simple. By
(10.34), H has a simple pole at c, and so �(z) is finite at z = c. By (10.34) and
(10.33), we easily conclude that �(c) = ±2(−δ)1/2a−1. By (10.35), for z1 ∈ A \ Ã,
we have �(z1) = 0, which implies that �(z)2 �≡ −4δa−2. Hence

N(r, 1/w) ≤ N(r, 1/(�2 + 4δ0a
−2)) ≤ 2T (r,�)+O(1). (10.37)

By Theorem 10.7 and its proof, we have

m(r,�) ≤ m(r,w)+m(r, 1/(w − a))+m(r,H)+O(r) = O(r). (10.38)
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By (10.35), every double a-point of w(z) is at least a triple zero of H(z). Moreover,
for every pole z0 of w(z), �(z) is analytic at z = z0. Therefore, by (10.38) and the
above observations, we derive

T (r,�) ≤ N(r,�)+O(r)
≤ N(r, 1/(w − a))− 2N1(r, 1/(w − a))+O(r)
≤ T (r,w)− 2N1(r, 1/(w − a))+O(r).

Combining this with (10.37) and N(r, 1/w) = T (r,w)+O(r), we obtain

N1(r, 1/(w − a)) ≤ 1

4
T (r,w)+O(r),

from which the estimate ϑ(a,w) ≤ 1/4 follows.

Case II. Suppose now that δ = 0, β �= 0. If now �(z) ≡ 0, then H(z) ≡ 0, hence
H ′(z) ≡ 0, and a simple computation by (10.34) shows that w(z) is not admissible,
a contradiction. Therefore, we may assume that �(z) �≡ 0. By Lemma 10.9, each
zero c of w(z) is now double, and by (10.34), a simple pole of H(z), implying to be
a zero of�(z).Moreover, by (10.35) and the definition (10.36), every double a-point
of w(z) is a zero of �(z) as well. Hence,

(1/2)N(r, 1/w)+N1(r, 1/(w − a)) ≤ N(r, 1/�)+O(r) ≤ T (r,�)+O(r).
Using this inequality instead of (10.37), by the same argument as in Case I, we obtain

N1(r, 1/(w − a)) ≤ 1

6
T (r,w)+O(r),

from which we have ϑ(a,w) ≤ 1/6. This completes the proof. 	


10.5. Solutions of ( ˜P5). For solutions of (P̃5), which are all meromorphic by §5
and Hinkkanen and Laine [3], their deficiencies and ramification indices have been
examined in detail only recently, see Shimomura [3]. By Hinkkanen and Laine [3],
p. 134–135, the special case (γ, δ) = (0, 0) again reduces, ultimately, back to a Riccati
equation. Therefore, it is sufficient to treat (P̃5) under the condition

(γ, δ) �= (0, 0), (10.39)

only. The necessary considerations are quite similar to those applied for (P̃3) in the
preceding subsection. Due to more technical details needed for (P̃5), we restrict our-
selves to give a couple of theorems only, leaving the proofs aside. The interested reader
may consult the original reference Shimomura [3]. We first give two one-parameter
families of solutions of (P̃5); the verification of this proposition is a straightforward
computation.
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Proposition 10.11. (1) If α = 0 and−4βδ+ (γ ± (−2δ)1/2)2 = 0, then there exists
a family of solutions V = {χ±(γ,δ;C)(z) | C ∈ C}, where

χ±(γ,δ;C)(z) = exp(κ±z∓ (−2δ)1/2ez) ·
[
C − κ±

∫ z
0

exp(−κ±s ± (−2δ)1/2es)ds
]

and
κ± = 1± γ (−2δ)−1/2.

(2) If β = 0 and 4αδ + (−γ ± (−2δ)1/2)2 = 0, then there exists a family of
solutions W = {ψ±(γ,δ;C)(z) | C ∈ C}, where

ψ±(γ,δ;C)(z) = 1/χ±(−γ,δ;C)(z).

We now define an admissible solution w(z) of (P̃5) in the same way as in the case
of (P̃3), i.e. w(z) is admissible, provided (10.31) is satisfied as r → ∞ outside of a
possible exceptional set of finite linear measure. Recalling, from §9, that T (r,w) =
O(exp(�r)) holds for all solutionsw(z) of (P̃5)without any exceptional set, we again
have that the Nevanlinna error term S(r,w) will be of the form O(r).

Let now w(z) be an admissible solution of (P̃5). Omitting the proofs, we recall
the following two theorems from Shimomura [3]:

Theorem 10.12. For every a ∈ C ∪ {∞}, we have

m(r, 1/(w − a)) = O(r) and δ(a,w) = 0,

except for the following cases:

(1) if α = 0, w �∈ V, then

m(r,w) ≤ 1

2
T (r,w)+O(r) and δ(∞, w) ≤ 1

2
;

(2) if β = 0, w �∈ W , then

m(r, 1/w) ≤ 1

2
T (r,w)+O(r) and δ(0, w) ≤ 1

2
;

(3) if α + β = 0, γ = 0 and δ �= 0, then

m(r, 1/(w + 1)) ≤ 1

2
T (r,w)+O(r) and δ(−1, w) ≤ 1

2
;

(4) if w ∈ V, then
m(r,w) = T (r,w) and δ(∞, w) = 1;

(5) if w ∈ W , then

m(r, 1/w) = T (r,w)+O(1) and δ(0, w) = 1.
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Theorem 10.13. For every a ∈ C \ {0, 1}, if δ �= 0, then

N1(r, 1/(w − a)) ≤ 1

4
T (r,w)+O(r) and ϑ(a,w) ≤ 1

4
.

If δ = 0, γ �= 0, then

N1(r, 1/(w − a)) ≤ 1

6
T (r,w)+O(r) and ϑ(a,w) ≤ 1

6
.

In particular, if α + β = 0, γ = 0, and δ �= 0, then N1(r, 1/(w + 1)) = 0 and
ϑ(−1, w) = 0.

§11 The second main theorem for Painlevé transcendents

This section is devoted to proving that the second main theorem reduces to an asymp-
totic equality for transcendental solutions of (P1), (P2), (P4), (P̃3) and (P̃5), reflecting
the surprising regularity of these functions. As a preparation, we begin with

Lemma 11.1. Let f (z) be an arbitrary transcendental meromorphic function satis-
fying m(r, f ′) = O(r), resp. m(r, f ′) = O(log r) and m(r, f/f ′) = O(r), resp.
m(r, f/f ′) = O(log r). Then

m(r, 1/f )+N(r, 1/f ′) = N(r, f ′)+O(r),
resp.

m(r, 1/f )+N(r, 1/f ′) = N(r, f ′)+O(log r).

Proof. By assumption, we have m(r, 1/f )−m(r, 1/f ′) ≥ −m(r, f/f ′) = O(r). On
the other hand, m(r, 1/f )−m(r, 1/f ′) ≤ m(r, f ′/f ) = O(r). Hence,

m(r, 1/f ) = m(r, 1/f ′)+O(r).
Using this identity and the assumption m(r, f ′) = O(r), we get

m(r, 1/f )+N(r, 1/f ′) = T (r, 1/f ′)+O(r)
= T (r, f ′)+O(r)
= N(r, f ′)+O(r).

The respective case will be proved similarly. 	


Theorem 11.2. Let w(z) be an arbitrary solution of (P1). Then

N(r, 1/w′)+N1(r, w) = 2T (r,w)+O(log r).
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Proof. Recall that all solutions of (P1) are transcendental. By Theorem 10.1, the
estimates

m(r, 1/w) = O(log r), m(r,w) = O(log r), m(r,w′) = O(log r) (11.1)

are valid. Since every pole of w(z) is double, see §1,

N1(r, w) = (1/2)N(r,w), N(r,w′) = (3/2)N(r,w). (11.2)

Differentiating both sides of (P1), we have

w(3) = 12ww′ + 1,

and so
w/w′ = ww(3)/w′ − 12w2,

which implies m(r,w/w′) � m(r,w) + m(r,w(3)/w′) � log r , see Corollary B.6.
Then, applying Lemma 11.1 and using (11.1) and (11.2), we get

N(r, 1/w′)+N1(r, w) = N(r,w′)+O(log r)+N1(r, w)

= 2N(r,w)+O(log r)

= 2T (r,w)+O(log r). 	


For (P2) and (P4), the required asymptotic equality appears to be the same form.
Since for every solution of (P2) with α �= 0, resp. of (P4) with β �= 0, m(r, 1/w) =
O(log r), the asymptotic equality becomes in these cases exactly as in Theorem 11.2.

Theorem 11.3. Let w(z) be an arbitrary transcendental solution of (P2), resp. of
(P4). Then

m(r, 1/w)+N(r, 1/w′)+N1(r, w) = 2T (r,w)+O(log r).

Proof. For (P2), recall that all solutions have simple poles only. Therefore,

N1(r, w) = 0, N(r,w′) = 2N(r,w). (11.3)

Differentiating (P2), we obtain

w(3) = 6w2w′ + zw′ + w,
and so

w/w′ = w(3)/w′ − 6w2 − z.
Hence, m(r,w/w′) � m(r,w(3)/w′)+m(r,w)+ log r � log r , see Theorem 10.3.
Applying Lemma 11.1 and using (11.3), we have

m(r, 1/w)+N(r, 1/w′)+N1(r, w)

= N(r,w′)+O(log r)+N1(r, w) = 2T (r,w)+O(log r),
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which is the desired identity.

Next write (P4) in the form

 := ww′′ − (w′)2/2− 3w4/2− 4zw3 − 2(z2 − α)w2 − β = 0.

By elementary computation of 1
w′
( 1
w
 ′
)′, we obtain

4
w

w′
= w

(4)

w′
− w

′′

w′
(
6w2 + 12zw + 4(z2 − α))− 12(w + z)w′ − 20w − 12z.

As w(z) is of finite order of growth, we may apply elementary Nevanlinna theory
computations to obtain

m(r,w/w′)� m(r,w(4)/w′)+m(r,w′′/w′)
+m(r,w′)+m(r,w)+ log r � log r.

Again all poles of w(z) are simple, and so (11.3) remains valid for this case as well.
Hence, we may apply Lemma 11.1 exactly as in the case of (P2) to obtain the asserted
conclusion. 	


We now proceed to consider solutions w(z) of (P̃3) and (P̃5) under the conditions
(10.30) and (10.39), respectively, see Shimomura [2] and [3].

Theorem 11.4. Let w(z) be an arbitrary transcendental solution of (P̃3). Then

N(r, 1/w′)+N1(r, w) = 2T (r,w)+O(r).
Proof. We show that the assumptions of Lemma 11.1 are fulfilled. To this end, we
write (P̃3) in the form

 := ww′′ − (w′)2 − αw3 − βezw − γw4 − δe2z = 0.

By Theorem 9.1, Theorem 10.7 and Lemma B.13, we have m(r,w) = O(r),
m(r, 1/w) = O(r) and m(r,w(k)) ≤ m(r,w(k)/w)+m(r,w) = O(r) for all k ∈ N.
Moreover, m(r,w(k+1)/w′) = O(r) for all k ∈ N, since log T (r,w′) = O(r). If
δ �= 0, from the relation (w/w′)

(
(d/dz)2 − (d/dz)) (z,w,w′, w′′) = 0, we derive

2δe2z w

w′
= w2w

(4)

w′
− w2w

(3)

w′
− w(w′′ + 3αw2 + 4γw3 + βez)w′′

w′
+ ww′′ + 3αw3 − 6αw2w′ + 4γw4 − 12γw3w′ − βezw.

Using Corollary B.7, this results in m(r,w/w′) = O(r). Moreover, whenever δ = 0
and β �= 0, then from the relation (1/w′)(d/dz) (z,w,w′, w′′) = 0, it follows that

βez
w

w′
= ww

(3)

w′
− w′′ − 3αw2 − 4γw3 − βez.
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Again m(r,w/w′) = O(r) in this case. Hence, Lemma 11.1 is applicable, and by
m(r, 1/w) = O(r),

N

(
r,

1

w′

)
= N(r,w′)+O(r). (11.4)

By Lemma 10.10,

N(r,w′) =
{

2T (r,w)+O(r), if γ �= 0,

(3/2)T (r, w)+O(r), if γ = 0, α �= 0,
(11.5)

and

N1(r, w) =
{

0, if γ �= 0,

(1/2)T (r, w)+O(r), if γ = 0, α �= 0.
(11.6)

Using (11.4), (11.5) and (11.6), we may apply the same argument as in the proof of
Theorem 11.2, to prove the assertion. 	


For solutions of (P̃5), the deficiencies of 0,−1 and ∞ may be strictly positive.
Therefore, we now obtain

Theorem 11.5. Let w(z) be an arbitrary transcendental solution of (P̃5). Then

m(r,w)+m(r, 1/w)+m(r, 1/(w+1))+N(r, 1/w′)+N1(r, w) = 2T (r,w)+O(r).

§12 Value distribution with respect to small target functions

Let f (z) and g(z) be meromorphic functions. Saying that g(z) is small with respect
to f (z), we understand that T (r, g) = S(r, f ). Then we may define the deficiency
and the ramification index for f (z) relative to the small target g(z) by

δ(g, f ) := lim inf
r→∞

m(r, 1/(f − g))
T (r, f )

, ϑ(g, f ) := lim inf
r→∞

N1(r, 1/(f − g))
T (r, f )

.

Clearly, rational functions are small targets with respect to any arbitrary transcendental
meromorphic function f (z).

Considering mostly first and second Painlevé transcendents in this section, we
prove the following two theorems, essential due to Shimomura [4]. Their proofs
below apply the reasoning from Shimomura [4] combined with the finiteness of the
order of growth, see Chapter 2.

Theorem 12.1. Letw(z) be an arbitrary solution of (P1) and suppose that T (r, g) =
S(r,w). Then we have

m(r, 1/(w − g)) ≤ 1

2
T (r,w)+O(log r + T (r, g)) and δ(g,w) ≤ 1

2
.
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Moreover, if g(z) satisfies lim infr→∞(r5/2/ log r)−1T (r, g) = 0 as well, then

m(r, 1/(w − g))� log r + T (r, g) and δ(g,w) = 0.

Proof. Let w(z) be an arbitrary solution of (P1). The function u(z) := w(z) − g(z)
satisfies

u′′(z) = 6u(z)2 + 12g(z)u(z)+G(z), (12.1)

where
G(z) := 6g(z)2 + z− g′′(z).

By assumption, T (r,G) � log r + T (r, g), and ρ(u) ≤ ρ(w) < +∞. Applying
Lemma B.11 to (12.1), we have

m(r, u)� log r + T (r, g)+ T (r,G)� log r + T (r, g). (12.2)

By Lemma B.12, if G(z) �≡ 0, then

m(r, 1/(w − g)) = m(r, u)� log r + T (r, g) and δ(g,w) = 0. (12.3)

Recall from (7.31) that, for every solutionW(z) of (P1),

lim inf
r→∞ (r

5/2/ log r)−1T (r,W) > 0.

If g(z) now satisfies the additional supposition

lim inf
r→∞ (r

5/2/ log r)−1T (r, g) = 0,

then G(z) �≡ 0, hence we have (12.3), and we obtain the second part of the assertion.
In what follows, we may assume that G(z) ≡ 0, meaning that g(z) is a solution

of (P1). Defining now

U(z) := u′(z)2 + 2g′(z)u′(z)− 4u(z)3− 12g(z)u(z)2 − 2(6g(z)2 + z)u(z), (12.4)

it is immediate to observe that

U ′(z) = −2u(z). (12.5)

Now consider the function
H(z) := U(z)/u(z).

Since m(r, u′/u)� log r, we may use (12.4) and (12.2) to see that

m(r,H)� m(r, u′/u)+m(r, u)+ T (r, g)� log r + T (r, g). (12.6)

Recall the series expansion of a solution of (P1) around a pole z = z0 : (z− z0)
−2 +

O(z − z0)
2. Since both g(z) and w(z) are solutions of (P1), every pole of u(z) is
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double. By (12.5), these are simple poles of U(z), hence zeros of H(z). Therefore,
by (12.6),

1

2
N(r, u) ≤ N(r, 1/H) ≤ T (r,H)+O(1) ≤ N(r,H)+O(log r+T (r, g)). (12.7)

By (12.5) and the definition of H(z), every pole of H(z) is a zero of u(z). Therefore,

N(r,H) ≤ N(r, 1/u) = T (r, u)−m(r, 1/u)+O(1).
Substituting this into (12.7), and using (12.2), we derive

m(r, 1/u) ≤ T (r, u)− 1

2
N(r, u)+O(log r + T (r, g))

≤ 1

2
T (r,w)+O(log r + T (r, g));

this immediately implies that δ(g,w) � 1/2. 	


Remark. It remains open whether (P1)may admit two solutionsw(z), g(z) such that
T (r, g) = S(r,w). We believe that this is not the case. If so, then δ(g,w) = 0 holds
good for all small target functions.

Theorem 12.2. Letw(z) be an arbitrary transcendental solution of (P2). If T (r, g) =
S(r,w), then

m(r, 1/(w − g)) ≤ 1

2
T (r,w)+O(log r + T (r, g)) and δ(g,w) ≤ 1

2
.

Proof. In this proof, we use the following special notation: For a set A ⊂ C, define

N(r, f )|A :=
∫ r

0

(
n(ρ, f )|A − n(0, f )|A

)dρ
ρ
+ n(0, f )|A log r,

where
n(ρ, f )|A :=

∑
|τ |≤ρ|A

μ(τ, f ),

where the summation is over all poles τ in A ∩ {|z| ≤ ρ}, and μ(τ, f ) stands for the
multiplicity of the pole z = τ of f (z).

Let now w(z) be an arbitrary solution of (P2). Putting v(z) := w(z) − g(z), we
have

v′′(z) = 2v(z)3 + 6g(z)v(z)2 + (6g(z)2 + z)v(z)+ G̃(z), (12.8)

where
G̃(z) = 2g(z)3 + zg(z)+ α − g′′(z).

Observing that ρ(v) < +∞, and making use of the Clunie lemma again, we conclude
from (12.8) that

m(r, v)� log r + T (r, g). (12.9)
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In the case G̃(z) �≡ 0, Lemma B.12 implies that m(r, 1/(w − g))� log r + T (r, g),
hence δ(g,w) = 0. Therefore, we may now assume G̃(z) ≡ 0, meaning that g(z)
also satisfies (P2). Defining now

V (z) := v′(z)2 + 2g′(z)v′(z)− v(z)4 − 4g(z)v(z)3

− (6g(z)2 + z)v(z)2 − (4g(z)3 + 2zg(z)+ 2α)v(z).
(12.10)

we readily observe that

V ′(z) = −v(z)2 − 2g(z)v(z). (12.11)

Consider now the function
K(z) := V (z)/v(z). (12.12)

By (12.10) and (12.9), we immediately get

m(r,K)� m(r, v′/v)+m(r, v)+ T (r, g)+ log r � log r + T (r, g). (12.13)

Recall again that, for each solution of (P2), every pole is simple. Since bothw(z) and
g(z) are solutions of (P2), every pole of v(z) is simple and belongs either to

P = {τ | w(τ) = ∞, g(τ ) �= ∞}
or to

P ′ = {τ | g(τ) = ∞}.
In particular, around z0 ∈ P,we have v(z) = ±(z−z0)

−1+O(1) by (2.1). Therefore,
by (12.11) and (12.12), it follows that

K(z0) = ±1 (12.14)

for every z0 ∈ P .
We proceed to derive the conclusion under the condition that

K(z) �≡ ±1, (12.15)

whose validity will be verified afterwards. Note that

N(r, v) = N(r, v)|P +N(r, v)|P ′ ≤ N(r, v)|P + T (r, g).
By (12.14) and (12.15),

N(r, v)|P ≤ N(r, 1/(K + 1))+N(r, 1/(K − 1)) ≤ 2T (r,K)+O(1).
Hence, by (12.13),

N(r, v) ≤ 2N(r,K)+O(log r + T (r, g)). (12.16)
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By (12.11), (12.12) and (12.14), we see that each pole z0 of K(z) belongs to Z ∪ P ′
with Z := {τ ′ | v(τ ′) = 0}. If now z0 ∈ P ′ \ Z, and v(z0) is finite, a contradiction
with (12.11) immediately follows. Hence, z0 is a pole of v(z), and by (12.11) and
(12.12),K(z0) has to be finite, a contradiction. Therefore, every pole ofK(z) belongs
to Z and, by (12.11), is not a pole of V (z). This fact implies

N(r,K) ≤ N(r, 1/v) ≤ T (r, v)−m(r, 1/v)+O(1). (12.17)

From (12.16), (12.17) and (12.9), we conclude that

m(r, 1/v) ≤ T (r, v)− 1

2
N(r, v)+O(1) ≤ 1

2
T (r,w)+O(log r + T (r, g)),

which is the desired inequality.

In the remaining part of the proof, we need to show that (12.15) holds. To this
end, assume that

K(z) ≡ ±1. (12.18)

Then we have

Lemma 12.3. If (12.18) holds, then both g(z) and w(z) are solutions of the Riccati
differential equation

w′ = ∓(w2 + z/2). (12.19)

Proof. Since V (z) ≡ ±v(z), differentiating and recalling (12.11) results in

v′(z) = ∓(v(z)2 + 2g(z)v(z)
)
. (12.20)

On the other hand, by (12.10),

v′(z)2 + 2g′(z)v′(z)− v(z)4 − 4g(z)v(z)3 − (6g(z)2 + z)v(z)2
− (4g(z)3 + 2zg(z)+ 2α)v(z) = ±v(z). (12.21)

Substituting (12.20) into (12.21), we have

F∓(z)v(z)± F ′∓(z) = 0, F∓(z) = −2g(z)2 ∓ 2g′(z)− z.
If F∓(z) �≡ 0, then T (r, v) = T (r, F ′∓/F∓) � T (r, g) + log r, which contradicts
the supposition T (r, g) = S(r,w). Hence F∓(z) ≡ 0, namely g(z) is a solution
of (12.19). Substituting v(z) = w(z) − g(z) into (12.20), we verify that w(z) also
satisfies (12.19). 	


To derive a contradiction from (12.18), we have to know the growth of solutions of
(12.19). To this end, it is well-known that all solutions of Riccati differential equation
(12.19) may be expressed, with the respective sign, as w(z) = ±u′

u
, where u is a

solution of
u′′ + z

2
u = 0. (12.22)
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By Gundersen [1], Theorem 7, we at once conclude that

r3/2 � N(r,
1

u
) ≤ T (r,w)� r3/2

as the order of w(z) equals to 3/2. Therefore, as w(z) and g(z) both satisfy (12.19),
we have T (r, g)� T (r,w)� T (r, g), which is a contradiction. This completes the
proof of Theorem 12.2. 	


For solutions of (P4), deficiencies relative to small targets can be treated by es-
sentially the same method, see Shimomura [7]. Under certain suppositions, there
exist pairs (χ(z), g(z)) of transcendental and rational solutions of (P4) satisfying
r2 � T (r, χ) � r2 and N(r, 1/(χ − g)) = 0. For simplicity, we state here a re-
sult for transcendental small targets, in which case the error terms follow from the
finiteness of the growth order. For more results and proofs, see Shimomura [7].

Theorem 12.4. Let w(z) be an arbitrary transcendental solution of (P4). Suppose
that g(z) is transcendental and T (r, g) = S(r,w). Then, if β �= 0,

m(r, 1/(w − g)) ≤ 1

2
T (r,w)+O(log r + T (r, g)) and δ(g,w) ≤ 1

2
,

and if β = 0,

m(r, 1/(w − g)) ≤ 1

4
T (r,w)+O(log r + T (r, g)) and δ(g,w) ≤ 1

4
.

For solutions of (12.1) or (12.8), it is easy to see that the number of zeros with
multiplicity ≥ 3 does not exceed O(T (r, g)), and hence ϑ(g,w) ≤ 1/2. As an
example of a nontrivial estimate for ϑ(g,w), see Shimomura [4] for the proof of

Theorem 12.5. For an arbitrary solution w(z) of (P1), if T (r, g) = S(r,w), then

N1(r, 1/(w − g)) ≤ 5

12
T (r,w)+O(log r + T (r, g)) and ϑ(g,w) ≤ 5

12
.

Concerning ramification indices of Painlevé transcendents relative to small target
functions, this topics offers a large number of open research problems. For known
results, see Shimomura [4], [7] and Korhonen [1].



Chapter 4

The first Painlevé equation (P1)

The first Painlevé equation (P1) is unique among the six classical Painlevé equations
in the sense that there are no parameters in the equation itself as is the case for (P2)

through (P6). Therefore, the results in the three previous chapters on the meromorphic
nature, growth and value distribution of the first Painlevé transcendents cover the
essential knowledge on them. Some complements have been collected in this chapter.
We first offer a rigorous proof for the fact that no first Painlevé transcendent satisfies
a first order algebraic differential equation with rational coefficients. Secondly, we
present some representations and expansions for solutions of (P1). Finally, we start
our presentation of higher analogues of Painlevé equations, to be continued in the
subsequent chapters.

§13 Nonexistence of the first integrals

In this section, we show that the first Painlevé equation does not admit the first alge-
braic integral. To express this result in a precise form, recall first the standard notation
A(C(z)) for the family of meromorphic functions which satisfy an algebraic differ-
ential equation with rational coefficients. The corresponding family related with first
order algebraic differential equations will be denoted by A1(C(z)). We are now ready
to formulate

Theorem 13.1. Given any solution w(z) of (P1), then w(z) /∈ A1(C(z)).

Proof. Contrary to the assertion, suppose that w(z) ∈ A1(C(z)), hence satisfying a
first order algebraic differential equation

(w′)m +
m∑
j=1

Pj (z,w)(w
′)m−j = 0, (13.1)

where Pj (z,w) ∈ C(z)[w], j = 1, . . . , m, by the second Malmquist theorem, see
Erëmenko [1], Theorem 6, and Hotzel [1], Satz 4.5. Consider the corresponding
algebraic equation

Xm +
m∑
j=1

Pj (z,w)X
m−j = 0. (13.2)

Denoting by Az the field of algebraic functions of z and decomposing (13.2) in
Az[w,X] as a polynomial of (w,X), if necessary, we may assume that (13.2) is
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irreducible in Az[w,X]. Then (13.2) defines an algebraic function X = G(z,w),
which represents a connected algebraic surface SX in Ĉ × Ĉ, see Ahlfors [1],
p. 291–297. Recalling Theorem 10.1, we may take a pole z0 of w(z) such that all
algebraic coefficients of Pj (z,w), j = 1, . . . m, assume finite values at z0. Recalling
the series expansion of w(z) around a pole, we observe that w(z) satisfies, locally
around z0, a differential equation

w′ = g0(z, w), (13.3)

where g0(z, w) may be expressed around (z0,∞) by a series

g0(z, w) = 2μ0w
3/2 + μ0

2
zw−1/2 − 1

2
w−1 − 7μ0h0w

−3/2 + · · · (13.4)

with μ2
0 = 1 and with some h0 ∈ C, see (1.4). It is not too difficult to show

that g0(z, w) must be one of the branches of G(z,w) around (z0,∞). Let now
g1(z, w), . . . , gm−1(z, w) be the other branches ofG(z,w) around (z0,∞). For each
j �= 0, consider now gj (z,w). In Ĉ× Ĉ, there exists a loop Γj ⊂ {z0} × Ĉ which, by
the connectedness of the algebraic surface SX, possesses the following properties:

(i) Γj starts from and ends at (z0,∞), and is expressed as Γj = {(z0, γ (t)) | 0 ≤
t ≤ 1}, where γ : [0, 1] → Ĉ is continuous satisfying γ (0) = γ (1) = ∞ and
γ (t) �= ∞ for 0 < t < 1;

(ii) the analytic continuation of g0(z, w) along Γj results in gj (z,w), i.e. there exists
a function g(t, z, w) such that (a) for each τ , 0 < τ < 1, g(τ, z, w) is analytic at
(z0, γ (τ )) and (b) g(0, z, w) = g0(z, w), g(1, z, w) = gj (z,w).

By (1.5) and (1.1), (P1) admits a family of solutions

w(z; σ) = 1

(z− σ)2 −
σ

10
(z− σ)2 − 1

6
(z− σ)3 + h0(z− σ)4 + · · · ,

where h0 is the same coefficient as in (13.4), such that w(z; σ) also satisfies (13.3)
in some neighborhood of z0. We may regard w(z0, σ ) as a function of σ , which
maps a small open disk, centred at z0, onto an open set around w = ∞. Hence,
for every (z0, w0) ∈ Γj close enough to (z0,∞), there exists a solution w(z; z0, w0)

of (P1) such that w(z0; z0, w0) = w0, satisfying (13.3) as well. Furthermore, we
now conclude that for any point (z0, γ (τ )) with 0 ≤ τ ≤ 1, there exists a solution
w(z; z0, γ (τ )) of (P1) such that w(z0; z0, γ (τ )) = γ (τ) and which satisfies

w′ = g(τ, z, w) (13.5)

around (z0, γ (τ )). To prove this conclusion, define τ∗ by

τ∗ := sup
{
τ ∈ [0, 1] | the conclusion holds at (z0, γ (τ ))

}
.
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Clearly, τ∗ > 0. Suppose that τ∗ < 1, and take (z0, γ (t0)) with t0 < τ∗ suf-
ficiently close to (z0, γ (τ∗)). Then the solution w(z; z0, γ (t0)) of (P1) such that
w(z0; z0, γ (t0)) = γ (t0) satisfies (13.5) with τ = t0. Since w(z; z0, γ (t0)) is mero-
morphic in an open neighborhood of (z0, γ (t0)) containing (z0, γ (τ∗)), it satisfies
(13.5) with τ = τ∗ around (z0, γ (τ∗)), a contradiction with the definition of τ∗.

By the above fact, the differential equation

w′ = gj (z,w)
admits around z0 a solution wj(z) such that it also solves (P1) and has a pole at z0.
Hence, for every j = 1, . . . , m− 1,

gj (z,w) = 2μjw
3/2 + μj

2
zw−1/2 − 1

2
w−1 − 7μjhjw

−3/2 + · · ·

around (z0,∞) with μ2
j = 1 and hj ∈ C. Recalling that gj (z,w), j = 0, . . . , m− 1,

were the branches of the algebraic function X = G(z,w) determined by (13.2), we
immediately conclude that

P1(z, w) = −
m−1∑
j=0

gj (z,w) =
(m−1∑
j=0

μj

)
w1/2(2w + 1

2
zw−1)− m

2
w−1 − · · · .

This is a contradiction, as P1(z, w) has to be a polynomial in w with rational coeffi-
cients. 	


Remark. The above result means, intuitively, that the general solution of (P1) cannot
be an algebraic (or rational) function of the two constants of integration. See Ince [1]
for more details.

§14 Representation of solutions as quotient of entire functions

It has been shown in Chapter 1 that any solution w(z) of the equation (P1) is a single-
valued meromorphic function. Therefore, w(z)may be represented as the quotient of
two entire functions, say

w(z) = v(z)/u(z). (14.1)

To obtain a canonical representation of this type, we shall follow the method proposed
in Painlevé [2] and Erugin [1]. For this purpose, we introduce the following function:

η(z) := (w′)2/2− 2w3 − zw. (14.2)

Differentiating (14.2) and taking into account (P1), we find that dη/dz = −w. Con-
sequently, η(z) satisfies the differential equation

η′′′ + 6(η′)2 + z = 0. (14.3)
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Clearly, η(z) is a meromorphic function with simple poles only with residue+1 exactly
at the poles ofw. Therefore, there exists an entire function ξ(z) such that ξ ′/ξ = η, see
Saks and Zygmund [1], with simple zeros exactly at the poles of η(z). Differentiating
η, we get the representation

w(z) = (ξ
′)2 − ξξ ′′
ξ2 , (14.4)

of w as a quotient of two entire functions. Substituting η = ξ ′/ξ into (14.3) we get
the following differential equation:

ξξ (4) − 4ξ ′ξ ′′′ + 3(ξ ′′)2 + zξ2 = 0. (14.5)

Therefore, the function ξ(z) has a similar role in the theory of the equation (P1) as
the entire σ -function σ(z) in the theory of the Weierstrass ℘-function. Note that
℘(z) = ((σ ′)2 − σσ ′′)/σ 2 = −ς ′(z), ς(z) = σ ′(z)/σ (z).

We next seek for the solution of the equation (14.5) corresponding to the following
initial conditions for solutions of the equation (P1):

w(0) = w0, w′(0) = w1, (14.6)

w(0) = 0, w′(0) = 1, (14.7)

w(0) = 1, w′(0) = 0, (14.8)

w(z)→∞, w′(z)→∞, as z→ z0. (14.9)

Of course, the case (14.9) corresponds to a pole z0 of a solution w(z).
Consider first the initial conditions for ξ corresponding to the conditions (14.6).

This can be done on the basis of the formulas (14.2), (14.4) and of ξ ′/ξ = η.
Normalizing first ξ(0) = 1, we get ξ(0) = 1, ξ ′(0) = w2

1/2 − 2w3
0, ξ

′′(0) =
(w2

1/2 − 2w3
0)

2 − w0, ξ
′′′(0) = (w2

1/2 − 2w3
0)

3 − 3(w2
1/2 − 2w3

0)w0 − w1. The
solution of the equation (14.5) satisfying these initial conditions will be unique and
entire.

In the case of the initial conditions (14.7) we obtain, similarly, ξ(0) = 1, ξ ′(0) =
1/2, ξ ′′(0) = 1/4, ξ ′′′(0) = −7/8. Under the initial conditions (14.7), we get for ξ
the series expansion

ξ = 1+ 1

2
z+ 1

8
z2 − 7

48
z3 +

∞∑
k=4

ξ
(1)
k z

k. (14.10)

Respectively, the conditions (14.8) result in ξ(0) = 1, ξ ′(0) = −2, ξ ′′(0) = 3,
ξ ′′′(0) = −2 and in the series expansion ξ = 1−2z+ 3

2z
2− 1

3z
3− 11

24z
4+∑∞

k=5 ξ
(2)
k z

k.

We now seek for the solution of the equation (14.5) corresponding to the initial
conditions (14.9). For this purpose, we shall write the equation (14.5) in the form

ξξ (4) − 4ξ ′′′ξ ′ + 3(ξ ′′)2 + (z− z0)ξ
2 + z0ξ

2 = 0, (14.11)
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from which we obtain the solution

ξ =
∞∑
j=1

αj (z− z0)
j , (14.12)

as ξ must have a simple zero at z0. Obviously, we may normalize by α1 = 1.
Substituting (14.12) into (14.11), we get the following equations for determining aj ’s:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

α2
2 = 2α3,

α2α3 = 3α4,

z0 + (3!)2α2
3 − 4!α2α4 − 5!α5 = 0,

3 · 4!α3α4 − 5!α2α5 − 5!α6 + 1+ 2z0α2 = 0,

72α2
4 − 2 · 5!α2α6 + (2α3 + α2

2)z0 + 2α2 = 0.

(14.13)

From the equations in (14.13) we findα3, . . . , α6 in terms ofα2. Then it is easy to verify
that the last equation of (14.13) is satisfied identically. Comparing the coefficients
of higher degree we obtain equations from which α8, α9, . . . can be defined uniquely
provided α7 is given. Therefore, there exists a two-parameter family of power series
(14.12) which satisfy the equation (14.11) formally. Hereα2 andα7 remain as arbitrary
parameters. But we find a relation between the arbitrary constant h in (1.1) and the
parameters α2, α7. Substituting the expansions (1.1) and (14.12) into (14.4), we obtain

h = 1

4
α2 + 1

8
z0α

2
2 +

1

24
α6

2 − 30α7.

In the presence of the regular expansion of w(z) corresponding, for example, to the
initial conditions (14.7) and using the series (14.10), it is possible to find, approxi-
mately, the root z0 of the equation ξ(z0) = 0 with the smallest absolute value. This
way, given the initial conditions (14.7) for w(z), the pole of w(z) nearest to the origin
can be approximately found.

It must be noted that by the definition of the entire function ξ(z) in accordance
with (14.2) as to above, we obtain the third order equation (14.3) from the pair

ξ ′ξ−1 = η, (η′′)2 + 4(η′)3 + 2zη′ − 2η = 0. (14.14)

Here η �= Cz + 2C3, which corresponds to w �= −C. In fact, we only need to
differentiate the second equation of (14.14).

Another method to construct entire functions whose quotient equals to w is given
in Gromak and Lukashevich [1]. This method is based on the following observation:

Since

F := zw + 2w3 − 1

2
w′2

is a primitive function of a solution w(z) of (P1), then there exists, by Saks and
Zygmung [1] again, an entire function u(z) with zeros exactly at the poles of w(z)
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such that u
′
u
= −2F . As all these zeros are double, v(z) = u(z)w(z) is entire too. As

F ′ = w, the system for the entire functions u(z), v(z) takes the form{
uu′′ − (u′)2 = −2uv

v′′u2 + v(u′)2 − 2uu′v′ − 4uv2 − zu3 = 0

In Davis, Scott, Springer and Resch [1], the question of determining the nearest
pole to a holomorphic point of a solution w(z) has also been considered.

§15 Special expansions of solutions

Let w(z) be a solution of the equation (P1) with the finite initial values w′0, w0,
z0. Then, by to the Cauchy majorant theorem, this solution is holomorphic in a
neighborhood of z = z0. As shown above, all solutions of (P1) are non-rational
meromorphic functions with infinitely many poles accumulating at z = ∞. Therefore,
the point z = ∞ cannot be a pole or a holomorphic point of w(z). Recall that the
Laurent expansion (1.1) of w(z) around a pole z = z0 takes the form

w(z) = (z− z0)
−2 − z0

10
(z− z0)

2 − 1

6
(z− z0)

3

+ h(z− z0)
4 + z2

0

300
(z− z0)

6 +
∞∑
k=7

ak(z− z0)
k,

where z0 and h are arbitrary constant parameters and the coefficients ak , k ≥ 7, are
determined uniquely in terms of z0 and h. Clearly, w(z) converges in the punctured
disc B(z0, d) \ {z0}, where d is the distance from z0 to the nearest pole z′0 �= z0 of
w(z).

This radius of convergence of the series (1.1) can be estimated directly, see Hille [2],
p. 442. Actually, let us choose the numberM > 1 such that |z0| < 10M , |h| < M3.
Looking at the expansion (1.1), it is evident that

|ak| < Mk, 1 ≤ k ≤ 6. (15.1)

The coefficients ak , k > 6, are given by the recurrence relation [k(k − 1)− 12]ak =
6
∑k−4
j=2 ajak−2−j . Let us assume that the inequality (15.1) holds for k < n. Then for

|an| the estimate |an| ≤ (6Mn−2/(n+ 3) < Mn, follows. Therefore, (15.1) holds for
all k ∈ N, and so (1.1) converges in the domain 0 < |z− z0| < M−1.

Writing (P1) in the modified form

y′′ = −z+ 6y2, (15.2)

we observe that (15.2) has a formal solution

y(z) = z
1/2

√
6

∞∑
k=0

ak

(z1/2)5k
, (15.3)
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where z1/2 denotes a fixed branch of the square root, a0 = 1 and the coefficients
ak+1, k ≥ 0, are given by the recurrence relation

ak+1 = 25k2 − 1

8
√

6
ak − 1

2

k∑
m=1

amak+1−m, k ≥ 0. (15.4)

This can be verified by the direct substitution of (15.3) into (15.2). The series (15.3)
has an asymptotic character, as already observed by Boutroux [2]. For a modern proof
of this property, see Joshi and Kitaev [1], we have to rely on the following

Theorem 15.1 (Wasow [1], Theorem 12.1). Let S be an open sector in the complex
plane with vertex at the original and of a positive opening not exceeding π/(q + 1)
for some q ∈ N. Let f (z,−→w ) be an r-dimensional vector function of z and of an
r-dimensional vector −→w with the following properties:

(a) The vector f (z,−→w ) is a polynomial in the components w1, . . . , wr with coeffi-
cients holomorphic in the region

0 < z0 ≤ |z| <∞, z ∈ S.

(b) The coefficients of the polynomial f (x,−→w ) have asymptotic series in powers of
z−1, as z→∞ in S.

(c) If fj (z,
−→w ) denotes the components of f (z,−→w ), then all eigenvalues λ1, . . . λr

of the Jacobian matrix {
lim

S�z→∞

(
∂fj

∂wk
|−→w=0

)}
are different from zero.

(d) The differential equation
z−q−→w ′ = f (z,−→w ) (15.5)

is formally satisfied by a power series of the form

∞∑
k=1

bkz
−k.

Then there exists, for sufficiently large z in S, a solution−→w = φ(z) of (15.5) such
that, in every proper subsector of S,

φ(z) ∼

∞∑
k=1

bkz
−k, as z→∞.
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Here the notation ∼ is used in the usual asymptotic sense.

Theorem 15.2. For any sector of $ of opening less than 4π/5 and with vertex at
the origin, there exists a solution of (15.2) whose asymptotic behavior as |z| → ∞,
z ∈ $, is given by the asymptotic series (15.3).

Proof. Let y(z) be a solution of (15.2). Define a transformation

w(ζ ) = y(z)
z1/2 −

1√
6
, ζ = 4z5/4

5
, (15.6)

where z1/4 = (z1/2)1/2. Then the function w(ζ ) solves the differential equation

w′′ = 2
√

6w + 6w2 − w
′

ζ
+ 4(w + 1/

√
6)

25ζ 2 , (15.7)

where w′ now stands for the differentiation with respect to ζ . The series (15.3)
becomes

w(ζ ) ∼
1√
6

∞∑
n=1

an

(
16

25

)n
ζ−2n. (15.8)

By denoting w1 = w, w2 = w′, we may consider (15.7) as a pair of differential
equations, ⎧⎪⎨⎪⎩

w′1 = w2,

w′2 = 2
√

6w1 + 6w2
1 −

w2

ζ
+ 4(w1 + 1/

√
6)

25ζ 2 .
(15.9)

Theorem 14.1 now applies for (15.9) with q = 0, b2j = aj (16/25)j /
√

6, b2j+1 = 0,

r = 2, and λ1 = −λ2 =
√

2
√

6. 	


Boutroux also showed that the five rays arg(x) = 2πn/5, n = 0,±1,±2 play an
important role in the asymptotic description of solutions. According to his analysis,
the general solution of (15.2) has sequences of poles which are asymptotic to these
rays. The solutions determined by Theorem 15.2 have the property that the sequences
of poles asymptotic to one of the these rays are truncated for large z. In fact, by the
asymptotic behavior of these solutions y(z)→ ( z6)1/2, as |z| → ∞, x ∈ $.

Asymptotic properties of solutions of the Painlevé equations and related prob-
lems have been investigated by the method of isomonodromic deformations of linear
systems, see. e.g. Kitaev [2], Fokas and Its [1] and Its and Novokshenov [1].

Substitute now in the equation (P1),

w = z3v, z = exp(τ/5). (15.10)

Denoting now dv/dτ by v′, we obtain

25v′′ + 25v′ + 6v = 1+ 6v2 exp τ. (15.11)
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The solution of the equation (15.11) is now sought for in the form of a special series

v(τ) =
∞∑
n=0

vn exp(nτ). (15.12)

Substituting (15.12) into (15.11) and comparing the coefficients, we obtain v0 = 1/6,

(25n2 + 25n+ 6)vn = 6
n−1∑
j=0

vjvn−1−j , n ≥ 1. (15.13)

It is immediate that (15.13) determines uniquely all coefficients vn. Consequently, the
formal expansion of the solution which satisfies the initial conditionsw(0) = w′(0) =
0 exists and has the form (15.10), (15.12). Denote now σn := 25n2 + 25n+ 6. From
(15.13) we obtain v1 = 1

6σ1
, v2 = 1

3σ1σ2
, v3 = 4σ1+σ2

6σ 2
1 σ2σ3

, v4 = σ2+4σ1+2σ3
3σ 2

1 σ2σ3σ4
. Thus, we

can determine, uniquely, all the coefficients of the formal solution w(z) satisfying the
initial conditions w(0) = w′(0) = 0:

w(z) = z3
∞∑
n=0

vnz
5n. (15.14)

If we seek for the solution of the equation (15.11) in the form v(τ) = exp(−τ)+∑∞
n=0 vn exp(nτ), then we have v0 = −1/6 and

(25n2 + 25n− 6)vn = 6
n−1∑
j=0

vjvn−1−j , n ≥ 1. (15.15)

Determining vn from (15.15), we verify that the equation (P1) has a formal solution
of the form

w(z) = z−2 + z3
∞∑
n=0

vnz
5n. (15.16)

It is not difficult to prove the convergence of the series involved in (15.14) and (15.16).
For example, the convergence of (15.14) follows from the above proof of the conver-
gence of series (1.1). Moreover, in this case, the domain of the convergence of the
series (15.14) is at least |z| < 1, and 0 < |z| < 1 for the series (15.16).

The asymptotic formulas of solutions (15.14) and (15.16) have been obtained by
Kapaev [1] and Kitaev [3], respectively. In particular, see Kapaev [1], as |z| → ∞
on the rays arg(z) = π + 2πk/5, k = 0, 1, 2, 3, 4, the solution (15.14) behaves
asymptotically as
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w(z) = exp(−iπk)(z exp(−iπ))1/2v(t), t = 4

5
exp
(
− iπk

2

)
(z exp(−iπ))5/4

v(t) ∼ − 1√
6
+ 2α√

5t
cos(h+ ϕ),

h = 2

(
3

2

)1/4

t + ρ ln(5t)+ 11

4
ρ ln 2+ 5

4
ρ ln 3+ 3π

4
,

ϕ = −π − arg�(iρ)− arg(ip),

α =
(

2

3

)1/8

(−ρ)1/2 > 0, ρ = lnp

2π
< 0, p2 + p = 1.

§16 Higher order analogues of (P1)

There are several approaches to construct higher order differential equations with
properties similar to those of Painlevé equations. Historically, the first approach is the
method of using Korteweg–de Vries equations, considered below in the case of (P1).
Examples of other approaches are the method of the isomonodromy deformation of
linear systems via Garnier systems, see Kimura and Okamoto [1], Iwasaki, Kimura,
Shimomura andYosida [1] and the direct method of higher order Hamiltonian systems,
Takasaki [1].

It is well-known, see Lax [1], that the Korteweg–de Vries equation for u(x, t),
written in the form

∂u

∂t
= 6u

∂u

∂x
− ∂

3u

∂x3 (KdV)

can be interpreted as the compatibility condition for two linear operatorsL andA. Let
L be the Schrödinger operator−∂2/∂x2+u andA = 4 ∂

3

∂x3 −3u ∂
∂x
−3 ∂

∂x
u. Consider

now the equation
∂

∂t
L = [L,A] = LA− AL. (16.1)

Here ∂
∂t
L denotes differentiation of the coefficients of the operatorL in x, i.e. ∂

∂t
L is the

operator of multiplying by ut . By simple computation, the commutator [L,A] is the
operator of multiplying by 6uux−uxxx . Therefore, forL andA as chosen here, (16.1)
implies that u(x, t) satisfies the (KdV) equation. The commutator representation
(16.1) is called the Lax representation, and the operatorsL,A are an example of a Lax
pair. We now seek for an operator Am of order 2m + 1 with coefficients depending
of u(x) and its derivatives such that this operator equals to 1

2P(
1
i
∂
∂x
), if u ≡ 0, and

satisfies the condition[
∂2

∂x2 − u(x), Am
]
= F
(
u,
∂u

∂x
, . . . ,

∂2m+1u

∂x2m+1

)
,
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where F is the operator of multiplying by a function. Such an operatorAm exists, and
it is possible to obtain recursion relations for its coefficients, see Lax [1]. In this case
the equations

∂u

∂t
= F
(
u,
∂u

∂x
, . . . ,

∂2m+1u

∂x2m+1

)
(16.2)

are called higher analogues of the Korteweg–de Vries equation (KdV).
Consider now the KdV hierarchy in the form

∂ω

∂t
+ ∂

∂x
Bn+1(ω) = 0, (16.3)

where Bn(ω) is determined by the Lenard recursion relations, see Lax [2], as follows:

B1(ω) = ω, ∂

∂x
Bn+1(ω) =

(
D3 + 2ωD + ∂ω

∂x

)
Bn(ω), n ∈ N,

where D := ∂
∂x

. If n = 1 in (16.3), then we obtain (KdV) in the form ωt + 3ωωx +
ωxxx = 0.

We also consider the singular manifold equation for the KdV hierarchy, see Weiss
[2],

∂z

∂t
+ ∂z
∂x
Bn
({z; x}) = 0, (16.4)

where

{z; x} :=
∂3z

∂x3

∂z

∂x

− 3

2

(
∂2z

∂x2

)2

(
∂z

∂x

)2

is the Schwarzian derivative. Now, if z(x, t) is a solution of (16.4), then ω(x, t) =
{z, x} is a solution of (16.3), see Weiss [2], Theorem 1. We now seek the solutions in
the form

z = z(ξ), ξ = x(λt)m,
where λ is a parameter to be determined, see Kudryashov [1]. Then

{z; x} = {z; ξ/(λt)m} = (λt)2m{z; ξ} = (λt)2mF(ξ),
where F(ξ) = {z(ξ); ξ}.

We introduce an operator d by

d1(F ) = F, ∂

∂ξ
dn+1(F ) = (D3 + 2FD + Fξ )dn(F ), n ∈ N,

where D = ∂
∂ξ

. Then Bn
({z; x}) = (λt)2mndn(F ). In fact, for n = 1 we have

B1({z; x}) = {z; x} = {z; ξ/(λt)m} = (λt)2mF(ξ) = (λt)2md1F(ξ).
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To complete the induction, we have

∂

∂x
Bn+1({z; x}) = (D3

x + 2{z; x}Dx + (∂/∂x){z; x})Bn({z; x})
= (D3

x + 2{z; x}Dx + (∂/∂x){z; x})(λt)2mndn(F )
= (λt)3m(D3

ξ + 2{z; ξ}Dξ + (∂/∂ξ){z; ξ})(λt)2mndn(F )
= (λt)2m(n+1)(λt)m(D3

ξ + 2FDξ + Fξ )dn(F )
= (λt)2m(n+1)(λt)m

∂

∂ξ
dn+1(F ) = ∂

∂x
((λt)2m(n+1)dn+1(F )),

which implies
Bn+1({z; x}) = (λt)2m(n+1)dn+1(F ).

Assuming now m = −1/(2n+ 1), the equation (16.4) takes the form

dn(F )− λ

2n+ 1
ξ = 0. (16.5)

To prove (16.5), letZ(ξ) be a function (of ξ ) such that z = Z((λt)mx) is a solution
of (16.4). To show that F(ξ) = {Z(ξ); ξ} satisfies (16.5), substitute z = Z((λt)mx)
in (16.4). Observing that {z; x} = (λt)2mF(ξ)|ξ=(λt)mx, we obtain

∂z

∂t
+ ∂z
∂x
Bn({z; x}) = mλmtm−1xZ′(ξ)|ξ=(λt)mx

+ (λt)mZ′(ξ)(λt)2mndn(F (ξ))|ξ=(λt)mx
= mt−1x(λt)mZ′(ξ)|ξ=··· + (λt)(2n+1)mZ′(ξ)dn(F (ξ))|ξ=···
= mt−1ξZ′(ξ)|ξ=(λt)mx + (λt)−1Z′(ξ)dn(F (ξ))|ξ=(λt)mx = 0,

since m = −1/(2n+ 1). Hence we have λ−1dn(F (ξ))+mξ = 0, proving (16.5).
If n = 1, we obtain the degenerated equation F − 1

3λξ = 0. If n = 2, then we
have the first Painlevé equation in a modified form F ′′ + 3

2F
2− 1

5λξ = 0. In order to
obtain the first Painlevé equation in the standard form we take λ = −4(2n + 1) and
apply the scaling transformation

F �→ −4w, ξ �→ z.

Then we get
dn+1(w)+ 4z = 0, (2nP1)

where

d1(w) = −4w,
d

dz
dn+1(w) = (D3 − 8wD − 4wz)d

n(w), n ∈ N, (16.6)
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and where nowD = d
dz

. Then for n = 1, n = 2 and n = 3 we have, correspondingly,

w′′ = 6w2 + z, (2P1)

w(4) = 20ww′′ + 10(w′)2 − 40w3 + z, (4P1)

w(6) = 42(w′′)2 + 56w′w′′′ + 28ww(4) − 280w((w′)2 + ww′′ − w3)+ z. (6P1)

The equation (2P1) is the first Painlevé equation in the standard form. We shall
call (2nP1) with n ≥ 2 the higher analogues of the first Painlevé equation. Clearly,
the order of the equation (2nP1) is 2n. As we know by §1, all solutions of (2P1) are
meromorphic functions with double poles only. This remains open for (2nP1), n ≥ 2,
in general. For (4P2), a proof by using isomonodromic deformations may be found
in Shimomura [5], and we conjecture that all solutions of (2nP1) are meromorphic
functions. We now consider solutions of (4P1).

Theorem 16.1. Given z0 ∈ C, there exist local meromorphic solutions of (4P1)which
have a double pole at z0.

Proof. We first observe, by substituting the formal Laurent expansion w(z) =
c(z− z0)

k + · · · into (4P1) that whenever a local meromorphic solution has a pole at
z0, then k = −2 and either c = 1 or c = 3.

Consider first the case c = 1. In order to find the powers which can be connected
with arbitrary parameters of integration, called resonances, let us put t := z− z0 and
substitute w ∼ t−2 + βtr into the dominant monomials of the equation (4P1). Then
we obtain

β
[
r(r − 6)(r + 3)(r − 3)

]
t r−4 = 0,

which follows by looking at terms of order one in β. Therefore, the nonnegative
resonances are r = 0, r = 3, r = 6. Hence, a formal solution in a neighborhood of
z0 must be of the form

w = 1

t2
+ h1 + a2t

2 + h2t
3 + a4t

4 + a5t
5 + h3t

6 + a7t
7 +

∞∑
k=8

akt
k, (16.7)

where t = z− z0, and h1, h2, h3 are arbitrary constants. Moreover, it is immediate to
get

a2 = −3h2
1, a4 = −10h3

1 −
1

56
z0, a5 = 3

2
h1h2 − 1

80
, a7 = − 1

140
h1.

To prove the convergence of the formal series (16.7) in a disc |z− z0| < ρ, ρ > 0,
we transform the initial equation into a Briot–Bouquet system. To this end, rewrite
(4P1) in the form of the equivalent system⎧⎪⎪⎪⎨⎪⎪⎪⎩

w′1 = w2,

w′2 = w3,

w′3 = w4,

w′4 = 20w1w3 + 10w2
2 − 40w3

1 + z,

(16.8)
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where w1 = w. In (16.8) we make a change of variables by

y1 := t2w1 − 1, y2 := t3w2 + 2, y3 := t4w3 − 6, y4 := t5w4 + 24, (16.9)

where t := z− z0, resulting in a Briot–Bouquet system⎧⎪⎪⎪⎨⎪⎪⎪⎩
ty′1 = 2y1 + y2,

ty′2 = 3y2 + y3, (16.10)

ty′3 = 4y3 + y4,

ty′4 = −40y2 + 20y3 + 5y4 + 20y1y3 + 10y2
2 − 40y3

1 − 120y2
1 + (t + z0)t

6

with eigenvalues λ1 = −1, λ2 = 2 , λ3 = 5, λ4 = 8 of the Wronskian matrix.
From this situation the existence of a three-parametric family of locally holomorphic
solutions of (16.10) with the property yj → 0, j ∈ {1, 2, 3, 4}, as t → 0 follows, see
Theorem A.12. Thus, due to (16.8) and (16.9), the expansion (16.7) gives the local
representation for solutions of (4P1) meromorphic in a neighborhood of an arbitrary
pole.

Consider next the case c = 3. The equation for resonances now takes the form,
with the same notations as in the previous case,

β(r + 5)(r − 6)(r + 3)(r − 8) = 0.

Therefore, we now have two positive resonances r = 6, r = 8. The formal pole
expansion in a neighborhood of z0 takes the form

w = 3

t2
+a4t

4+a5t
5+h1t

6+h2t
8+a10t

10+a11t
11+a12t

12+
∞∑
k=13

akt
k, (16.11)

where h1, h2 are arbitrary parameters and

a4 = z0/504, a5 = 1/240, a10 = a2
4/39, a11 = 2a4a5/21,

a12 = 5h1a4/51+ 29a2
5/612.

We now make the transformation

y1 = t2w1 − 3, y2 = t3w2 + 6, y3 = t4w3 − 18, y4 = t5w4 + 72,

in the system (16.8). This time we obtain a Briot–Bouquet system⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

ty′1 = 2y1 + y2,

ty′2 = 3y2 + y3,

ty′3 = 4y3 + y4,

ty′4 = −720y1 − 120y2 + 60y3 + 5y4 + 20y1y3 + 10y2
2

− 40y3
1 − 360y2

1 + (t + z0)t
6

(16.12)
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with eigenvalues λ1 = −1, λ2 = −3, λ3 = 8, λ4 = 10 of the Wronskian matrix.
Therefore, the system (16.12) has a two-parametric family of locally holomorphic
solutions with the property yj → 0, j ∈ {1, 2, 3, 4}, as t → 0. These solutions
generate polar solutions of (4P1) of the form (16.11). Thus the assertion holds. 	


As shown in §14 above, any solution of (P1) has a representationw(z) = v(z)/u(z),
where the entire functions v(z), u(z) satisfy (14.4). We now proceed to obtain a similar
representation for meromorphic solutions of (2nP1).

Lemma 16.2. For any meromorphic solution w(z) of (2nP1) with a pole at z0 ∈ C,
the pole is double and the residues of (z− z0)w(z) at z0 are integers.

Proof. Suppose that (2nP1) admits a solution w = bζ−p + · · · , ζ := z− z0, b �= 0,
p ≥ 3. Then dk(w) = bkζ

−pk + · · · , bk �= 0 for every k ≥ 1, implying that
dn+1(w) + 4z = bn+1ζ

−p(n+1) + · · · �≡ 0, a contradiction. Hence, every pole is at
most double and so p ≤ 2. We use induction to show that all poles are in fact double,
recalling that this is true for n = 1. Suppose now that bk �= 0 for some k. Then

d

dz
dk+1(w) = (D3 − 8wD − 4wz)d

k(w)

= (−8(−pk)− 4(−p))bbkζ−pk−p−1 + · · ·
= 4(2k + 1)pbbkζ

−p(k+1)−1 + · · · ,
and so dk+1(w) = −4(2k+1)(k+1)−1bbkζ

−p(k+1)+· · · ,which implies bk+1 �= 0.
To determine the required residues, we write dk(w) = Akζ−2k + · · · , k ≥ 1,

denoting A1 =: c. Then

d

dz
dk+1(w) = (D3 − 8wD − 4wz)d

k(w)

= (D3 − 8(cζ−2 + · · · )D + 8cζ−3 + · · · )(Akζ−2k + · · · )
= [(−2k)(−2k − 1)(−2k − 2)− 8c(−2k)+ 8c](akζ−2k−3 + · · · )
= 8(c − k(k + 1)/2)(2k + 1)Akζ

−2k−3 + · · · ,
and hence

dk+1(w) = −4(k + 1)−1(2k + 1)(c − k(k + 1)/2)Akζ
−2(k+1) + · · · .

This implies Ak+1 = −4(k + 1)−1(2k + 1)(c − k(k + 1)/2)Ak, and we obtain

An+1 = Cn+1

n∏
j=0

(c − j (j + 1)/2), Cn+1 �= 0, n ≥ 1. (16.13)

In particular, for n = 1, we have c = 1, while for n = 2, the possible residue values
are c = 1 and c = 3, and for n = 3, c = 1, c = 3 and c = 6. 	
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Theorem 16.3. Any meromorphic solution w(z) of the equation (2nP1) may be rep-
resented as the quotient of two entire functions u(z), v(z) such that

uu′′ = (u′)2 − 2uv, dn+1(v/u)+ 4z = 0. (16.14)

Proof. For any meromorphic solution w(z) of (2nP1), we have

d

dz
dn+2(w) = (D3 − 8wD − 4wz)d

n+1(w)

= (D3 − 8wD − 4wz)(−4z) = d

dz
(16zw)+ 16w,

implying thatw(z) admits a meromorphic primitive functionη(z)= dn+2(w)/16−zw.
Moreover, by Lemma 16.2, every pole of η(z) is simple. By Saks and Zygmund [1],
there exists an entire functionu(z) such thatu′/u = −2η. Clearly, zeros ofu(z) appear
exactly at the poles ofw(z). Moreover, a pole ofw(z)of typew(z) = cj (z−z0)

−2+· · ·
corresponds to a 2cj -fold zero of u(z). Therefore, v(z) = u(z)w(z) is entire as well,
and we have a representation w(z) = v(z)/u(z) of the meromorphic solution w(z) of
(2nP1). From (u′/u)′ = −2w we immediately obtain (16.14). 	


In (16.14), the derivatives u(n), n ≥ 2, in the second equation of (16.14) are
replaced by the corresponding expressions from the first equation. For n = 1, (16.14)
reduces back to the case of §14. For n = 2, (16.14) takes the form⎧⎪⎪⎨⎪⎪⎩

uu′′ = (u′)2 − 2uv,

v(4)u4 − 4v(3)u3u′ − 4u(u′)3v′ + 6u2v′′(u′)2 + 16u′u2vv′

− 2u3(v′)2 − 6u3vv′′ + v(u′)4 − 8u(u′)2v2 + 16v3u2 − zu5 = 0.

We add a final remark concerning the system (16.14). A solution of (16.14) will be
determined by the initial values

u(z0) = u0, u
′(z0) = u′0, v(z0) = v0, v

′(z0) = v′0, . . . , v(2n−1)(z0) = v(2n−1)
0 ,

(16.15)
where z0, u0, u′0, v0, v′0, …, v(2n−1) ∈ C. If u(z0) = 0, then the initial values
(16.15) become singular. Hence, we shall assume that u(z0)v(z0) �= 0. By a direct
substitution of (16.16) below into (16.14), we obtain

Lemma 16.4. If (v(z), u(z)) is a solution of the system (16.14), then

(̃v, ũ) = (λ(z)v, λ(z)u)), λ(z) �≡ 0, (16.16)

is a solution of (16.14) if and only if λ(z) = exp(az+ b), a, b ∈ C.

Remark. By Lemma 16.4, the representation of a meromorphic solution w(z) of
(2nP1) in Theorem 16.3 is uniquely determined up to a factor of the form λ(z) =
exp(az+ b), a, b ∈ C. Conversely, an arbitrary entire solution (v, u) of (16.14) with
u �= 0 determines a meromorphic solution w = v/u of (2nP1).



Chapter 5

The second Painlevé equation (P2)

The second Painlevé equation (P2) is the first of the six classical Painlevé equations
with a complex parameter in the equation. This means, of course, that several phe-
nomena may appear which depend on the value of the parameter. Since (P2) has
one parameter only, it may be considered as a pilot case to these aspects. In fact, the
reasoning remains more straightforward as is the case for (P3) through (P6). Typi-
cal parameter dependent phenomena in the case of (P2) are the existence of rational
solutions and of subnormal solutions which satisfy an algebraic first-order differen-
tial equation. A powerful tool, in this and the subsequent chapters, to consider such
phenomena is the use of Bäcklund transformations. These transformations, usually
related to a parameter change, will be intensively applied in all remaining chapters.

§17 Canonical representation of solutions

The second Painlevé equation

w′′ = 2w3 + zw + α, (P2)

has one free parameter α ∈ C. As originally attempted to prove by Painlevé [1], all
solutions of (P2) are meromorphic functions. This classical result has been made
rigorous in Hinkkanen and Laine [1] recently. See also the proof in Chapter 1. Hence,
poles are the only singularities of solutions of (P2). Let now w(z) be a solution, with
a pole at z0. By (P2), the Laurent expansion of w(z) around z0 takes the form

w(z) = ε
τ
− 1

6
εz0τ − α + ε

4
τ 2 + hτ 3 + 3α + ε

72
z0τ

4 +O(τ 5), (17.1)

where τ := z− z0, ε2 = 1 and h is an arbitrary complex constant. Any solution w(z)
of (P2) may be expressed as the quotient of two entire functions,

w(z) = v(z)
u(z)

. (17.2)

Of course, this representation is not unique. However, we seek for a certain canonical
representation of type (17.2). To this end, we observe from (17.1) that

w(z)2 = 1

(z− z0)2
− 1

3
z0 +O(z− z0).
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There exists a meromorphic function W(z) such that W ′ = w2. In fact, W(z) :=
zw(z)2 − w′(z)2 + w(z)4 + 2αw(z) has the required property by (P2). Clearly, all
poles ofW(z) are simple with residue −1, located exactly at poles of w(z). By Saks
and Zygmund [1], there exists an entire function u(z) such that u′ = −Wu. Of course,
u may be represented as

u(z) = exp
(
−
∫ z
ds

∫ s
w2(t) dt

)
,

where the path of integration avoids the poles of w. Given now a pole z0 of w(z),
u(z0) = 0. Moreover, multiplying by a constant, we may also assume that u′(z0) = 1.
Define now v(z) := w(z)u(z). Since all zeros of u(z) are simple and exactly at the
poles of w(z), v(z) is entire as well. By (P2), it is not difficult to see that u(z), v(z)
satisfy the following pair of differential equations:{

uu′′ = (u′)2 − v2

v′′u2 + v(u′)2 − 2u′v′u = v3 + zvu2 + αu3.
(17.3)

In fact,

u′′

u
=
(
u′

u

)′
+
(
u′

u

)2

= −W ′ +
(
u′

u

)2

= −w2 +
(
u′

u

)2

= −
(v
u

)2 +
(
u′

u

)2

.

Moreover, by (P2),

w′′ =
(v
u

)′′ = u2v′′ − uu′′v − 2uu′v′ + 2v(u′)2

u3 = 2
(v
u

)3 + z v
u
+ α.

Substituting uu′′ from the first equation of (17.3) now results in the second equation
in (17.3). We now proceed to investigate (17.3) in more detail. The next two lemmas
follow by direct computation.

Lemma 17.1. If α = 0 in (P2), then (17.3) has a solution{
v(z) = 0

u(z) = exp(az+ b) (17.4)

with arbitrary parameters a, b ∈ C.

Lemma 17.2. If (v, u) is a solution of (17.3), and λ(z) �≡ 0, then(̃
v(z), ũ(z)

) = (λ(z)v(z), λ(z)u(z))
is a solution of (17.3) if and only if λ(z) = exp(az+ b), where a, b ∈ C.
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The solution (v, u) of (17.3) will be determined by the initial conditions

u(z0) = u0, u′(z0) = u′0, v(z0) = v0, v′(z0) = v′0, (17.5)

where z0, u0, u
′
0, v0, v

′
0 ∈ C, see Theorem A.3. If u(z0) = 0, then (17.5) may be

called singular for (P2).

Theorem 17.3. All solutions of (17.3) are pairs of entire functions.

Proof. If u = 0, then v = 0 as well. Hence, we may assume that u �= 0, and we may
fix the initial values (17.5) to be non-singular for (P2), i.e. u(z0) �= 0. Fix a solution
w(z) of (P2) by the initial conditions

w(z0) = v0

u0
, w′(z0) = u0v

′
0 − v0u

′
0

u2
0

. (17.6)

By a straightforward computation with (17.3), v
u

satisfies (P2) with the initial values
(17.5). Hence,w = v

u
by the standard local uniqueness argument. Let now ũ, ṽ be the

canonical entire solution of (17.3), constructed for w(z) above, meaning that v
u
= ṽ
ũ

.
Rewriting the first equation of (17.3), we get

−
(
u′

u

)′
=
(v
u

)2 =
(
ṽ

ũ

)2

= −
(
ũ′
ũ

)′
.

Therefore, u(z) = eaz+bũ(z) for some a, b ∈ C, and so u has to be entire, and the
same applies for v(z) as well. 	


Theorem 17.4. Let (v, u) be any nonzero solution of (17.3) for a given value α of the
parameter, (v, u) being different from

(
0, exp(az + b)). Then the quotient (17.2) is

a solution of (P2) with the same parameter value α. Conversely, any solution w of
(P2) can be expressed as w = v/u, where (v, u) is a solution of (17.3) determined
uniquely apart of a factor exp(az+ b), a, b ∈ C.

Proof. Let (v, u) be a solution (17.3) as assumed, and define w = v
u

. By (17.3) w
satisfies (P2) with the same parameter.

Conversely, let w be a solution of (P2). If α = 0 and w = 0, we may take
(v, u) as in (17.4). So we may assume that w �= 0. Fix now z0 ∈ C such that
w(z0) = w0 �= 0,∞. Define a solution (v, u) of (17.3) with the initial values
u(z0) = 1, v(z0) = w0 and u′0 = u′(z0), v′0 = v′(z0) such that v′0 − w0u

′
0 = w′0.

Since v
u

solves (P2), it clearly coincides with w. By Lemma 17.2, (v, u) is uniquely
defined apart of a factor exp(az+ b), a, b ∈ C. 	
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Remark 1. Note that the reasoning implies a one-to-one correspondence between
the solutions w of (P2) and the quotient of solutions u

v
of (17.3) with initial values

nonsingular for (P2). Note that this does not hold for the pair u, v described in
Lukashevich [3]: {

uu′′ = (u′)2 − v2

(v′)2 − vv′′ = uu′ + αuv.
Here, for α = −1, the solution u(z) = az + b, v(z) = a with ab �= 0 does not
determine a solution of (P2) by (17.2).

Finally, we remark that the question of representing the solutions of (P2) as a
quotient of two entire functions has been investigated by Yablonskiı̆ [2].

Remark 2. We close this section by a remark on solutions of (17.3) with initial data
singular for (P2), rewriting the first equation of (17.3) as

w2 = −
(
u′

u

)′
=
(v
u

)2
(17.7)

again. Let now z0 be a zero of u of multiplicity k. By (17.7),

w(z)2 = k

(z− z0)2
+	(z)

around z0, with a holomorphic	(z). Hence,w(z)has a simple pole at z0, and so k = 1.
Therefore, u(z) = (z− z0)φ(z)with φ(z) holomorphic in a neighborhood of z0. This
implies that v(z) has to be holomorphic around z0 and v(z0) = εφ(z0), where ε is the
residue ofw(z) at z0. Moreover, u′(z0) = φ(z0) and v′(z0) = εφ′(z0). Therefore, the
initial value problem for (17.3) with u(z0) = 0, u′(z0) = u′0, v(z0) = v0, v′(z0) = v′0
has a solution in the case v0 = εu′0 �= 0 only. This solution is not unique, since (P2)

permits a one-parameter family of solutions with a pole at z0.

§18 Poles of second Painlevé transcendents

Applying the standard Clunie reasoning as in the case of (P1), we observe that all non-
rational solutionsw(z) of (P2) have infinitely many poles, all simple by the preceding
section. By (17.1), the residue of w(z) at any pole z0 has to be either +1 or −1. We
may now prove

Theorem 18.1. Any non-rational solution of (P2) has infinitely many poles with
residue +1, and infinitely many with residue −1, provided α �= ± 1

2 .
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To prepare the proof of Theorem 18.1, fix ε such that ε2 = 1, and consider the
pair of differential equations ⎧⎪⎨⎪⎩

w′ = εw2 + 1

2
εz+ v

v′ = α − ε
2
− 2εwv.

(18.1)

Suppose (w, v) is a solution of (18.1). Eliminating v from (18.1) shows at once that
w is a solution of (P2). Conversely, given a solution w(z) of (P2) and ε such that
ε2 = 1, define v by the first equation of (18.1). Differentiating, and making use
of (P2) immediately proves that (w, v) is a solution of (18.1). Moreover, a simple
computation now results in the following formulas:

v = w′ − εw2 − 1

2
εz, (18.2)

2vw = ε(α − 1

2
ε − v′), (18.3)

(v′)2 − 2vv′′ = 2zv2 + 4εv3 +
(
α − ε

2

)2
. (18.4)

Proof (of Theorem 18.1). Letw(z) be a non-rational solution of (P2)with finite initial
values w(z0) = w0, w′(z0) = w′0. Moreover, determine, for both values ε = ±1,
v(z, ε) by (18.1), hence⎧⎪⎨⎪⎩

v(z0, ε) = w′0 − εw2
0 −

1

2
εz0

v′(z0, ε) = α − ε
2
− 2εw0v(z0, ε).

(18.5)

Of course, the meromorphic functions v(z, ε) are solutions of (18.4), with initial
values (18.5) at z0. Moreover, by (18.3), both of v(z, 1), v(z,−1) are non-vanishing
functions as α �= ± 1

2 . Finally, by (18.3) again, v(z, ε) has to be non-rational, as w(z)
is non-rational.

Looking at the Laurent expansions of v(z, ε) at the poles z0 ofw(z), we observe by
(17.1) that the principal term of v(z, 1) has to be −2(z− z0)

−2 at z0, while v(z,−1)
has to be holomorphic around z0, provided z0 is a pole of w(z) with residue +1.
Similarly, the principal term of v(z,−1) has to be 2(z − z0)

2 at z0, while v(z, 1) is
holomorphic around z0, whenever z0 is a pole of w(z) with residue−1. Therefore, as
v(z, ε) has to be holomorphic, whenever w(z) is holomorphic, the poles of w(z) with
residue +1, resp. −1, are exactly the poles of v(z, 1), resp. v(z,−1). Writing now
(18.4) in the form

4εv3 = −2zv2 + (v′)2 − 2vv′′ −
(
α − ε

2

)2

and making use of the Clunie reasoning again, we conclude that v(z, ε), ε = ±1, has
infinitely many poles, and we are done. 	
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Theorem 18.2. Letw(z) be a non-rational solution of (P2)withα = ε
2 , where ε2 = 1.

Then all poles ofw are with residue−ε if and only ifw satisfies the Riccati differential
equation

w′ = εw2 + 1

2
εz. (18.6)

Proof. By the Clunie reasoning, w has infinitely many poles. Suppose first w also
satisfies (18.6). By an elementary local consideration at a pole z0 of w, the residue
has to be −ε. On the other hand, if w does not satisfy (18.6), then v = v(z, ε) �= 0.
If now v(z,−ε) = 0, then w′ = −εw2 − 1

2εz and we obtain w′′ = 2w3 + zw − ε
2

by differentiation, a contradiction. Since v(z, ε) and v(z,−ε) both are non-vanishing
functions, the preceding proof may be repeated to show that w has infinitely many
poles with residue −ε and infinitely many with residue +ε. 	


Remark 1. If w satisfies (18.6), then w is a solution of (P2) with α = ε/2. All poles
of−εw are with residue (−ε)2 = 1. Hence there exists an entire function u such that
u′/u = −εw. By a simple computation,

u′′ + z
2
u = 0. (18.7)

This is the well-known Airy equation. For the zero distribution of Airy functions, see
Gundersen and Steinbart [1].

Remark 2. The first equation of (18.1) is the Riccati equation with respect to w and
it may be considered as the Miura transformation of (P2), see Miura [1]. In this case
the equation (18.4) is the result of the Miura transformation. The pair (18.1) is a
Hamiltonian system with the Hamiltonian

H(z,w, v) := v
2

2
+ ε(w2 + z/2)v −

(
α − ε

2

)
w. (18.8)

Denoting now h(z) := H (z,w(z), v(z)) and τ(z) := exp
∫
h(z) dz, we observe that

τ(z) is an entire function and h(z) satisfies the equation

(h′′)2 + 4(h′)3 + 2h′(zh′ − h)− 1

4

(
α + 1

2

)2

= 0.

This may be verified by direct computation. Moreover,

4h′w = 2h′′ + α + 1

2
, v = −2h′, ε = −1.
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§19 The Bäcklund transformations of (P2)

The Bäcklund transformations, originally introduced by A. Bäcklund in 1870’s, see
e.g. Lamb [1], in relation to investigating surfaces of constant negative curvature, form
a powerful device to studying solutions of (P2). To this end, denote byP2(α) the family
of solutions of (P2) with the parameter value α ∈ C, and by wα a solution in P2(α).
Moreover, define F := {(P2(α)) | α ∈ C}. Then the Bäcklund transformations are
certain mappings from F into F .

We first observe that S : F → F defined by

S(wα) = −wα ∈ P2(−α) (19.1)

is a transformation of required type. Moreover, S � S = I , the identity on F .
To define another transformation, take w ∈ P2(α), and define

y = T −1(w) :=
{
−w, if α = 1

2 and w′ = w2 + z
2 ,

−w + α−1/2
w′−w2−z/2 , otherwise,

(19.2)

see Lukashevich [3]. We proceed to show that T −1(w) ∈ P2(α − 1), hence defining
again a required transformation. Clearly we may assume that α �= 1

2 . Fix now ε = 1,
and use (18.1) to define

v = w′ − w2 − z
2
.

By (19.2) and (P2), it is a straightforward computation to show that

−
(
y′ + y2 + z

2

)
= v. (19.3)

Differentiating (19.3), and making use of (18.1) for v′, we obtain

y′′ = −2yy′ − 1

2
− v′

= −2y
(
−y2 − z

2
− v
)
− 1

2
− α + 1

2
+ 2v

(
−y + α − 1/2

w′ − w2 − z/2
)

= 2y3 + zy + 2yv − α − 2vy + 2

(
α − 1

2

)
= 2y3 + zy + α − 1,

as required.
By a similar computation, for y ∈ P2(α − 1),

w = T (y) :=
{
−y, if α = 1

2 and y′ = −y2 − z
2 ,

−y − α−1/2
y′+y2+z/2 , otherwise.

(19.4)

defines the inverse transformation such that T (y) ∈ P2(α). Moreover, it is immediate
to see that S and T generate a transformation group G2 in F . By the notations
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τ(α) := −α, τ+(α) := α + 1, for transformations τ : C → C, τ+ : C → C a
transformation group G̃2 in C will be defined. Hence, we are now ready to state the
following theorem, see Okamoto [4]:

Theorem 19.1. The Bäcklund transformations S, T defined in (19.1), (19.2) form in
a transformation group G2 on F . Moreover, the transformation groups G2, G̃2 in C

andW(A1), whereW(A1) is the affine Weyl group associated with the Lie algebra of
type A1 are isomorphic.

We now proceed to construct another transformation formula related to the map-
ping T : F → F . To this end, assume that α �= ± 1

2 , choose wα−1 ∈ P2(α − 1), and
denote now wα = T (wα−1) and wα+1 = T (wα). By (19.4),

wα+1 = −wα − α + 1/2

w′α + w2
α + z/2

(19.5)

and by (19.2),

wα−1 = −wα + α − 1/2

w′α − w2
α − z/2

. (19.6)

Solving w′α from (19.6) and substituting into (19.5) we obtain an algebraic relation
between wα−1, wα , wα+1 as follows:

wα+1 = −wα − α + 1/2

2w2
α + z+

α − 1/2

wα + wα−1

. (19.7)

By a similar computation, a relation between wα−2, wα−1, wα , wα+1 follows:

wα−2 = −wα−1 + (2α − 3)(wα + wα+1)

2α + 1+ 4(w2
α − w2

α−1)(wα + wα+1)
. (19.8)

Another, less obvious transformation connects P2
(
ε
2

)
, ε2 = 1 and P2(0). In order

to construct this transformation, consider w ∈ P2
(
ε
2

)
such that the corresponding

v = v(z, ε) in (18.1) does not vanish identically. Therefore, by (18.1) and (18.4),
v = w′ − εw2 − 1

2εz �= 0 and

v′′ = (v
′)2

2v
− zv − 2εv2. (19.9)

We now define an algebroid function u(z) by

v = λu2 (19.10)

with λ = −ε · 21/3. Differentiating (19.10) twice and making use of (19.9) we get

u′′ = 1

2λu
v′′ − (u

′)2

u
= 1

2λu

(
(v′)2

2v
− zv − 2εv2

)
− (u

′)2

u
.
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By (19.10) and v′ = 2λuu′ it is straightforward to verify that

u′′ = −ελu3 − 1

2
zu. (19.11)

We now define a change of variable by z = −21/3τ . Defining y(τ) := u(−21/3τ) =
u(z), it is immediate to conclude that

y′′(τ ) = 2y(τ)3 + τy(τ ),
hence y(τ) ∈ P2(0), and so y has to be meromorphic by Theorem 2.1. As an obvious
consequence, u is meromorphic as well. Combining the definition of y(τ) above,
(19.10) and the pair (18.1) of differential equations we immediate obtain the asserted
connection:

Theorem 19.2. For y(τ) ∈ P2(0) and w(z) ∈ P2(
ε
2 ), ε

2 = 1, w′ �= εw2 + 1
2εz, it is

true that ⎧⎪⎪⎨⎪⎪⎩
− 21/3εy(τ)2 = w′(z)− εw(z)2 − 1

2
εz,

w(z) = 2−1/3ε
y′(τ )
y(τ )

.

(19.12)

Corollary 19.3. To determine solutions of (P2) for arbitrary values of the parameter
α, it suffices to determine solutions of (P2) for all α satisfying

0 ≤ Re α ≤ 1

2
. (19.13)

Remark 1. The strip (19.13) is a fundamental domain of the parameter space, called
the Weyl chamber.

Remark 2. As a consequence of the above reasoning, see (19.10), we observe that
all zeros and poles of v are of even multiplicity whenever w ∈ P2(

ε
2 ), ε

2 = 1, and
v = v(z, ε) �= 0 is determined by the first equation of (18.1).

Remark 3. From (19.2) with α �= 1
2 , it is a direct computation to verify that

w′ − w2 + y′ + y2 = 0. (19.14)

Now, (19.14) is a Riccati equation for w with a particular solution w = −y. This
enables us to solve the equation (19.14). With the initial data w(z0) = w0, w′(z0) =
w′0, we obtain

wα−1 = −wα + (α − 1/2)J (wα)

w′0 − w2
0 − z0/2+ (α − 1/2)

∫ z
z0
J (wα) dz

, (19.15)

where J (wα) is an entire function such that J ′(wα)/J (wα) = 2wα and J (wα)(z0) =
0. The formula (19.15) is called the integral form of the Bäcklund transformation.
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Remark 4. The formulas (19.7) and (19.8) determine a principle of nonlinear super-
position for the equation (P2). The transformations (19.2) and (19.4) permit us to
construct the solutions for the different values of the parameters. Note that if α ∈ N,
then (19.2) and (19.4) may be considered as the discrete analogues of (P2) in the
parameter α. The discrete analogues of the Painlevé equations have recently been
derived using either a method based on the singularity confinement or the orthogonal
polynomials, see Grammaticos, Nijhoff and Ramani [1]. Relations (19.2) and (19.4)
present the additional method of deriving the nonautonomous integrable discrete equa-
tions, based on the use of the Bäcklund transformations for the continuous Painlevé
equations.

The transformations have been applied to construct solutions of (P2)with a change
of the parameter α. However, we may apply these transformations to obtain modified
solutions with the same parameter α as in the initial solution. Such transformations
are called auto-Bäcklund transformations.

A simple example of an auto-Bäcklund transformation is the transformation S with
α = 0. Another example is the transformation Sj : F → F defined by

Sj
(
wα(z)

) := μwα(μz)
with μ = e2πij/3, j ∈ Z. In general, wα(z) and Sj

(
wα(z)

)
are distinct solutions.

Indeed, let wα(z) ∈ P2(α) with a pole at z = 0 and the Laurent expansion at z = 0

wα(z) = ε
z
− α + ε

4
z2 + hz3 +O(z4),

see (17.1). Then it is easy to verify the corresponding expansion for Sj � wα:

Sj
(
wα(z)

) = ε
z
− α + ε

4
z2 + μhz3 +O(z4).

Hence, wα(z), Sj
(
wα(z)

)
are distinct provided that h �= 0.

Theorem 19.4. Let wα(z), α ∈ Z, be a solution in (P2). Then

w̃α(z) = T αST −αwα(z) (19.16)

is also a solution of (P2) and w̃α(z), wα(z) are distinct solutions, provided wα(z) is
non-rational.

Proof. Indeed, from (19.2), (19.4) it follows that (19.16) is a solution. Noncoincidence
of the solutions wα(z) and w̃α(z) follows from the fact that wα(z) is nonrational
solution and in this case ST −αwα(z) = −T −αwα(z) �≡ 0. 	


As an example, we construct the auto-Bäcklund transformation T ST −1 for α = 1
explicitly.To this end, let w1(z) be a nonrational solution of (P2) with the parameter
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α = 1. Then, in accordance with Theorem 19.4, the ”new” solution w̃1(z) with
parameter α = 1 may be constructed by the scheme

w1(z)
T −1→ w0(z)

S→ w̃0(z)
T→ w̃1(z), (19.17)

where w̃0(z) = Sw0(z) = −w0(z). Since w̃1(z) = T
(
w̃0(z)

) = T ( − w0(z)
)
, we

have

w̃1(z) = −w̃0(z)− 1/2

w̃′0(z)+ w̃2
0(z)+ z/2

= w0(z)− 1/2

−w′0(z)+ w2
0(z)+ z/2

.

(19.18)
However, from (19.2) with α = 1 it follows that

w0(z) = −w1(z)+ 1/2

w′1(z)− w2
1(z)− z/2

. (19.19)

Substituting (19.19) into (19.18) and keeping in mind thatw′′1(z) ≡ 2w3
1(z)+zw1(z)+

1, we obtain the expression of the ”new” solution w̃1(z) by means of the ”old” solution
w1 := w1(z):

w̃1(z) = −w1 + 1

2θ
− θ2

(2w′1 + 2w2
1 + z)θ2 − 4w1θ + 1

, (19.20)

where θ := w′1 − w2
1 − z/2. Substituting w′1(z) from (19.19) into (19.20), we obtain

an algebraic relation between the solutions w0 := w0(z),w1 = w1(z), w̃1 := w̃1(z):

1

w̃1 − w0
+ 1

w1 + w0
+ 2z+ 4w2

0 = 0. (19.21)

§20 Rational solutions of (P2)

Rational solutions of (P2) have been investigated in detail, e.g. by Murata [1] and
by Yablonskiı̆ [1] and Vorob’ev [1]. We offer here a short characterization of these
solutions.

Lemma 20.1. (P2) admits a rational solution if and only if (17.3) admits a polynomial
solution (v, u) = (P,Q) �= (P, 0).
Proof. Let (P,Q) be a polynomial solution of (17.3). By Theorem 17.4, P/Q solves
(P2).

Suppose next w is a rational solution of (P2). Let W be a meromorphic function
such that W ′ = w2. Since w(z) = O(z−1) around z = ∞, W is rational and so
with finitely many poles, all of them being simple and with residue equal to −1.
Therefore, there exists a polynomialQ such thatQ′ = −WQ. Obviously, P := wQ
is a polynomial as well and (P,Q) is a solution of (17.3). 	
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Theorem 20.2. (P2) admits a uniquely determined rational solution if and only if
α ∈ Z.

Proof. We first observe that (P2) admits at least one rational solution for every α ∈ Z.
In fact, w = 0 trivially satisfies (P2) with α = 0. Applying (19.4) inductively, we
may construct a rational solution of (P2) for every α ∈ N, extending this to α ∈ Z by
an application of (19.1).

We next show that w = 0 is the unique rational solution for

w′′ = 2w3 + zw. (20.1)

Suppose w �= 0 is a rational solution of (20.1), which may be written as

w′′

w
= 2w2 + z. (20.2)

Obviously, 2w2 + z→∞ as |z| → ∞. On the other hand, writing w = P/Q with
P,Q polynomials, we obtain

w′′

w
= P

′′

P
− Q

′′

Q
− 2
Q′

Q

P ′

P
+ 2

(
Q′

Q

)2

.

Hence, as z→∞, then w′′/w→ 0, a contradiction.
Suppose now α �= 0, and let w = P

Q
�= 0 be a rational function in P2(α). By

Lemma 20.1 and (17.3),
P 2 = (Q′)2 −QQ′′. (20.3)

Let q, resp.p, denote the degree of the polynomialQ, resp.P . By (20.3), 2p = 2q−2,
hence p = q − 1. Since α �= 0, w must be non-constant. Write now{

Q(z) = qnzn + qn−1z
n−1 + · · · + q0, qn �= 0,

P (z) = pn−1z
n−1 + pn−2z

n−2 + · · · + p0.
(20.4)

Substitute (20.4) into (20.3) and into

P ′′Q2 + P(Q′)2 − 2QQ′P ′ = P 3 + zPQ2 + αQ3, (20.5)

see (17.3). Comparing the coefficients of the leading terms in (20.3) and (20.5) results
in

nq2
n = p2

n−1, pn−1 = −αqn
and so

n = α2. (20.6)

Therefore |α| ≥ 1. Applying now the Bäcklund transformation T for α � −1, resp.
T −1 for α ≥ 1, finitely many times, we observe that α ∈ Z. Since T k(w) ≡ 0, resp.
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(T −1)k(w) ≡ 0, we conclude that for a given α ∈ Z, P2(α) contains exactly one
rational element. 	


Starting from w = 0 for α = 0, and applying the Bäcklund transformations S, T ,
it is immediate to apply mathematical software to compile the following list of first
rational solutions in P2(±α), α = 1, . . . , 7, see the table below.

Table 20.1. List of the first rational solutions of (P2).

α wα(z)

0 0

±1 ∓1

z

±2 ±4− 2z3

4z+ z4

±3 ∓3z2(160+ 8z3 + z6)
−320+ 24z6 + z9

±4 ∓4(−224000− 112000z3 − 22400z6 + 1000z9 + 50z12 + z15)

z(−80+ 20z3 + z6)(11200+ 60z6 + z9)
±5 ∓(5(14049280000− 14049280000z3 + 1404928000z6 + 213248000z9

+6899200z12 + 35840z15 + 7840z18 + 152z21 + z24)
)
/(

(11200z+ 60z7 + z10)

(−6272000− 3136000z3 + 78400z6 + 2800z9 + 140z12 + z15)
)

±6 ∓(6z2(−121160990720000000− 6058049536000000z3

−2704486400000000z6 + 2950348800000z9 − 9904742400000z12

−313474560000z15 − 131712000z18 + 103488000z21 + 2352000z24 + 44800
z27 + 350z30 + z33)

)
/
(
(−6272000− 3136000z3 + 78400z6 + 2800

z9 + 140z12 + z15)(−38635520000+ 19317760000z3 + 1448832000z6

−17248000z9 + 627200z12 + 18480z15 + 280z18 + z21)
)

±7 ∓(7(17076526960869376000000000+ 17076526960869376000000000z3

+5122958088260812800000000z6 − 564135265671577600000000z9

−24187126255452160000000z12 − 462433422409728000000z15

+46999213735936000000z18 + 1426812844441600000z21

+50732301312000000z24 + 471353344000000z27 + 1733079040000z30

+87193344000z33 + 2099955200z36 + 25356800z39 + 186240z42

+688z45 + z48)
)
/
(
(−38635520000+ 19317760000z3 + 1448832000z6

−17248000z9 + 627200z12 + 18480z15 + 280z18 + z21)

(−3093932441600000z− 49723914240000z7 − 828731904000z10

+13039488000z13 + 62092800z16 + 5174400z19 + 75600z22 + 504z25 + z28)
)
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Recalling that all poles are simple for rational solutions of (P2) as well, with residue
±1, we add the following theorem, which parallels to Theorem 15.1 and Theorem 15.2
in the case of rational solutions.

Theorem 20.3. Let wα be the rational solution of (P2) with the parameter α �= 0,
and let l+, resp. l−, denote the number of poles with the residue +1, resp. −1. Then

l+ = α(α − 1)

2
, l− = α(α + 1)

2
.

Proof. Recalling (20.4) and (20.6) from the preceding proof, we first observe that

l+ + l− = n = α2. (20.7)

By elementary properties of rational functions and their residues, see e.g. Hahn and
Epstein [1], p. 151–155,

−Res(∞, wα) = lim
z→∞ zwα(z) = lim

z→∞

n∑
j=1

± z

z− zj = l+ − l−,
as this limit exists (and sowα has a simple zero at z = ∞). Denoting f (t) := wα

( 1
t

)
,

we get w′α
( 1
t

) = −t2f ′(t) and w′′α
( 1
t

) = t4f ′′(t)+ 2t3f ′(t). Substituting into (P2)

results in

t4f ′′(t)+ 2t3f ′(t) = 2f (t)3 + 1

t
f (t)+ α. (20.8)

Since f (t) = β1t+β2t
2+· · · has a simple zero at t = 0, (20.8) implies that β1 = −α,

hence Res(∞, wα) = α. Therefore

l+ − l− = −α. (20.9)

Now, (20.7) and (20.9) yield the assertion. 	

We close this section by an immediate consequence of the Bäcklund transforma-

tions:

Theorem 20.4. For all rational solutionsw(z) of (P2), there exists a rational function
R(z) such that

zw(z) = R(z3). (20.10)

Proof. Clearly, it suffices to show that the Bäcklund transformations S and T preserve
the form (20.10). For S, this is trivial. Assume now that zw(z) = R(z3), and consider
y = T −1(w). Since zw′(z)+ w(z) = 3z2R′(τ ), where τ := z3, we get

zy(z) = −zw(z)+ (α − 1/2)z2

zw′(z)− zw2(z)− z2/2

= −R(τ)+ (α − 1/2)τ

3τR′(τ )− zw(z)− z2w2(z)− τ/2
= −R(τ)+ (α − 1/2)τ

3τR′(τ )− R(τ)− R2(τ )− τ/2
which is of the required form. 	
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§21 The Airy solutions of (P2)

By the second Malmquist theorem, see again Erëmenko [1], Theorem 6, and Hotzel
[1], Satz 4.5, if a transcendental solution w(z) of (P2) satisfies a first order algebraic
differential equation P(z,w,w′) = 0, this equation reduces to

(w′)m +
m∑
j=1

( n(j)∑
i=0

qij (z)w
i
)
(w′)m−j = 0, (21.1)

wheren(j) ≤ 2j and the coefficientsqij (z) are rational functions. Such transcendental
solutions w(z) ∈ A1(C(z)) of (P2), hence satisfying (21.1), are called Airy solutions
in what follows, see Remark 1 following Theorem 18.2. It is immediate to observe
that all solutions w(z) of the Riccati differential equation

w′ = εw2 + 1

2
εz, ε2 = 1, (21.2)

also satisfy (P2) with α = ε
2 . Recall again that all poles of w(z) are simple and with

residue −ε. Therefore, there exists an entire function g such that w = −ε g′
g

and that

g′′ + z
2g = 0. By Laine [1], Proposition 5.1, ρ(g) = 3

2 . Since m(r,w) = S(r,w)
by the Clunie reasoning, ρ(w) = 3

2 for all such solutions of (P2). Invoking now
the Bäcklund transformations S, T , T −1 defined in §19, it becomes immediate to
construct, for each α = 2m+1

2 , m ∈ Z, at least one solution of (P2) satisfying a first
order differential equation P(z,w,w′) = 0, necessarily being of the form (21.1).
Denoting these solutions by wα(z), whenever wα ∈ P2(α), we recall by §19 that

wα+1 := T (wα) = −wα − α + 1/2

w′α + w2
α + z/2

, (21.3)

wα := T −1(wα+1) = −wα+1 + α + 1/2

w′α+1 − w2
α+1 − z/2

. (21.4)

Therefore, all solutions of (P2) constructed from the Riccati differential equations
(21.2) via the Bäcklund transformations, and which satisfy a first order algebraic
differential equation, being necessarily of type (21.1), must be of order ρ(w) = 3

2 , as
seen from (21.3) and (21.4) by elementary order considerations.

Example. Considering the Riccati differential equation (21.2) with ε = 1, i.e.

w′ = w2 + z
2
, (21.5)

and denoting by w1/2(z) its solutions, then

y = w3/2 := −w1/2 − 1

w′1/2 + w2
1/2 + z/2

. (21.6)
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Making use of the inverse transformation,

w1/2 = −y + 1

y′ − y2 − z/2 , (21.7)

and substituting (21.7) into (21.5), we conclude that all functions of type (21.6) satisfy

(y′)3 − (y2 + z
2
)(y′)2 − (y4 + zy2 + 4y + z

2

4
)y′

+ y6 + 3

2
zy4 + 4y3 + 3

4
z2y2 + 2yz+ 2+ z

3

8
= 0.

Recalling from §18 that w1/2 = U := −u′/u where u is a solution of the Airy
equation, we obtain the following table of the first Airy solutions described above:

Table 21.1. List of the first Airy solutions of (P2).

α wα(z)

±1

2
±U

±3

2
∓2U3 + zU − 1

2U2 + z

±5

2
±1+ 6U3 + 3Uz− 4U4z− 4U2z2 − z3

(2U2 + z)(1+ 4U3 + 2Uz)

±7

2
±(− 96U7 − 152U5z− 80U3z2 + 16U6z2 + 24U4(−1+ z3)

+z2(−5+ 2z3)+ 2U2z(−11+ 6z3)− U(1+ 14z3)
)
/(

(1+ 4U3 + 2Uz)(−3− 16U3 − 8Uz+ 8U4z+ 8U2z2 + 2z3)
)

±9

2
±(27+ 312U2z2 + 96U8z2 − 9z3 − 2z6 − 64U9(−27+ 2z3)

−24U5z2(−45+ 8z3)+ 16U6(85+ 8z3)+ 4U4z(335+ 12z3)
+U7(2448z− 256z4)+ U3(338+ 108z3 − 64z6)

+U(171z− 18z4 − 8z7)
)
/
(
(−3− 16U3 − 8Uz+ 8U4z+ 8U2z2 + 2z3)

(72U5 + 9z+ 88U3z+ 26Uz2 − 16U4z2 − 4z4 + U2(14− 16z3))
)

±11

2
±(128U11z2(−243+ 8z3)+ 32U10z(3321+ 40z3)+ 16U8z2(13969+ 328z3)

+16U5z2(271− 4146z3 + 80z6)+ 16U7z(−4879− 6972z3 + 160z6)
+16U9(−4779− 5828z3 + 160z6)+ 16U6(−2660+ 10711z3 + 456z6)
+8U4z(−5001+ 6719z3 + 584z6)+ 2U2z2(−3564+ 1881z3 + 712z6)

+Uz(−4050+ 6399z3 − 2292z6 + 32z9)+ 3(−162+ 378z3 − 261z6 + 56z9)
+4U3(−1971+ 6231z3 − 4894z6 + 80z9)

)
/(

(72U5 + 9z+ 88U3z+ 26Uz2 − 16U4z2 − 4z4 + U2(14− 16z3))
(−54− 488U3 − 252Uz+ 9z3 + 8z6 + 8U6(−135+ 8z3)

+12U4z(−91+ 8z3)+ 6U2z2(−43+ 8z3))
)



110 5 The second Painlevé equation (P2)

On the other hand, the process above covers all Airy solutions of (P2). In fact, we
proceed to prove

Theorem 21.1. The second Painlevé equation (P2) admits no other Airy solutions
than those obtained from the solutions of the Riccati differential equations (21.2) by
repeated applications of the Bäcklund transformations. Therefore, an Airy solution
of (P2) exists if and only if α ∈ 1

2 + Z. All Airy solutions w(z) of (P2) are of order
ρ(w) = 3

2 .

Proof. We first prove that no solutions of (21.1) appear, if |Re α| ≤ 1
2 and α �= 1

2 .
Recalling the transformation S in §19, we may assume that 0 ≤ Re α ≤ 1

2 and α �= 1
2 .

Suppose now, contrary to the assertion, that a transcendental solution ϕ(z) of (P2)

also satisfies a first order equation (21.1). Consider now a pole z0 of ϕ(z). As the pole
is simple, and so ϕ(z) is locally univalent around z0, it is not difficult to obtain the
expansion

ϕ′ = εϕ2 + 1

2
εz+

(
αε − 1

2

)
ϕ−1 +

∞∑
j=2

A−j ϕ−j , (21.8)

where A−2 may be arbitrary, valid in some neighborhood of z0. For a construction of
this expansion, see the proof of Theorem 2.1 and the formula (2.6) in particular.

Write now the equation (21.1) as

P(z,w,w′) = (w′)m + P1(z, w)(w
′)m−1 + · · · + Pm(z,w) = 0, (21.9)

where each Pj (z,w) is a polynomial in w with rational coefficients and where
degwPj (z,w) ≤ 2j . The case m = 1 is trivial. In fact, (21.9) then reduces to a
Riccati differential equation

w′ = a0(z)+ a1(z)w + a2(z)w
2

with rational coefficients by the Malmquist theorem, see Laine [1], Theorem 10.2.
Differentiating we get

w′′ = b0(z)+ b1(z)w + b2(z)w
2 + b3(z)w

3

with some rational coefficients. Since this has to be equal to (P2), it is elementary
to show that b0 = α = ± 1

2 , a contradiction. Hence, we may assume that m ≥ 2,
although this is actually not needed below.

Consider the (generalized) algebraic equation

Xm + P1(z, w)X
m−1 + · · · + Pm(z,w) = 0. (21.10)

We may assume that (21.10) is irreducible in Az[w,X]. Clearly, (21.10) has a solution

X = S(z,w),
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where S(z,w) is algebraic with respect to w and defines a connected algebraic curve.
Consider now S(z,w) around w = ∞. We first observe that (21.9) is equivalent to

w′ = S(z,w). (21.11)

There exists a branch S1(z, w) of X = S(z,w) such that the solution ϕ(z) satisfies
w′ = S1(z, w) around the pole z = z0. Then S1(z, w) may be expressed in the form

S1(z, w) = εw2 + 1

2
εz+

(
αε − 1

2

)
1

w
+

∞∑
j=2

A−jw−j (21.12)

around w = ∞. Let S2(z, w), . . . , Sm(z,w) be the other local branches of S(z,w)
around w = ∞, expressed by Puiseux series, see, e.g. Ahlfors [1], p. 287–290. Con-
sider next the analytic continuation with respect to w from S1(z, w) to S2(z, w), both
locally around w = ∞. Then, by the same argument as in the proof of Theorem 13.1,
the equation

w′ = S2(z, w)

admits a solution ϕ2(z) satisfying (P2) simultaneously, and at z = z0, ϕ2(z) has
a pole. Hence, around w = ∞, S2(z, w) has an expansion of the same form as
(21.12), possibly with a different sign of ε, and with a different A−2. Continuing
we obtain similar expansions for all branches S2(z, w), . . . , Sm(z,w), denoted by
Sj (z,w, ε,A−2,j ) to indicate the values of ε andA−2,j in (21.12). Denote now by l+,
resp. l−, the number of branches with ε = 1, resp. ε = −1, in the expansion (21.12).
Then

P(z,w,w′) =
l+∏
j=1

(w′−Sj (z,w, 1, A−2,j ))

l−∏
k=1

(w′−Sk(z,w,−1, A−2,k)). (21.13)

Expanding now (21.13), we obtain

P(z,w,w′) = (w′)m −
(
σ2w

2 + σ1w + σ0 +
∞∑
j=1

σ−jw−j
)
(w′)m−1 + · · · ,

where σ2 = l+ − l−, σ1 = 0, σ0 = 1
2 (l+ − l−)z and σ−1 = α(l+ − l−)− 1

2m. Since
(21.13) has to be a polynomial in w,w′, we have σ−j = 0 for j ≥ 1. Therefore⎧⎨⎩

l+ + l− = m
α(l+ − l−) = 1

2
m.

(21.14)

From (21.14) we first observe that α ∈ R, and since 2α < 1, we get l+ + l− = m,
l+ − l− > m, which is not possible for l+ ≥ 0, l− ≥ 0.

It remains to show that for α = 1
2 all solutions of (P2) also solving a first-order

equation of type (21.1) are solutions of the Riccati differential equation (21.2) with
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ε = 1. But (21.14) now implies that l+ = m, l− = 0. In this case, around each pole
z̃0 of ϕ(z), the function ϕ(z) satisfies either of the equations

w′ = Sj (z,w) = w2 + 1

2
z+ · · · , j = 1, . . . , m,

since l+ = m. Therefore, every pole of ϕ(z) has the same residue −1. By Theo-
rem 18.2, ϕ(z) satisfies the Riccati equation (21.2). 	


§22 Higher order analogues of (P2)

Similarly as to §19 for (P1), we apply the method of using higher order Korteweg–de
Vries equations to obtain higher order analogues of (P2). To this end, we consider
the Korteweg–de Vries hierarchy for a function u(x, t) of two variables, sufficiently
smooth, as follows:

Let D stand, for a while, for the partial differentiation operator ∂
∂x

, and define

Lu := 2u+ 2DuD−1 −D2, (22.1)

where D−1 stands for the inverse operator of D. We now consider the equations

(2m− 1)
∂u

∂t
= Xmu, (mKdV)

where

X1u = Du = D∂H1

∂u
, Xmu = LuXm−1u = D∂Hm

∂u
, m ≥ 2. (22.2)

If m = 2, then we obtain the Korteweg–de Vries equation

3
∂u

∂t
= X2u = (2u+ 2DuD−1 −D2)

∂u

∂x
= 6u

∂u

∂x
− ∂

3u

∂x3 . (KdV)

Similarly, for m = 3, we get

5
∂u

∂t
= 30u2 ∂u

∂x
− 20

∂u

∂x

∂2u

∂x2 − 10u
∂3u

∂x3 +
∂5u

∂x5
.

By a change of variables,

z := xt−1/(2m−1), q(z) := t2/(2m−1)u(x, t), (22.3)

(mKdV) reduces to the ordinary differential equation

Xmq + 2q + zq ′ = 0, (22.4)
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where Lq andXmq are defined by (22.1), (22.2) with u replaced by q, x replaced by z
and ′ denoting the differentiation with respect to z. For the convenience, we also use
now D to denote the same as ′.

Given a meromorphic w, denote now q := w′ +w2 and define an operator Sw by

Sw := 4w2 + 4w′D−1w −D2.

It is easy to verify that

(2w +D)Sw = Lq(2w +D). (22.5)

Moreover,
Xmq = (2w +D)Sm−1

w (w′). (22.6)

In fact, since X1q = Dq = (2w + D)(w′) = (2w + D)S0
w(w

′), (22.6) holds for
m = 1. Supposing (22.6) holds for m, we get

Xm+1q = LqXmq = Lq(2w +D)Sm−1
w (w′)

= (2w +D)Sw(Sm−1
w (w′)) = (2w +D)Smw (w′).

Hence we can integrate the equation (22.4) to obtain

D−1Snw(w
′)+ zw + α = 0, (2nP2)

where n = m− 1, n = 1, 2, . . . and α is a constant of integration. In fact, this follows
by using (22.6) and differentiating (2nP2). Clearly, the order of the equation (2nP2)

is 2n.
For n = 2, hencem = 2, the equations (mKdV) and (2nP2) become the Korteweg–

de Vries equation (KdV), already computed above, and the second Painlevé equation

w′′ = 2w3 + zw + α, (P2)

with the connection

u(x, t) = t−2/3(w′(z)+ w2(z)), z = xt−1/3

between the solutions. This is a well-known result due to Ablowitz and Segur [1]. For
n = 2, n = 3, n = 4 in (2nP2) we obtain, correspondingly,

w(4) = 10w2w′′ + 10w(w′)2 − 6w5 − zw − α, (4P2)

w(6) = 14w2w(4) + 56ww′w(3) + 42w(w′′)2 − 70
(
w4 − (w′)2)w′′

− 140w3(w′)2 + 20w7 + zw + α, (6P2)

w(8) = 18w2w(6) + 108ww′w(5) − 6
(
21w4 − 35(w′)2 − 38ww′′

)
w(4)

− 138w
(
w(3)
)2 − 252w′(4w3 − 3w′′)w(3) + 182(w′′)3

− 756w3(w′′)2 + 84w2(5w4 − 37(w′)2
)
w′′ − 798w(w′)4

+ 1260w5(w′)2 − 70w9 − zw − α.

(8P2)
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Presently, there is no rigorous proof to show that all solutions of (2nP2) would be
meromorphic functions, although we conjecture that this is the case. Therefore, in
what follows, we restrict ourselves to considering meromorphic solutions of (2nP2),
which may, of course, be represented as the quotient w(z) = v(z)/u(z) of two entire
functions v(z), u(z). We establish a one-to-one correspondence between the meromor-
phic solutions of the equation (2nP2) and the entire solutions of a system constructed
below.

To this end, we first observe, by (2nP2) and the definition of the operator Sw that
w(z) has the Laurent expansion

w(z) = α−1(z− z0)
−1 + α1(z− z0)+ ϕn(z− z0) (22.7)

at a pole z = z0 with α−1 taking one of the values ±1,±2, . . . ,±n and ϕn(z − z0)

being analytic in a neighborhood of z0. Similarly as to (P2) in §17, we may construct
a meromorphic functionW(z) such thatW ′ = w2, see Gromak [8], [13] and an entire
function u(z) such that u′ = −Wu, with a zero of multiplicity α2−1 at z = z0. Again,
u may be represented as

u(z) = exp
(
−
∫ z
ds

∫ s
w2(t) dt

)
,

where the path of integration avoids the poles of w. Defining v(z) := w(z)u(z), we
obtain the required representation. In fact, differentiating u′ = −Wu and looking at
(2nP2), we obtain{

uu′′ − (u′)2 = −v2,

D−1Sn
vu−1(v

′u−1 − vu′u−2)+ zvu−1 + α = 0.
(22.8)

For example, for the equation (4P2) we have⎧⎪⎪⎨⎪⎪⎩
uu′′ − (u′)2 = −v2,

v(4)u4 − 4v(3)u′u3 + 6v′′(u′)2u2 − 2v′′v2u2 − 4v′(u′)3u
+ 4v′u′v2u+ v(u′)4 − 2v3(u′)2 + v5 + zvu4 + αu5 = 0.

We now proceed to consider the pair (22.8) in more detail.
We first observe that the initial conditions

u(z0) = u0, u′(z0) = u′0,
v(z0) = v0, v′(z0) = v′0, . . . , v(2n−1)(z0) = v(2n−1)

0 ,
(22.9)

where z0, u0, u′0, v0, v′0, . . . , v(2n−1)
0 ∈ C, determine the solution of (22.8), provided

u(z0) �= 0. If u(z0) = 0, the initial conditions (22.9) are singular.

Lemma 22.1. The pair (22.8) has a solution

v = 0, u = exp(az+ b) (22.10)

for any a, b ∈ C, provided α = 0.
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Lemma 22.2. If (v, u) is a solution of the pair (22.8) and λ(z) �≡ 0, then

(̃v, ũ) = (λ(z)v, λ(z)u), λ(z) �≡ 0 (22.11)

is a solution of the pair (22.8) if and only if λ(z) = eaz+b, a, b ∈ C.

Similarly as to Lemma 22.1 and Lemma 22.2, these lemmas follow by direct
substitution of (22.10) and (22.11) into (22.8).

Theorem 22.3. Let (v, u) be an arbitrary non-zero entire solution of the pair (22.8)
for some fixed value of parameter α different from the special solution (22.10). Then
the quotient v(z)/u(z) represents a meromorphic solution of the equation (2nP2) with
the same parameter value α.

Proof. Let (v, u) be a non-zero entire solution of (22.8) with the initial conditions
(22.9). If u = 0, then v = 0. Therefore u �= 0. Then there exists z0 such that u(z0) =
u0 �= 0. Let us take a solution w(z) of equation (2nP2) with the initial conditions
w(z0) = v0/u0, w′(z0) = v′0/u0 − v0u

′
0/u

2
0, . . . , w

(2n−1)(z0) = (v/u)(2n−1)(z0)

such that u′′(z0) = ((u′0)2 − v2
0)/u0. We may now construct a solution of (22.8) as

u1(z) := u0 exp
(
(z− z0)

u′0
u0
−
∫ z
z0

dz

∫ z
z0

w2(z) dz
)
,

v1(z) := u1(z)w(z),

(22.12)

where the path of integration avoids poles of w(z). It is not difficult to see that the
solution (v1(z), u1(z)) satisfies the same initial conditions as (v(z), u(z)). Hence, by
the local uniqueness, (v1(z), u1(z)) ≡ (v(z), u(z)). The assertion follows. 	


Theorem 22.4. Any meromorphic solution w(z) of the equation (2nP2) may be rep-
resented in the form w(z) = v(z)/u(z), where (v(z), u(z)) is an entire solution of
(22.8), determined up to factor exp(az+ b).
Proof. If w(z) = 0 with α = 0, we shall take the entire solution ((v(z), u(z)) =
(0, exp(az + b)) of the pair (22.8). Let w(z) �= 0. Then there exists a z0 that
w(z0) �= 0. Let us take u(z) and v(z) = w(z)u(z) as in the construction in (22.8). In
this case, v(z) and u(z) are entire solutions of (22.8) andw(z) = v(z)/u(z). However,
by (22.11), w(z) may also be expressed in terms of the solution

(̃v(z), ũ(z)) = (v(z) exp(az+ b), u(z) exp(az+ b)),
and the assertion follows. 	


Theorems 22.3 and 22.4 establish the required correspondence between the mero-
morphic solutions of the equation (2nP2) and the entire solutions of the pair (22.8).

Let now
w(z) = P(z)/Q(z) (22.13)
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be a rational solution of (2nP2), where P(z) and Q(z) are polynomials with no non-
trivial common factors. By direct substitution of (22.13) into (2nP2) it follows that
degP(z) = degQ(z) − 1. Therefore, any rational solution of (2nP2) may be repre-
sented in the form

w(z) =
n∑
k=1

k

[ l+k∑
jk=1

1

z− zjk
−

l−k∑
ik=1

1

z− zik

]
=

n∑
k=1

k

(
P ′k(z)
Pk(z)

− Q
′
k(z)

Qk(z)

)
,

where l±k is a number of poles with the residue k and −k, respectively, and

Pk(z) =
l+k∏
jk=1

(z− zjk ), Qk(z) =
l−k∏
ik=1

(z− zik ).

Therefore,

Q(z) =
n∏
s=1

PsQs P (z) =
n∑
k=1

kP̃k(P
′
kQk − PkQ′k),

where

P̃k =
n∏
s=1
s �=k

PsQs.

Then the pair (22.8) admits a solution

u(z) = N(z) exp(g(z)), v(z) = M(z) exp(g(z)), (22.14)

where g(z) is a polynomial and

N(z) =
n∏
k=1

(PkQk)
k2
, M(z) = P(z)

n∏
k=1

(PkQk)
k2−1. (22.15)

Substituting (22.15) into (22.8), we get a pair of differential equations of the form
(22.8) for M(z) and N(z) with u, v replaced by N,M . It is easy to observe that
g′′(z) = 0. As the second equation of (22.8) results by substitutingw(z) = v(z)/u(z)
into (2nP2), the following theorem follows:

Theorem 22.5. For the existence of a rational solution of (2nP2) it is necessary
and sufficient that (22.8) with u, v replaced by N,M has a polynomial solution(
M(z),N(z)

)
,N(z) �= 0, under the condition that at all poles ofw(z)with residue±k,

the polynomialsM(z) andN(z) have zeros of multiplicity k2− 1 and k2, respectively.
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Denote now

M(z) =
N−1∑
j=0

pjz
N−1−j , N(z) =

N∑
j=0

qj z
N−j , q0 = 1. (22.16)

Clearly

N = degN(z) =
n∑
k=1

(l+k + l−k )k2, (22.17)

where l+k , l
−
k are the numbers of poles of rational solutions with residues equal to k

and−k. Substituting (22.16) into the first equation of (22.8) we observe that p2
0 = N .

From the second equation of (22.8) it follows that p0 = −α. Therefore N = α2. For
a rational solution of (2nP2), z = ∞ is a holomorphic point. Substituting w(z) =∑∞
j=0 aj z

−j into (2nP2) yields a0 = 0, a1 = −α. Now from the total sum of the
residues of a single-valued function in the complex plane, see Hahn and Epstein [1],
we obtain

n∑
k=1

(l+k − l−k )k = −α,
n∑
k=1

(l+k + l−k )k2 = α2. (22.18)

Therefore, we easily obtain

Theorem 22.6. For the existence of a rational solution of (2nP2), it is necessary and
sufficient that α ∈ Z. For every integer α, the equation (2nP2) has a unique rational
solution.

Proof. The necessity follows from the first equation of (22.18), as the left-hand side of
this equation is an integer. The sufficiency follows from the Bäcklund transformations
of (2nP2) constructed below. They permit us to construct the rational solutions for all
integer parameters α from the seed solution w = 0 for α = 0. 	


Theorem 22.7. The pair of differential equations

w′ + w2 = q, w
(

2
∂Hn

∂q
+ z
)
+ α = Xnq (22.19)

is equivalent to the higher order Painlevé equation (2nP2).

Proof. The equivalence between (2nP2) and (22.19) immediately follows from the
identity

2w
∂Hn

∂q
−Xnq = D−1Snw(w

′), q = w′ + w2,
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which is verified as follows:

2w
∂Hn

∂q
−Xnq −D−1Snw(w

′)

= 2wD−1Xnq −Xnq −D−1Snw(w
′)

= (2wD−1(2w +D)− (2w +D))Sn−1
w (w′)−D−1Snw(w

′)
= (4wD−1w −D)Sn−1

w (w′)−D−1Snw(w
′)

= (4wD−1w −D −D−1(4w2 + 4w′D−1w −D2)
)
Sn−1
w (w′)

= D−1(D(4wD−1w −D)− (4w2 + 4w′D−1w −D2)
)
Sn−1
w (w′)

= 0. 	


Using the equivalent system (22.19), we obtain the Bäcklund transformations for
(2nP2), see Airault [1] and Gromak [8].

Theorem 22.8. Letw(z) be a meromorphic solution of (2nP2) with parameter α such
that

z+ 2
∂Hn

∂r
�= 0, r := w2 − w′.

Then the transformations

T −1 : w �→ w̃ = −w − (2α − 1)

(
z+ 2

∂Hn

∂r

)−1

, (22.20)

T : w̃ �→ w = −w̃ − (2α̃ + 1)

(
z+ 2

∂Hn

∂q̃

)−1

, (22.21)

S : wα(z) �→ −w−α(z), (22.22)

where q̃ = w̃2+ w̃′, determine Bäcklund transformations of (2nP2) such that T −1(w)

is a solution of (2nP2) with parameter α̃ = α − 1.

Proof. The pair (22.19) shows that a solution wα(z) of (2nP2) with parameter α
generates a solution q(z) of (22.4). Conversely, a fixed solution q(z) forms a solution
wα(z) of (2nP2) with parameter α. Denote now

Q := 2
∂Hn

∂q
+ z, P := Xnq. (22.23)

Then from (22.19) we get w = (P − α)/Q and

Q′ = 2D
∂Hn

∂q
+ 1 = 2Xnq + 1 = 2P + 1. (22.24)

Suppose now that a solution q(z) can be obtained from another solution w̃α̃(z) of
(2nP2). Then we have

w̃′ + w̃2 = q, w̃Q+ α̃ = P. (22.25)
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Therefore
w̃′ + w̃2 = w′ + w2, w̃Q+ α̃ = P (22.26)

and

w̃ = P − α̃
Q

= wQ+ α − α̃
Q

= w + α − α̃
Q

. (22.27)

Substituting w̃ from (22.27) andw = (P −α)/Q into the first equation of (22.26)
we find that

(α − α̃)Q′ = 2(α − α̃)(P − α)+ (α − α̃)2. (22.28)

Substituting Q′ from (22.24) gives two possibilities for α̃: either α̃ = α with
w̃ = w, or α̃ = −α − 1 with w̃ = w + (2α + 1)/Q. Finding w by means of w̃
yields the inverse transformation. We note that if w is a solution of (2nP2) with the
parameter α, then −w is a solution with the parameter −α. Thus w �→ −w implies
α �→ −α, q �→ r = −w′ + w2. This completes the proof. 	


From (22.19) it follows that (2nP2) has a (2n − 1)-parameter family of solutions
when α = m + 1/2,m ∈ Z. This family is generated by the generic solution of the
equation

2
∂Hn

∂r
+ z = 0. (22.29)

Finally, we remark that the fundamental domain of equation (2nP2) is also 0 ≤
Re(α) ≤ 1/2 and the following statement on the auto-Bäcklund transformations holds:

Theorem 22.9. Letwα(z) be a meromorphic solution of (2nP2). Then, for α ∈ Z, the
function

w̃α(z) = T αST −αwα(z)
is a solution of (2nP2) as well and w̃α �= wα , if wα(z) is non-rational.

Proof. Similar as the proof of Theorem 19.4. 	


To close this chapter, we shortly consider the case of (4P2). The pair of differential
equations equivalent to (4P2), corresponding to (22.19), takes the form

q = w′ + w2, w(6q2 + z− 2q ′′) = 6qq ′ − q ′′′ − α, (22.30)

and the Bäcklund transformations of (4P2) are

T −1 : w �→ w̃ = −w − (2α − 1)R−1(r),

T : w̃ �→ w = −w̃ − (2α̃ + 1)R−1(̃q),

whereR(r) := z+6r2−2r ′′, r := w2−w′, q̃ := w̃′ + w̃2. The poles of the solutions
w(z) are simple and have residues−1,+1 or−2,+2. A rational solution exists if and
only if α is an integer. Applying the Bäcklund transformations to the seed solution
w = 0 for α = 0, we obtain the following list of the first rational solutions of (4P2):
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Table 22.1. List of the first rational solutions of (4P2).

α wα(z)

0 0

±1 ∓1

z

±2 ∓2

z

±3 ±
(

2
z − 5z4

144+z5

)
±4 ±−6967296− 870912z5 − 288z10 − 4z15

z(144+ z5)(−48384+ 1008z5 + z10)

It follows from the equivalent pair (22.30) that (4P2) has a 3-parameter family of
solutions (called 3-solutions), defined by the system

w′ = −εw2 + y, y′′ = 3εy2 + εz/2, ε2 = 1, α = −ε/2. (22.31)

It is not difficult to deduce that any five solutions of the same Bäcklund hierarchy
are algebraically dependent. This results in a nonlinear superposition formula between
these solutions, see Gromak [15].

The second equation of (22.31) is, essentially, the first Painlevé equation. Taking
a meromorphic function u such that w = εu′/u, we obtain

u′′ − εyu = 0, y′′ = 3εy2 + εz/2. (22.32)

The first equation in (22.32) is linear. Therefore, the coefficient of this linear equation
is determined by a solution of the first Painlevé equation. In this sense, this result is
similar to the Lamé equation

u′′ + (a℘ (z)+ b)u = 0,

where ℘(z) is the Weierstrass elliptic function.

Remark. Value distribution of meromorphic solutions of (2nP2) has been recently
investigated by Li an He [1]. Connections between the higher order analogues of (P1)

and of (P2) has been investigated by Kudryashov [1].



Chapter 6

The fourth Painlevé equation (P4)

The fourth Painlevé equation (P4) is characterized, along with (P1) and (P2), by
the property that all of its solutions are meromorphic functions, as proved in §4.
However, as (P4) has two complex parameters, several phenomena appear to be more
complicated as is the case for (P2). In particular, this concerns the analysis of the
existence of rational solutions and the same applies for Bäcklund transformations.
Therefore, the fundamental parameter domain too becomes less transparent than in
the simple case of (P2). On the other hand, the polar behavior is quite similar to the
corresponding behavior for (P2). A new phenomenon is the connection of (P4) with
the complementary error function.

§23 Preliminary remarks

The fourth Painlevé equation

w′′ = (w
′)2

2w
+ 3

2
w3 + 4zw2 + 2(z2 − α)w + β

w
(P4)

contains two free parameters α, β ∈ C, in contrast to the first two Painlevé equations
(P1) and (P2). As shown in §4, see also Steinmetz [4], all solutions of (P4) are
meromorphic functions. From the proof of this fact in §4, we recall that all poles of
any solution w(z) of (P4) have to be simple with the residue ±1. In fact, around a
pole z0, the Laurent expansion of w(z) reads as

w(z) = μ

z− z0
− z0+ μ

3
(z2

0+ 2α− 4μ)(z− z0)+h(z− z0)
2+O(z− z0)

3, (23.1)

where μ2 = 1, h ∈ C is arbitrary and all other coefficients are uniquely determined
in terms of α, β, z0 and h.

Very much similarly as in §17 for (P2), we may determine entire functions u(z),
v(z) such that any solution w(z) equals to their quotient v(z)/u(z). Indeed, by (23.1)
it is immediate to see that w2 + 2zw = (w + z)2 − z2 may be represented as

w2 + 2zw = 1

(z− z0)2
+ φ(z, z0) (23.2)

around z0, where φ(z, z0) is analytic in a neighborhood of z0. By (23.2), w2 + 2zw
has double poles only. Hence, exactly as in §17, there exists a meromorphic function
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W ′(z) = w2 + 2zw, and an entire function u(z) such that u′ = −Wu. Again, u may
be expressed as

u(z) = exp
(
−
∫ z
ds

∫ s (
w2(t)+ 2tw(t)

)
dt
)
,

where the path of integration avoids the poles ofw. We may assume that u(z0) = 0 and
u′(z0) = 1. Defining again v(z) := w(z)u(z), we obtain the desired quotient repre-
sentation.The entire functions u(z), v(z) now satisfy the following pair of differential
equations: ⎧⎪⎨⎪⎩

uu′′ − (u′)2 + v2 + 2zuv = 0

2u2vv′′ + v2(u′)2 − 2uvu′v′ − u2(v′)2

= v4 + 4zuv3 + 4(z2 − α)u2v2 + 2βu4.

(23.3)

The first equation in (23.2) follows from

u′′

u
=
(
u′

u

)′
+
(
u′

u

)2

= −W ′ +
(
u′

u

)2

= −w2 − 2zw +
(
u′

u

)2

= −
(v
u

)2 − 2z
v

u
+
(
u′

u

)2

,

while the second one can be obtained by first substitutingw(z) = v(z)/u(z) into (P4),
and then replacing uu′′ from the first equation above.

Before proceeding, we make the following remark which describes an interesting
symmetry property of (P4). Namely, let P4(α, β) denote the family of solutions of
(P4) with parameters α, β. Let now λ be such that λ4 = 1, and let α, β be given.
If w(z) ∈ P4(α, β), then it is an elementary calculation to show that if w̃(z) :=
λ−1w(λz), then w̃(z) ∈ P4(αλ

2, β).
We now proceed to show how a certain one-parameter family of solutions of (P4)

may be constructed. To this end, observe that by a straightforward computation, all
solutions of the Riccati differential equation

w′ = μw2 + 2μzw − 2(1+ αμ), (23.4)

where μ2 = 1, also satisfy (P4) with β = −2(1+ αμ)2. As is well-known, all poles
ofw are simple with residue−μ. Therefore, there exists an entire function u such that
w = −μu′

u
implying that u satisfies the Weber–Hermite linear differential equation

u′′ − 2μzu′ − 2(α + μ)u = 0. (23.5)

We remark that (23.5) can be further reduced to the Whittaker differential equation

4ζ 2 d
2y

dζ 2 = (ζ 2 − 4kζ + 4m2 − 1)y, (23.6)
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where y = y(k,m, ζ ) depends on the parameters k,m. It is immediate to check that

u(z) = z−1/2 exp

(
1

2
μz2
)
y

(
1

4
+ 1

2
αμ,

1

4
,−μz2

)
.

If we now substitute z = τ√μ, assuming that−1−αμ = n ∈ N, then β = −2n2

in (P4) and all solutions of (23.5) may be expressed as u(z) = U(z/√μ) with

U(τ) = exp(τ 2)
dn

dτn

(
exp(−τ 2)

(
C1 + C2

∫ τ
exp(t2) dt

))
.

In particular, (23.5) admits solutions expressible in terms of the Hermite polynomials

U(τ) = Hn(τ) := (−1)n exp(τ 2)
dn exp(−τ 2)

dτn
=
[n/2]∑
ν=0

(−1)ν
(
n

2ν

)
(2ν)!
ν! (2τ)

n−2ν .

(23.7)
We remark, according to Bassom, Clarkson and Hicks [1], that the transformation

u(z) = η(ξ) exp

(
1

4
μξ2
)
, ξ := √2z

reduces (23.5) into the parabolic cylinder equation

d2η

dξ2 =
(

1

4
ξ2 + α + 1

2
μ

)
η. (23.8)

All solutions of (23.8) may be expressed in the form

η(ξ) = c1Dν(ξ)+ c2Dν(−ξ), (23.9)

where ν := −α − 1
2 (1+ μ), and where Dν(ξ) denotes a parabolic cylinder function

satisfying
d2Dν

dξ2 =
(

1

4
ξ2 − ν − 1

2

)
Dν

and having the asymptotic behavior

Dν(ξ) ∼ ξν exp(−ξ2/4), ξ →+∞,

Dν(ξ) ∼ −
√

2π

Γ (−ν)e
νπiξ−ν−1 exp(ξ2/4), ξ →−∞, arg ξ = π,

provided ν �∈ Z. If ν ∈ N, then Dν(ξ) = 2−ν/2Hν(ξ/
√

2) exp
(− 1

4ξ
2
)
. For further

properties of Hermite polynomials, see e.g. Abramowitz and Stegun [1], p. 687–691
and Rainville [1], p. 187–198.
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We also point out that (P4) is equivalent to as non-linear autonomous system, see
Adler [1]. In fact, consider the autonomous system⎧⎪⎨⎪⎩

g′1 = g1(g2 − g3)+ α1

g′2 = g2(g3 − g1)+ α2

g′3 = g3(g1 − g2)+ α3.

(23.10)

Provided α1 + α2 + α3 �= 0, a linear change of variables in (23.10) results in a
normalization

g1 + g2 + g3 = −2z, α1 + α2 + α3 = −2.

Then it is immediate to see that the first component g1 also satisfies (P4) with the
parameter values α = 1

3 (α3 − α2), β = − 1
2α

2
1, see also Noumi and Yamada [1].

§24 Poles of fourth Painlevé transcendents

We shall consider the following pair of differential equations, where μ2 = 1:{
w′ = μw2 + 2μzw + ξ
2wξ ′ = ξ2 − 2μw2(2(1+ αμ)+ ξ)+ 2β.

(24.1)

By an elementary computation, (24.1) is equivalent with (P4), as observed by Luka-
shevich [1]. Making use of (24.1), we may proceed similarly as in §18 for (P2) to
prove the following

Theorem 24.1. All nonrational solutions of (P4), not satisfying the Riccati differential
equation (23.4), have infinitely many poles with residue = 1 and, respectively, with
residue = −1.

Proof. Differentiating the second equation of (24.1), substituting forw′ the first equa-
tion of (24.1), and dividing by 2w, we obtain

ξ ′′ + 2μzξ ′ + 2μwξ ′ + 2μ(μw2 + 2μzw + ξ)(2(1+ αμ)+ ξ) = 0.

Substituting now for 2wξ ′ the second equation of (24.1), we further get

ξ ′′ + 2μzξ ′ + μξ2 + 2μβ + (2(1+ αμ)+ ξ)(4zw + 2μξ) = 0. (24.2)

As w does not satisfy (23.4), we have ξ + 2(1 + αμ) �≡ 0, and so we may solve
w from (24.2) to obtain

w = −μξ
′′ + 2zξ ′ + 3ξ2 + 4(1+ αμ)ξ + 2β

4μz(ξ + 2(1+ αμ)) . (24.3)
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Substituting further (24.3) in the second equation of (24.1), we obtain, after some
computation

D(ξ, μ) := 9ξ4+ 6μξ2ξ ′′ + 8
(
3(1+ αμ)−μz2)ξ3+ (ξ ′′)2+ 8(α+μ)ξξ ′′

− 4z2(ξ ′)2+ (12β + 16(α+μ)2− 16(α+μ)z2)ξ2+ 4μβξ ′′

+ 16β(1+ αμ−μz2)ξ + 4β2− 32β(α+μ)z2 = 0,

(24.4)

which is an algebraic differential equation to determine ξ(z). The solutions ξ(z) of
(24.4) will be expressed in terms of the fourth Painlevé transcendents by the formula

ξ(z) = w′(z)− μw(z)2 − 2μzw(z), (24.5)

while the solutions w(z) of (P4) will be expressed in terms of the solutions ξ(z) of
(24.4) by (24.3), providedw(z) does not satisfy the Riccati differential equation (23.4).

By (24.5), it is immediate to verify that the solutions ξ(z) of D(ξ, 1) have a pole
at z0 if and only ifw(z) has a pole at z0 with residue= 1. Similarly, the solutions ξ(z)
of D(ξ,−1) have a pole at z0 if and only if w(z) has a pole at z0 with residue = −1.

Now, independently of μ, the equation (24.4) has exactly one dominant term 9ξ4

in the sense of the Clunie lemma, Lemma B.11. By this lemma, ξ must have infinitely
many poles, and we are done. 	


Remark. In case a fourth Painlevé transcendentw(z) also satisfies the Riccati differ-
ential equation (23.4) with μ = +1, resp. μ = −1, all poles of w(z) must be with
residue −μ.

§25 Connection formulae between solutions of (P4)

To construct the Bäcklund transformations for the fourth Painlevé transcendents, we
observe that the following pair of two linked Riccati differential equations is equivalent
to (P4): {

w′ = q + 2μzw + μw2 + 2μwu

u′ = p − 2μzu− μu2 − 2μwu,
(25.1)

where q2 = −2β, p = −1−αμ− 1
2q and μ2 = 1. In fact, putting ξ = 2μwu+ q in

(24.1), we immediately see that w satisfies (P4) with parameters (α, β). On the other
hand, by the symmetry of (25.1), u also satisfies (P4)with parameters (̃α, β̃) such that
p2 = −2β̃, q = −1+ α̃μ− 1

2p. Hence,

α̃ := 1

4
(2μ− 2α + 3μq), β̃ := −1

2

(
1+ αμ+ 1

2
q

)2

. (25.2)

Therefore, we obtain the following theorem, due to Lukashevich [1]:
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Theorem 25.1. Letw = w(z, α, β) �= 0 be a solution of (P4)with parameters (α, β).
Then the transformations

T : w �→ w̃, � : (α, β) �→ (̃α, β̃), (25.3)

where

w̃(z) := R(w)
2μw

= 1

2μw
(w′ − μw2 − 2μzw − q), μ2 = 1, q2 = −2β, (25.4)

determine a solution w̃ = w̃(z, α̃, β̃) of (P4) with parameters α̃, β̃, given in (25.2).

Proof. This is an immediate consequence of the equivalence between (P4) and the
pair of differential equations (25.1), with u denoted by w̃. 	


We note that from the system (25.1) the inverse transformation to T can also be
obtained. For this purpose, we express w in terms of u from the second equation of
(25.1). This results in

T −1 : w̃ �→ w, �−1 : (̃α, β̃) �→ (α, β), (25.5)

where

w(z) = R̃(w)
2μw̃

= − 1

2μw̃
(w̃′ − q̃ + 2μzw̃ + μw̃2) (25.6)

and
q̃2 = −2β̃, α = (−2μ− 2α̃ − 3μq̃)/4,

q = α̃μ− 1− q̃/2, β = −q2/2.
(25.7)

If in (25.5) and (25.6),
√
−2β̃ = p, then it is easy to show that T T −1 = T −1T = I ,

��−1 = �−1� = I , where I denotes the identity transformation.
Thus, the above relations yield a one-to-one correspondence between the solutions

w(z, α, β) for which R(w) �≡ 0 and the solutions w̃(z, α̃, β̃) under the given choice
of μ and q.

Bearing in mind that our goal is to generate solution hierarchies, it is important
to consider the result of applying several consecutive Bäcklund transformations. It
allows us to deduce the general form of α and β after an arbitrary number of the
Bäcklund transformations. During repeated applications of the recursion relation
(25.3), the choice of μ and q at the j th step will be denoted by μj and νj , respectively,
where μ2

j = ν2
j = 1. Then, (25.2) is written in the form α̃ = 1

4 (2μj − 2α + 3μjνjq),

β̃ = − 1
2 (1+αμj + 1

2νjq)
2, respectively, where the value of q, q̃ is fixed in a suitable

manner.
We now turn to the problem of finding one-parameter families of solutions of (P4),

called 1-solutions. To this end, we again recall the Riccati differential equation (23.4),
the solutions of which also satisfy (P4) with parameters (α, β) = (α,−2(1+ αμ)2).
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Taking, as above, q such that q2 = −2β, then we may take σ such that σ 2 = 1 and
qσ = −2(1+ αμ), hence (23.4) may be written as

R1(w) := w′ − μw2 − 2μzw − qσ = 0. (25.8)

This now determines a one-parameter family of solutions of (P4) with parameter
values

qσ + 2(1+ αμ) = 0, μ2 = σ 2 = 1, q2 = −2β. (25.9)

We now apply the (T ,�)-transformation to a solution w(z) of (25.8) with parameter
values (25.9), choosing them so that (μ1, ν1) �= (μ, σ ). If ν1 = −σ , μ1 = −μ, say,
then the first transformation step results in

(w̃′)2 + 4w̃′ − w̃4 − 4zw̃3 − 4(z2 − α̃)w̃2 + 4 = 0, (25.10)

which determines a one-parameter family of solutions of (P4) with β̃ = −2 and α̃
arbitrary. By (25.4) and (25.8), the solutions of (25.10) may be expressed in terms of
the solutions of (25.8) by means of the formula

w̃(z) = 2(α + μ)
w(z)

− 2z− w(z), α̃ = −2α − 2μ,

i.e. in terms of the Weber–Hermite functions.

Remark 1. If α = 0, then the equation (25.10) factorizes into two Riccati equations:

(w′ + w2 + 2zw + 2)(w′ − w2 − 2zw + 2) = 0.

Remark 2. After an application of the Bäcklund transformation (25.3) with μ = 1 to
solutions of (25.10) we obtain the equation

(w′)3 + P1(z, w)(w
′)2 + P2(z, w)w

′ + P3(z, w) = 0,

where

P1(z, w) := w2 + 2zw + 6− 2α,

P2(z, w) := −w4 − 4zw3 − 4w2(z2 − 1− α)− 8zw(1− α)− (6− 2α)2,

P3(z, w) := −w6 − 6zw5 + (−12z2 − 2+ 6α)w4 − 4z(2z2 + 6− 6α)w3

+ 4(6αz2 − 10z2 − 3α2 + 10α − 11)w2

− 8z(15− 14α + 3α2)w − (6− 2α)3.

This equation determines solutions of (P4) for β = −2(α − 3)2. The next step of
Bäcklund transformations gives

(w′)4 + 8(w′)3 +Q2(z, w)(w
′)2 +Q3(z, w)w

′ +Q4(z, w) = 0,
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where

Q2(z, w) := −2w2(w2 + 4zw + 4z2 − 4α)

Q3(z, w) := −8(w4 + 4zw3 + 4w2(z2 − α)+ 16)

Q4(z, w) := w8 + 8zw7 + 8(3z2 − α)w6 + 32(z3 − αz)w5

+ 16(1+ z4 − 2αz2 + α2)w4 + 64zw3 − 256,

determining solutions of (P4) for β = −8 and α arbitrary.

The following two theorems on Bäcklund transformations of (P4) originate from
Gromak [10]. For an illustration of Theorem 25.2, see Figure 26.1, p. 141.

Theorem 25.2. The equation (P4) with parameter values (α, β) such that either

β = −2(αμ+ 2n− 1)2, n ∈ N, μ2 = 1, (25.11)

or
β = −2n2, n ∈ N, (25.12)

has one-parameter families of solutions expressed in terms of the Weber–Hermite
functions.

Proof. Indeed, if n = 1 in (25.11) and (25.12), then we have the one-parameter
families of solutions of equation (25.8) and (25.10), respectively. Let the statement
now be valid for n = m in (25.11). Then applying (T ,�)-transformations with
μ1 = −μ, ν1 = ν to solutions with parameters (25.11) in which q = 2ν(αμ+2m−1),
we obtain the case (25.12) with n = m. If μ1 = μ, ν1 = −ν, then we have the case
(25.12) with n = m − 1. If μ1ν1 = μν, then one obtains the previous case (25.11)
with n = m.By (25.2) with (μ1, ν1), β̃ = −2(1−μ1α̃+ν1q)

2. Assuming the validity
of the statement for n = m in (25.12) and q = 2mν, and applying (25.3), we obtain
(25.11), where

(a) n = m+ 1, if μ1 = −μ, ν1 = ν;

(b) n = m, if μ1 = μ, ν1 = −ν;

(c) n = −m, if μ1 = μ, ν1 = ν;

(d) n = −(m− 1), if μ1 = −μ, ν1 = −ν.

Therefore, the proof is completed. 	


Let us now assume that a solutionw(z, α, β) does not belong to the one-parameter
families of solutions which have been obtained in Theorem 25.2. To this end, it is
sufficient that α, β be inconsistent with the parameters (25.11), (25.12). It is clear
from (25.4) that this assumption makes possible to apply successive Bäcklund trans-
formations to a solution w(z, α, β).
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Theorem 25.3. Successive applications of the (T ,�)-transformation to a solution
w(z, α, β) of (P4) lead to a solution w̃(z, α̃, β̃), where (̃α, β̃) is expressible as either

α̃ = α + n1, β̃ = −1

2

(
2n2 +

√−2β
)2 (25.13)

or ⎧⎪⎨⎪⎩
α̃ = n1 + 1

2
(μ− α)+ 3

4
μ
√−2β,

β̃ = −1

2

(
2n2 + 1+ μα + 1

2

√−2β
)2
,

(25.14)

with (n1, n2) ∈ Z × Z satisfying n1 + n2 ∈ 2Z. Moreover, for every pair (n1, n2)

of such integers, there exists a composition of (T ,�)-transformations which carries
(α, β) to (̃α, β̃) as in (25.13) or (25.14).

Proof. According to (25.2), after the first application of the �-transformation, we
have

1�μ1,ν1 :
(
α,−q

2

2

)
�→
{
−α

2
+ 3

4
μ1ν1q + μ1

2
, −1

2

(
αμ1 + ν1

2
q + 1

)2
}
.

By a suitable choice of operators, we obtain

2�μ2,μ2(μ1, ν1) :
(
α,−q

2

2

)
�→
{
α

4
(1+ 3μ1)+ 3

8
ν1(1− μ1)q + 3

4
− μ1

4
+ μ2

2
,

−1

2

[μ2

2
α(μ1 − 1)+ μ2ν1

4
(1+ 3μ1)q + μ1μ2

2
+ μ2

2
+ 1
]2}

and

2�μ2,−μ2(μ1, ν1) :
(
α,−q

2

2

)
�→
{
α

4
(1− 3μ1)− 3

8
ν1(1+ μ1)q − 3

4
− μ1

4
+ μ2

2
,

−1

2

[
−μ2

2
α(μ1+ 1)+ μ2ν1

4
(−1+ 3μ1)q + μ1μ2

2
− μ2

2
+ 1
]2}

.

Let us now consider the transformations:

S1 = 2�1,1(1, 1) : (α,−q2/2) �→ (α + 1,−(q + 2)2/2),

S2 = 2�1,1(1,−1) : (α,−q2/2) �→ (α + 1,−(q − 2)2/2),

S3 = 2�−1,1(−1,−1) : (α,−q2/2) �→ (α − 1,−(q − 2)2/2),

S4 = 2�−1,1(−1, 1) : (α,−q2/2) �→ (α − 1,−(q + 2)2/2).

For arbitrary kj ∈ N ∪ {0}, composing these transformations, we get

S(k1,k2,k3,k4) : (α,−q2/2)

�→ (α + k1 + k2 − k3 − k4, −
(
q + 2(k1 − k2 − k3 + k4)

)2
/2
)
.
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Hence, for every pair (n1, n2) such that n1+n2 ∈ 2Z, and for q = √−2β, there exist
k1, k2, k3, k4 ∈ N∪{0} satisfyingn1 = k1+k2−k3−k4, n2 = k1−k2−k3+k4, namely
n1 + n2 = 2(k1 − k3), n1 − n2 = 2(k2 − k4). This implies that S(k1,k2,k3,k4)(α, β) =
(̃α, β̃) coincides with (25.13). Furthermore, for q = √−2β,

1�μ,1 : (α,−q2/2) �→
(
− α

2
+ 3

4
μq + μ

2
, −1

2
(αμ+ q/2+ 1)2

)
,

and hence, applying S(k1,k2,k3,k4) to (−α/2 + (3/4)μq + μ/2,−Q2/2) with Q =
αμ+q/2+1, we obtain (̃α, β̃) given by (25.14). Thus the second part of the theorem
is proved.

As to the first part, namely the closedness of parameters, this may be verified by
direct computation:

(1) 1�μ1,ν1 :
(
α + n1,−1

2
(2n2 +

√−2β)2
)

�→
(

1

2
(μ∗ − α)+ 3

4
μ∗
√−2β +N1, −1

2
(αμ∗ + 1+ 1

2

√−2β + 2N2)
2
)
,

where μ∗ = μ1ν1,

N1 = −n1 + 3μ1ν1n2 + μ1(1− ν1)

2
∈ Z,

N2 = μ1ν1n1 + n2 + (ν1 − 1)

2
∈ Z,

N1 +N2 = (μ1ν1 − 1)(n1 − n2)+ (ν1 − 1)(1− μ1)

2
+ 2μ1ν1n2 ∈ 2Z.

(2) 1�μ1,ν1 :
(

1

2
(μ− α)+ 3

4
μ
√−2β + n1, −1

2

(
μα + 1+ 1

2

√−2β + 2n2

)2
)

�→

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(
α +N ′1,−

1

2
(
√−2β + 2N ′2)2

)
, if μ1ν1 = μ,(

1

2
(−μ− α)− 3

4
μ
√−2β +N ′′1 , −

1

2
(−μα + 1+ 1

2

√−2β + 2N ′′2 )2
)
,

if μ1ν1 = −μ,
where

N ′1 =
μ+ μ1 − n1 + 3μn2

2
∈ Z,

N ′2 =
1+ μμ1 + n1μ+ n2

2
∈ Z,

N ′1 +N ′2 =
(1− μ)(n2 − n1)+ (μ1 + 1)(μ+ 1)

2
+ 2μn2 ∈ 2Z,
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N ′′1 =
μ1 − μ− n1 − 3μn2

2
∈ Z,

N ′′2 =
−1− ν1 + μn1 − n2

2
∈ Z,

N ′′1 +N ′′2 =
(μ1 − 1)(μ+ 1)+ (μ− 1)(n1 + n2)

2
− 2μn2 ∈ 2Z,

proving the theorem. 	


Remark 3. To construct the solutions of (P4) for arbitrary values of parameters (α, β),
it is sufficient to construct solutions for every (α, β) in the domain

G := {(α, β) | 0 ≤ Re α ≤ 1, Re
√−2β ≥ 0, Re(

√−2β + 2α) ≤ 2
}
. (25.15)

The validity of this statement directly follows from Theorem 25.3, the relations (25.13),
(25.14), the transformation (25.3) and the transformation w̃(z) = λ−1w(λz), λ2 =
−1. Thus (25.15) is a fundamental domain of the parameter space.

We now proceed to consider solutions of (P4) which satisfy a first order algebraic
differential equation as well, i.e. solutions corresponding to the Airy solutions in §21.
The proof of Theorem 25.4 follows the basic idea of the proof of Theorem 21.1, and
so could be presented in more details in the same way.

Theorem 25.4. The Painlevé differential equation (P4) admits a one-parameter fam-
ily of solutions satisfying a first order algebraic differential equation P(z,w,w′) = 0
if and only if the parameters α, β satisfy (25.11) or (25.12). All such solutions may be
obtained from the solutions of the Riccati differential equation (23.4), under the con-
dition β = −2(1 + αμ)2, by repeated applications of the Bäcklund transformations
and the transformation w̃(z) = λ−1w(λz), λ2 = −1.

Proof. The sufficiency of the conditions (25.11) and (25.12) has been obtained above.
To proceed to the necessity, similarly as in the case of (P2), it is sufficient to consider
the equation (P4) for the parameter values (α, β) in the fundamental domain G only.
However, for the sake of simplicity, we apply the domain

G1 =
{
(α, q) | 0 ≤ Re α ≤ 1, 0 ≤ Re q < 2, 0 ≤ Re(q + 2α) ≤ 2

}
, (25.16)

where q2 = −2β, instead of the domain G. In fact, instead of (α, q) = (0, 2) ∈ G
we may introduce (α, q) = (1, 0) ∈ G1 without loss of generality as these points
are equivalent with respect to the Bäcklund transformations (25.2)–(25.5) by taking
μ = −1 and q = −2.

Suppose now that w(z) is transcendental. The following expansion for w′ in a
neighborhood of the poles of w may easily be verified:

G(z,w,μ, h) = a2w
2 + a1w + a0 +

∞∑
j=1

a−jw−j ,
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where a2 = μ, a1 = 2μz, a0 = −2 − 2αμ and where a−1 =: h is arbitrary. Hence,
we obtain

P(z,w,w′) := (w′)n +
n∑
j=1

Pj (z,w)(w
′)n−j

=
l+∏
j=1

l−∏
k=1

(
w′ −G(z,w, 1, hj )

)(
w′ −G(z,w,−1, hk)

)
,

(25.17)

where l+ and l− are the numbers of the factors of P(z,w,w′) = 0 in w′ with μ = 1
and μ = −1, respectively, and hν is the arbitrary coefficient a−1 in the corresponding
expansion for w′. Expanding the right-hand side of (25.17) we find that

P(z,w,w′) = (w′)n−
(
σ2w

2 + σ1w+ σ0 +
∞∑
j=1

σ−j
wj

)
(w′)n−1+ · · · = 0, (25.18)

where σ2 = l+ − l−, σ1 = 2z(l+ − l−), σ0 = −2n + 2α(l− − l+) and σ−j =∑n
ν=1 a

(ν)
−j , where a(ν)−j stands for the coefficient a−j in the corresponding expansion.

Consequently, the coefficients in the polynomial

P1(z, w) = p10(z)w
2 + p11(z)w + p12(z)

become

p10 = l− − l+, p11 = 2z(l− − l+), p12 = 2n− 2α(l− − l+). (25.19)

Next, we substitute w = 1/u in the equations (P4) and P(z,w,w′) = 0 to obtain

u′′ = 3(u′)2

2u
− 3

2u
− 4z− 2(z2 − α)u− βu3, (25.20)

and
P̃ (z, u, u′) = (u′)n + (p̃10u

2 + p̃11u+ p̃12)(u
′)n−1 + · · · = 0,

where
p̃10 = −p12, p̃11 = −p11, p̃12 = −p10. (25.21)

We now form the expansion of P̃ (z, u, u′) corresponding toG(z,w,μ, h) around
a pole of u, i.e. around a zero of w. First suppose that β �= 0. Writing

u′ = b2u
2 + b1u+ b0 + b−1

u
+ · · ·

for (25.20), we find that b2 = σ√−2β, where σ 2 = 1 and b1 is arbitrary. Here we
choose the value of

√−2β according to the choice of σ .
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Let us denote by l̃+ and l̃− the number of the factors of P̃ (z, u, u′) with σ = 1
and σ = −1, respectively. It is clear that l̃− + l̃+ = n. Then, as in the case of
P(z,w,w′) = 0, we have p̃10 = (̃l− − l̃+)q. But from (25.21) and (25.19) we
immediately get the following condition:

(̃l− − l̃+)q = 2α(l− − l+)− 2n. (25.22)

Next suppose that β = 0. Then every pole of u is double, and u satisfies an
equation of the form

u′ = c3/2u3/2 + c1u+ c1/2u1/2 + · · · .
By the same argument, we have p̃10 = 0, which implies that (25.22) is valid in the
case β = 0 as well.

We now proceed to consider (25.22) in the domain G1. Clearly, l−, l+, l̃−, l̃+ ∈
N ∪ {0}, and since n > 0, α and q as well as l− − l+ and l̃− − l̃+ cannot vanish
simultaneously.

(1) Suppose first that l− − l+ = 0 and l̃− − l̃+ �= 0. Then

q = 2
l̃+ + l̃−
l̃+ − l̃−

. (25.23)

Therefore, q ∈ R. But 0 ≤ q < 2 in G1, contradicting (25.23).
(2) Assume next that l− − l+ �= 0, l̃− − l̃+ = 0. Then,

α = l− + l+
l− − l+ . (25.24)

Hence α ∈ R and so 0 ≤ α ≤ 1 inG1. By (25.24), l+ = 0, l− is arbitrary and α = 1.
But then we must have (α, q) = (1, 0) ∈ G1. By Theorem 24.1, w(z) satisfies (23.4).
This means that the equation P(z,w,w′) = 0 coincides with the Riccati equation
(23.4) with μ = −1, α = 1, β = 0.

(3) Finally suppose that l+ − l− �= 0 and l̃+ − l̃− �= 0. Let us now consider the
line (25.22) in the (α, q)-plane, written as

H :=
{
(α, q)

∣∣∣ α
L
+ q

Q
= 1, Q := 2n

l̃+ − l̃−
, L := n

l− − l+
}
. (25.25)

Clearly, if H ∩G1 �= ∅, then either (a) 0 ≤ Q < 2, or (b) 0 ≤ L ≤ 1.As we already
showed above, the case (a) is impossible. As for the case (b), we have α = 1, l+ = 0 in
G1. By Theorem 24.1,w(z) satisfies (23.4). To complete the proof, let us consider the
rational solutions. As will be shown in the next section, all rational solutions of (P4) can
be classified. For (α, q) ∈ G1, there exist only two rational solutions (except for the
trivial solutionw = 0) given byw0(z) = −2z, (α, β) = (0,−2) andw1(z) = −2z/3,
(α, β) = (0,−2/9); this fact is verified by using (25.13) and (25.14). The solution
w0(z) belongs to a one-parameter family of solutions of the Riccati equation (23.4).
The other solution w1(z) does not satisfy (23.4), since β �= −2(1 + αμ)2. Thus, we
have proved Theorem 25.4. 	
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Remark 4. As shown above, any transcendental solution w(z) of (P4) such that
w(z) ∈ A1(C(z)) belongs to a one-parameter family of solutions given in Theo-
rem 25.4.

Remark 5. Let us again denote by ν, ν2 = 1, the choice of the value
√−2β in

a T -transformation (25.3). Then T generates four solutions wj = wj(z, αj , βj ),
j = 1, 2, 3, 4, according to the choice of (μ, ν). These solutions may be written in
the form

w1 =
(
w′ −√−2β − 2zw − w2)/2w, (μ, ν) = (1, 1),

w2 = −
(
w′ +√−2β + 2zw + w2)/2w, (μ, ν) = (−1,−1),

w3 =
(
w′ +√−2β − 2zw − w2)/2w, (μ, ν) = (1,−1),

w4 = −
(
w′ −√−2β + 2zw + w2)/2w, (μ, ν) = (−1, 1).

Eliminating w′ from the above expressions yields the following algebraic relations
between the solutions w,w1, . . . , w4:

w1 + w4 = w2 + w3 = −2z− w,
w1 + w2 +

(√−2β + 2zw + w2)/w = 0,

w3 = w1 + (
√−2β)/w.

Closing this section, we obtain a nonlinear superposition formula which links
solutions on two successive levels. Let Tμ,ν be a T -transformation (25.3) with a fixed
choice of μ, ν. One application of Tμ,ν gives the four solutions wj = wj(z, αj , βj ),
j = 1, 2, 3, 4 above. Applying T twice, Tμ1,ν1 �Tμ2,ν2 generates 16 solutionswi, j =
wi, j (z, αi, j , βi, j ), i, j ∈ {1, 2, 3, 4}. Note that T1,−1 � T−1,−1 = T1,−1 � T−1,1 =
T−1,−1 �T1,1 = T−1,−1 �T1,−1 = I,where I denotes the identity transformation. The
relation between the solutions w,wj and wi,j is given by

(1+ ν1)(2+ ν2q + 2αμ2)

2wj
+ (2μ2w + (μ1 + μ2)(2z+ wj)+ 2μ1wi,j ) = 0.

Using the trivial symmetry,

S0 : w(z, 0, β) �→ μ−1w(μz, 0, β), μ4 = 1

and T -transformations, we may obtain auto-Bäcklund transformations of the form
(T −1)k � S0 � T k , where k ∈ Z denotes the kth step of the application of the Bäcklund
transformation, where the parameters are subjected to the condition that either α ∈ Z

or β = −2
(
α + (2n+ 1)

)2
/9, n ∈ Z.

Remark 6. Other forms of Bäcklund transformations exist for (P4) as well as for other
Painlevé equations, see e.g. Murata [1], Kitaev [1], Boiti and Pempinelli [1]. Such
transformations may be obtained by using the isomonodromy deformation technique,
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see e.g. Jimbo and Miwa [1], [2], Jimbo, Miwa and Ueno [1], Fokas and Its [1],
Flaschka and Newell [1] and Its and Novokshenov [1]. Moreover, several Bäcklund
transformations for Painlevé equations have been obtained by using the Schlesinger
transformation of linear differential equations. In fact, Fokas, Mugan and Ablowitz
[1], see also Bassom, Clarkson and Hicks [1], applied this method for (P4). In Bassom,
Clarkson and Hicks [1] one can find a survey of various Bäcklund transformations for
(P4), relations between them and the solution hierarchies.

§26 Rational solutions of (P4)

In this section, we aim to characterize the pairs of parameter values (α, β) in (P4)

for which rational solutions may exist. For original articles concerning this topic,
see Lukashevich [1], Gromak [10] and Murata [1]. Concerning a detailed analysis of
rational solutions of (P4), omitted here, we refer to Murata [1] and Bassom, Clarkson
and Hicks [1].

To start with, it is a trivial observation that any solution w(z) of (P4) is rational if
and only if z = ∞ is either regular or a pole for w(z), since w(z) is meromorphic by
§4. Denoting t := z−1, (P4) may be written as

w′′ = (w
′)2

2w
− 2
w′

t
+ 3

2

w3

t4
+ 4
w2

t5
+ 2(1− αt2)w

t6
+ β

t4w
. (26.1)

We may now write (26.1) in the form

2(t (tw′)′+tw′)w−(tw′)2 = 3t−2w4+8t−3w3+4(1−αt2)t−4w2+2βt−2. (26.2)

Assume first that t = 0 is a pole of v(t) = w(t−1).As one can easily check, v(t) has
the following expansion in a neighborhood t = 0:

v(t) = a−1t
−1 +

∞∑
j=0

aj t
j , a−1 �= 0.

Since tv′ = −a−1t
−1 +∑j≥0 jaj t

j , t (tv′)′ = a−1t
−1 +∑j≥0 j

2aj t
j , we have

2(t (tv′)′ + tv′)v − (tv′)2

= −a2−1t
−2 +

∑
j≥0

(
2j (j + 2)a−1aj +

j−1∑
k=0

k(3k + 3− j)akaj−1−k
)
tj−1.
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Furthermore,

v2 = a2−1t
−2 +

∑
j≥0

(
2a−1aj +

∑
k1+k2=j−1
km≤j−1

ak1ak2

)
tj−1,

v3 = a3−1t
−3 +

∑
j≥0

(
3a2−1aj +

∑
k1+k2+k3=j−2
km≤j−1

ak1ak2ak3

)
tj−2,

v4 = a4−1t
−4 +

∑
j≥0

(
4a3−1aj +

∑
k1+k2+k3+k4=j−3

km≤j−1

ak1ak2ak3ak4

)
tj−3.

Substituting w = v(t) into (26.2) and using the expressions above, we obtain{
3a2−1 + 8a−1 + 4 = 0,

(3a2−1 + 6a−1 + 2)a−1aj = Pj (a−1, a1, . . . , aj−1, α, β), j ≥ 0.

This implies that a−1 = −2 or a−1 = −2/3, and that, for both a−1, the coefficients
aj are determined uniquely. Since (26.1) remains invariant under the substitution
(v, t)→ (−v,−t), the formal series −v(−t) also satisfies (26.1), and hence v(t) =
−v(−t), implying that a2j = 0, for j ∈ N∪ {0}. By a simple computation, a1 and a3
are given by ⎧⎪⎨⎪⎩

(3a2−1 + 6a−1 + 2)a−1a1 = αa2−1,

4(3a2−1 + 6a−1 + 2)a−1a3

= 8αa−1a1 − 2β − a2−1 − 18a2−1a
2
1 − 24a−1a

2
1 − 4a2

1 .

(26.3)

For example, we have (1) a1 = −α if a−1 = −2, and (2) a1 = α if a−1 = −2/3.
Assume next that t = 0 is a holomorphic point of v(t) = w(t−1). It is easy to see

that v(t) admits an expansion of the form

v(t) =
∞∑
j=1

aj t
j .

Observing that

tv′ =
∑
j≥1

jaj t
j , v2 = a2

1 t
2 +
∑
j≥2

(
2a1aj +

∑
k1+k2=j+1
km≤j−1

ak1ak2

)
tj+1

and so on, we conclude that 4a2
1 + 2β = 0, a1aj = P̃j (a1, . . . , aj−1, α, β), j ≥ 2.

By the same argument as to above, we can verify that a2j = 0, j ∈ N ∪ {0}. The
coefficients a1, a3 are then given by

β + 2a2
1 = 0, 2a3 = αa1 − 2a2

1 . (26.4)
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Since the solutions of the equation (P4) have simple poles only with residues = ±1,
rational solutions for which z = ∞ is a pole may exist only, when α ∈ Z as one can
easily see by (26.3). Similarly, rational solutions for which z = ∞ is a holomorphic
point may exist only, when

√−β/2 ∈ Z.

Therefore, if a rational solution of (P4) exists, then it must be of the form

w(z) = λz+ ξ(z)
η(z)

, (26.5)

where λ ∈ {0,−2,−2/3}, and

ξ(z) =
m−1∑
j=0

ξj z
j , η(z) =

m∑
j=0

ηj z
j , (26.6)

where ηm = 1, ηm−1 = ηm−3 = · · · = 0, ξm−2 = ξm−4 = · · · = 0. If ξ(z) ≡ 0, then
(P4) admits the following rational solutions:⎧⎪⎪⎨⎪⎪⎩

w = 0, if β = 0,

w = −2z, if α = 0 and β = −2,

w = −2

3
z, if α = 0 and β = −2

9
.

(26.7)

Recall the pair (23.3) of differential equations equivalent to (P4). As we seek for
rational solutions of (P4), we may take

v(z) = P(z) exp(g(z)), u(z) = Q(z) exp(g(z)), (26.8)

where P(z),Q(z) are polynomials of the degrees n and m, respectively, and g(z) is
an entire function. Substituting (26.8) into (23.3) we obtain⎧⎪⎨⎪⎩

QQ′′ − (Q′)2 + g′′Q2 + 2zPQ+ P 2 = 0,

2PQ2P ′′ + 2P 2Q2g′′ + P 2(Q′)2 − 2PQP ′Q′ − (P ′)2Q2

= P 4 + 4zP 3Q+ 4(z2 − α)P 2Q2 + 2βQ4.

(26.9)

Similarly as to the procedure applied for (P2) in §20, it is easy to prove the
following

Theorem 26.1. The fourth Painlevé equation (P4) admits a rational solution if and
only if the pair (26.9) of differential equations has a polynomial solution (P (z),Q(z)),
Q(z) �≡ 0, under a suitable choice of a polynomial g(z) obtained in accordance with
the construction of (23.3).

Let w(z) be a rational solution of (P4). Let z1, . . . , zm denote the poles of w(z).
Since w(z)(w(z)+ 2z) = (z− zj )−2 +O(1) around each pole by (23.2), we have

w(z)(w(z)+ 2z) =
m∑
j=1

1

(z− zj )2 + φ(z),
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where φ(z) = −g′′(z) is a polynomial. Substituting the series expansion w(z) =
λz+ a1z

−1 + a3z
−3 + · · · around z = ∞, and comparing (26.2) and (26.5), we have

λ(λ+2)z2+2(λ+1)a1+ (a2
1+2(λ+1)a3)z

−2+O(z−3) = φ(z)+mz−2+O(z−3).

This implies thatm = a2
1 + 2(λ+ 1)a3. If λ = 0, then by (26.3), a1 = ±√−β/2 and

a3 = ±α2
√−β/2+ β

2 . Therefore, in this case,

m = ±α√−β/2+ β
2
. (26.10)

Moreover, if λ = −2, respectively λ = − 2
3 , then we apply a1 = −α, a3 = 3

4α
2 +

1
8β + 1

4 , respectively a1 = α, a3 = − 3
4α

2 − 9
8β − 1

4 , to obtain

m = −α
2

2
− β

4
− 1

2
, (26.11)

respectively

m = α
2

2
− 3

4
β − 1

6
. (26.12)

To construct the rational solutions of (P4) explicitly, the Bäcklund transformations
may be applied. To this end, take first the solution w(z, 0,−2) = −2z as the initial
solution. We then obtain solutions as inTable 26.1 andTable 26.2 below with parameter
values

α = n1, β = −2(1+ 2n2 − n1)
2, n1, n2 ∈ Z. (26.13)

These relations may be obtained by using Theorem 25.3; both types of�-transforma-
tions lead to the same result (26.13).

Note that, by §23, the rational solutions listed in Tables 26.1 and 26.2 contain
solutions of the form

w = −√μH
′
n(t)

Hn(t)
, α = −μ(1+ n), β = −2n2, z = √μt, μ2 = 1,

w = −2z+ i√μH
′
n(t)

Hn(t)
, α = nμ, β = −2(1+ n)2, z = i√μt, μ2 = 1,

where Hn(t) is the Hermite polynomial defined in (23.7).
To complete the construction, let now w(z, 0,− 2

9 ) = − 2
3z be the initial solution.

Then we obtain solutions as in Table 26.3 with the parameter values

α = n1, β = −2

9
(6n2 − 3n1 + 1)2, n1, n2 ∈ Z. (26.14)
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Table 26.1. The first rational solutions of (P4) regular at z = ∞.

α β w(z, α, β)

±2 −2 ±1

z

±3 −8 ± 4z

2z2 ± 1

±4 −2 ± 2z2 ± 1

z(2z2 ∓ 1)

±5 −8 ±4z(2z2 ∓ 1)(2z2 ± 3)

(2z2 ± 1)(4z4 + 3)

±5 −32 ± 8z(2z2 ± 3)

4z4 ± 12z2 + 3

Table 26.2. The first rational solutions of (P4) of the form w(z, α, β) = −2z+ P(z)/Q(z).

α β 2z+ w(z, α, β)

0 −2 0

0 −18 − 8z

(2z2 + 1)(2z2 − 1)

±1 −8 ∓1

z

±2 −18 ∓ 4z

2z2 ± 1

±3 −32 ∓3(2z2 ± 1)

z(2z2 ± 3)
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Table 26.3. The first rational solutions of (P4) of the form w(z, α, β) = −2z/3+ P(z)/Q(z).

α β 2z/3+ w(z, α, β)

0 −2

9
0

±1 −8

9
±1

z

±1 −32

9
± 2z2 ± 3

z(2z2 ∓ 3)

±2 −2

9
± 4z

2z2 ± 3

±3 −32

9
±3(8z6 ∓ 20z4 + 30z2 ± 45)

z(2z2 ∓ 3)(4z4 − 45)

We complete this section by collecting the above considerations in the following

Theorem 26.2. The fourth Painlevé equation (P4) admits a rational solution w(z) if
and only if the parameter values (α, β) are as in (26.13) or (26.14). For any of these
parameter values, there exists a unique rational solution.

Proof. Indeed, the sufficiency of these conditions follows from the fact that under
the parameter values (26.13) and (26.14) with arbitrary integers n1, n2, the rational
solutions can be constructed by means of Bäcklund transformations (25.3) starting
from the nontrivial rational solutions given by (26.7). Assuming the existence of a
rational solution under the values of parameters different from (26.13) and (26.14),
we immediately obtain the existence of a rational solution which is different from
(26.7) such that the parameters are in the fundamental domain (25.15). However, this
contradicts the second necessary condition of the existence of the rational solutions.
In fact, m, determined by (26.10), (26.11) and (26.12), is a non-negative integer in
the fundamental domain if and only if we have one of the solutions (26.7). The
uniqueness of the rational solutions under parameter values (26.13), (26.14) follows
from the uniqueness of the rational solutions (26.7) in the fundamental domain. 	


The next figure depicts all real pairs (α,
√−2β) described in Theorem 25.2 and

Theorem 26.2. In this figure, black horizontal lines, resp. red lines, represent the
Weber-Hermite solutions (25.12), resp. (25.11). The crossing points of red lines
represent the real pairs (α,

√−2β) in (26.13), while the blue points represent (26.14).
The gray area describes the fundamental domain G in (25.15).
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Figure 26.1.

§27 The complementary error function hierarchy

The Riccati differential equation (23.4) may be used to generate, by means of the
Bäcklund transformations, in addition to the rational solutions in §26, one-parameter
families of transcendental solutions of (P4) as well. As an example, following Bassom,
Clarkson and Hicks [1], we consider some families of one-parameter solutions of (P4),
generated from the seed solutionw(z, 1, 0)of the Riccati equation (23.4) withμ = −1,
i.e.

w′ = −w2 − 2zw. (27.1)

In this case, the Weber–Hermite equation (23.5) may be integrated to yield

u(z) = B − A erf c(z), (27.2)

whereA and B are arbitrary constants and erf c(z) is the complementary error function
given by

erf c(z) = 2√
π

∫ ∞

z

exp(−t2) dt. (27.3)
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Hence we obtain the exact solution of (P4),

w(z, 1, 0) = 2A exp(−z2)√
π(1− A erf c(z))

, (27.4)

where we have set B = 1, since the ratio A/B of the constants only is relevant; the
case B = 0 generates no solutions of importance and so we do not pursue this option
here. Applying now the transformation w̃(z) = λ−1w(λz), λ2 = −1, from §23,
to w(z, 1, 0), assumed to be non-vanishing, we obtain w(z,−1, 0). The solutions
w(z, 1, 0) and w(z,−1, 0) satisfy the equations

w′ + 2zw + w2 = 0, w′ − 2zw − w2 = 0, (27.5)

respectively. A hierarchy of solutions of (P4) can now be derived from (27.4) by the
Bäcklund transformations. Each of the solutions is expressed in terms of z, ψ(z) and
ψ ′(z), where ψ(z) := 1− A erf c(z). The collection of solutions of (P4) obtained in
this way is called the complementary error function hierarchy. By setting α = 1 and
β = 0 in Theorem 25.3 we see that the solutions in the complementary error function
hierarchy will have parameter values given by

αn = m1 + 1, βn = −2m2
2

provided that m1 +m2 = 2m3 and m1,m2,m3 are integers.
In Tables 27.1 and 27.2 we present the first solutions in this complementary error

function hierarchy with β �= 0. Observe that these solutions will be expressed as
rational functions of z and�(z) ≡ ψ ′(z)/ψ(z).Moreover, they are listed either being
of the form P(z,�(z))/Q(z,�(z)) or of the form −2z+ P(z,�(z))/Q(z,�(z)).
Remark 1. If A = 0 above, then � ≡ 0 and complementary error function solu-
tions reduce to rational solutions. Not all rational solutions arise as special limits of
complementary error function solutions in this way.

Remark 2. We are not going to examine here another hierarchy of (P4) related to
complementary error functions the solutions of which are complex valued for real z.
To derive these solutions we apply the transformation w̃(z) = λ−1w(λz) for λ2 = −1
to the solutions of complementary error function hierarchy. For example, from the
solution (27.4) the transformation

z �→ iz, w �→ −iw, α �→ −α
results in

w(z,−1, 0) = − 2iA exp(z2)√
π(1− A erf c(iz))

= −	
′(z)
	(z)

,

where 	(z) = 1− A erf c(iz).
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Table 27.1. Complementary error function solutions of the form P(z,�)/Q(z,�).

α β w(z, α, β)

−2 −2
�2 + 2z� − 2

� + 2z

2 −2
2

� + 2z

3 −8
2(� + 2z)

z� + (2z2 + 1)

4 −18
3
(
z� + (2z2 + 1)

)
(z2 + 1)� + (2z3 + 3z)

−4 −2
−2
(
�2 + 3z� + (2z2 − 1)

)
(� + 2z)(z� + (2z2 + 1))

Table 27.2. Complementary error function solutions of the form −2z+ P(z,�)/Q(z,�).

α β 2z+ w(z, α, β)

0 −2 −�

1 −8
−2

� + 2z

2 −18
−2(� + 2z)

z� + (2z2 + 1)

3 −32
−3
(
z� + (2z2 + 1)

)
(z2 + 1)� + (2z2 + 3)z

−1 −8
2
(
z�3 + 2(2z2 + 1)�2 + 4z(z2 + 1)� − 2

)
(� + 2z)(�2 + 2z� − 2)
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§28 A half-integer hierarchy of solutions

In this section, we consider a one-parameter family of solutions of (P4) associated
with certain half-integer values of the parameters α, β, see Bassom, Clarkson and
Hicks [1] and Gromak [10] for more details.

Choosing α = −μ/2 in (23.4) implies that β = −2(1 + αμ)2 = −1/2. The
general solution of (23.4) with α = −μ/2 may be obtained from

η(ξ) = A1D− 1
2
(ξ)+ A2D− 1

2
(−ξ),

whereA1 andA2 are arbitrary constants andDν(ξ) is the parabolic cylinder function,
see (23.8) and (23.9). The general solution of the Weber–Hermite differential equation
(23.5) now reads as

u(z, μ) = exp
(μ

2
z2
) (
A1D− 1

2
(
√

2z)+ A2D− 1
2
(−√2z)

)
.

Thus we obtain

w

(
z,−1

2
,−1

2

)
= −u

′(z, 1)
u(z, 1)

= −z− U(z), (28.1)

where

U(z) =
√

2
[
A1D

′
− 1

2
(
√

2z)− A2D
′
− 1

2
(−√2z)

]
A1D− 1

2
(
√

2z)+ A2D− 1
2
(−√2z)

and

w

(
z,

1

2
,−1

2

)
= u

′(z,−1)

u(z,−1)
= −z+ U(z). (28.2)

We note that the solutions w(z,−1/2,−1/2) and w(z, 1/2,−1/2) satisfy the equa-
tions

w′ = 2zw + w2 − 1, w′ = −2zw − w2 − 1,

respectively. The solutions (28.1) and (28.2) may now be used to generate the required
hierarchy of solutions. Substituting α = ±1/2 and β = −1/2 into Theorem 25.3
leads to the conclusion that the solutions in the hierarchy will have the parameters αn
and βn given by

αn = n1 + 1

2
, βn = −1

2
(2n2 + 1)2,

where n1 and n2 are any integers, or

αn = m1, βn = −2m2
2,

where m1 and m2 are integers satisfying (m1 + m2)/2 ∈ Z. Thus, α and β can
take both half-integer and integer values. The hierarchy of solutions generated by
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this procedure will be usually referred to as the half-integer hierarchy. The first
solutions in this hierarchy are given in Table 28.1 below, expressed in terms ofU(z) :=√

2[A1D
′−1/2(

√
2z)− A2D

′−1/2(−
√

2z)]/[A1D−1/2(
√

2z)+ A2D−1/2(−
√

2z)].

Table 28.1. The first solutions in the half-integer hierarchy.

α β w(z, α, β)

1

2
−1

2
U − z

−1

2
−1

2
−U − z

1 −2
−U2 + z2 − 1

U − z
3

2
−9

2

3U2 − 4zU + z2 + 1

(U − z)(U2 − z2 + 1)

2 −8 −4(U − z)(zU3 − (z2 − 2)U2 − (z3 + z)U + z4 − z2 + 1
)

(U2 − z2 + 1)(3U2 − 4zU + z2 + 1)



Chapter 7

The third Painlevé equation (P3)

The third Painlevé equation (P3) is different from the first, second and fourth Painlevé
equations (P1), (P2) and (P4), treated in the preceding chapters, in the sense that (P3)

may admit non-meromorphic solutions. However, as described in §3, and proved by
Hinkkanen and Laine [2] in detail, a simple transformation, see (3.1), carries (P3)

over to a modified form, all solutions of which are meromorphic in the complex plane.
Therefore, by Theorem 3.1, and an application of the reversed transformation (3.1), all
local solutions of (P3) around z �= 0 permit an unrestricted analytic (meromorphic)
continuation into C\{0}. A similar conclusion applies for (P5) as well, by Theorem 5.1.
However, it should be kept in mind that a solution of (P3), resp. (P5), may admit a
logarithmic branch point at z = 0. To describe algebraic solutions in this and the
subsequent chapters, we shall use root expressions for specific solutions of the Painlevé
equation in question.

The contents of this chapter largely follows the pattern of the previous Chapters 4
through 6. A new aspect will appear by some analysis devoted to considering about
conditions on the coefficients of (P3) which imply the existence of a solution w(z)
meromorphic, resp. algebraic, at z = 0.

§29 Preliminary remarks

The third Painlevé equation

w′′ = (w
′)2

w
− w

′

z
+ 1

z
(αw2 + β)+ γw3 + δ

w
(P3)

with arbitrary complex parameters α, β, γ, δ cannot be integrated, in general, in terms
of classical transcendental functions. However, under suitable conditions imposed
upon the parameters, the equation (P3) may be integrated in terms of elementary
functions, or (P3) may admit solutions which are elementary functions of certain
classical transcendental functions.

(1) To present some of such situations described above, we first apply the transfor-
mation z = exp(ζ ) for (P3). Rewriting, after the transformation, z again in place of
ζ , we obtain

w′′ = (w
′)2

w
+ ez(αw2 + β)+ e2z

(
γw3 + δ

w

)
. (29.1)
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It is now elementary to verify that the following identities are valid for all solutions
of (29.1):

d

dz

((
w′

w

)2

+
(
δ

w2 − γw2
)
e2z + 2

(
β

w
− αw

)
ez
)

= 2

(
δ

w2 − γw2
)
e2z + 2

(
β

w
− αw

)
ez

(29.2)

and (
w′

w

)′
=
(
δ

w2 + γw2
)
e2z +

(
β

w
+ αw

)
ez. (29.3)

Adding now (29.3) twice to (29.2) results in

d

dz

((
w′

w

)2

+ 2
w′

w
+G(z,w)

)
= 4(δe2z + βezw) 1

w2 , (29.4)

where

G(z,w) :=
(
δ

w2 − γw2
)
e2z + 2

(
β

w
− αw

)
ez.

By the corresponding subtraction,

d

dz

((
w′

w

)2

− 2
w′

w
+G(z,w)

)
= −4(γ e2zw2 + αezw). (29.5)

If now α = β = γ = δ = 0, then it immediately follows from (29.4) and (29.5),
recalling the transformation z = exp(ζ ) we made for (P3), that all solutions of (P3)

are power functions w(z) = C1z
C2 with C1, C2 ∈ C.

Let us now consider the cases β = δ = 0, resp. α = γ = 0, in (29.4), resp. in
(29.5). Then we immediately get, respectively,(

w′

w

)2

+ 2
w′

w
− 2αezw − γ e2zw2 = C1, (29.6)

(
w′

w

)2

− 2
w′

w
+ δe2z 1

w2 + 2βez
1

w
= C2. (29.7)

The equations (29.6) and (29.7) may be integrated in terms of elementary functions.
For example, transforming (29.6) by 1/v = ezw, we obtain

(v′)2 = 2αv + γ + (1+ C1)v
2. (29.8)

Correspondingly, for (29.7) we get

(v′)2 = −2βv − δ + (1+ C2)v
2
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by means of the transformation v = e−zw. These two equations may now be explicitly
integrated. For instance, for (29.8) we obtain the following general solution, provided
1+ C1 �= 0:

v(z) = − α

1+ C1
+ (1+ C1)e

2(1+C1)
1/2(c+μz) + 4(α2 − γ − γC1)

4(1+ C1)3/2e(1+C1)1/2(c+μz) ,

where μ2 = 1 and c is an arbitrary constant. On the other hand, if 1 + C1 = 0 and
α �= 0, then (29.8) has the general solution

v(z) = 1

2
(αc2 − γ

α
− 2μαcz+ αz2),

while for 1+ C1 = 0 and α = 0, we obtain

v(z) = c + μ√γ z.
(2) Similarly as in the previous equations (P2) and (P4), we are interested about seek-
ing for such combinations of parameters that a solution w(z) of (P3) simultaneously
satisfies a Riccati differential equation. To this end, suppose that all solutions of a
Riccati differential equation

w′ = a(z)w2 + b(z)w + c(z), a(z) �≡ 0, (29.9)

with meromorphic coefficients are solutions of (P3) at the same time. Substituting
(29.9) into (P3), it is an elementary computation to see that necessary and sufficient
conditions for the existence of such a solution family are

a2 = γ �= 0, b = α − a
az

, c2 = −δ, aβ + c(α − 2a) = 0. (29.10)

Hence, (29.9) must be of the form

w′ = aw2 + α − a
az

w + c. (29.11)

It is now an easy computation to check that the linear differential equation

d2u(τ)

dτ 2 + a − α
aτ

du(τ)

dτ
+ u(τ) = 0 (29.12)

reduces back to (29.11) by the transformation w(z) = − 1
au(z)

du(z)
dz

, z = λτ ,

λ2 = (ac)−1, provided c �= 0. As is well-known from the theory of special functions,
or may be verified by a suitable mathematical software, the general solution of (29.12)
is

u(τ) = τα/(2a)(C1Jα/(2a)(τ )+ C2J−α/(2a)(τ )), (29.13)
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where Jν(τ ) is a Bessel function, whenever α/(2a) /∈ Z, while if α/(2a) ∈ Z, then
J−α/(2a) in (29.13) has to be replaced by a cylinder function of the second kind Yα/(2a).
Clearly, the solutions of (29.12) generate all solutions of (29.11), hence a family of
solutions of (P3). If c = 0 and a �= 0 in (29.11), then (29.11) may be directly solved
in the form w(z) = z(α−a)/a(C − a2zα/a/α)−1.

In some particular cases, the solutions of (29.12) and hence those of (P3) may be
elementary functions. As an example, if α = a(1 + 2n), n ∈ N ∪ {0}, then by the
well-known expressions for Bessel functions,

u(τ) = τ 1+2n
(
C1

dn

(τdτ)n

cos τ

τ
+ C2

dn

(τdτ)n

sin τ

τ

)
.

Finally, we remark that the possible rational solutions for (29.11) and (P3) will be
considered in §35 below.

(3) As in the case of all previous Painlevé equations as well, it is sometimes convenient
to consider a pair of differential equations of first order, equivalent to (P3). To this
end, we consider a pair of first order differential equations of the form{

w′ = a0(z)+ a1(z)w + a2(z)w
2 + a3(z)w

2v,

v′ = b0(z)+ b1(z)w + b2(z)v + b3(z)wv + b4(z)wv
2,

(29.14)

where v is an auxiliary function and w has to satisfy (P3). Substituting (29.14) in
(P3), and assuming that the power combinations wjvk are linearly independent, we
obtain the following equations for determining the coefficients aj (z), bj (z):⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a2
0 = −δ, a′1 = −

1

z
a1

a′2 + a1a2 + b0a3 = 1

z
(α − a2),

a′3 + a1a3 + b2a3 = −1

z
a3,

a′0 − a0a1 = 1

z
(β − a0),

a2
2 + b1a3 = γ, b3 + 2a2 = 0, b4 = −a3.

(29.15)

Looking at (29.15), observe that we may assume a3 �= 0. In fact, if a3 = 0, the first
equation in (29.14) reduces back to (29.9) above. If δ = 0, then (29.15) implies that
β = 0 as well, and so we are back in (29.6). Assuming that δ �= 0, a2 = 0 and a3 = 1,
as we may do without loosing generality, we obtain from (29.15) the following pair
of differential equations:{

zw′ = (−δ)1/2z+ hw + zw2v,

zv′ = α + γ zw − (1+ h)v − zwv2,
(29.16)
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where (h− 1)(−δ)1/2 = −β. Before proceeding, we remark that by w = 1/W , (P3)

transforms into the same equation with (−β,−α,−δ,−γ ) replacing (α, β, δ, γ ), see
(29.18) below. Then, in (29.16) with respect to (W, v), we may choose the coefficients
(−β,−α,−δ,−γ 1/2) to replace (α, β, γ, (−δ)1/2). Putting w = 1/W , w1 = −v,
we obtain the following pair of differential equations:{

zw′ = (α/√γ − 1)w + zw1 +√γ zw2,

zww′1 = βw + (α/
√
γ − 2)ww1 + zw2

1 + δz,
(29.17)

which is equivalent to (P3), provided γ �= 0.

(4) We next consider a transformation property of (P3), without going into details.
Denote by φ(z, α, β, γ, δ) a solution of (P3) and consider transformations of the
following type:

T : w �→ σ1w
k1 , z �→ σ2z

k2 ,

where σj , kj �= 0. Then the transformations

T1(σ1, σ2) : φ �→ φ̃(z, ασ1σ2, βσ
−1
1 σ2, γ σ

2
1 σ

2
2 , δσ

−2
1 σ 2

2 )

:= σ−1
1 φ(σ2z, α, β, γ, δ),

T2 : φ �→ φ̃(z,−β,−α,−δ,−γ ) := (φ(z, α, β, γ, δ))−1
,

T3 : φ(z, α, β, 0, 0) �→ φ̃(z, 0, 0, 2α, 2β) := φ(z2, α, β, 0, 0)1/2

(29.18)

may be used to generate the solutions of (P3). Leaving aside the integrable cases
α = β = γ = δ = 0, α = γ = 0, β = δ = 0, we may restrict ourselves to
considering the four cases

(a) γ δ �= 0,

(b) γ = 0, αδ �= 0,

(c) δ = 0, βγ �= 0,

(d) δ = γ = 0, αβ �= 0.

(29.19)

By the transformations T3 and T2, the cases (29.19(d)) and (29.19(c)) reduce back to
(29.19(a)) and (29.19(b)), respectively. Therefore, it suffices to consider these two
cases only. Moreover, as it is easy to see, we may assume that γ = 1, δ = −1 in
(29.19(a)) and α = 1, δ = −1 in (29.19(b)) without loss of generality.

(5) Finally, observe that the third Painlevé equation (P3) is equivalent to the following
nonlinear chain, see Adler [1]:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

f ′1 = ε2
2f2 + f 2

1 g2,

f ′2 = ε2
1f1 + f 2

2 g1,

−g′1 = ε2
2g2 + g2

1f2,

−g′2 = ε2
1g1 + g2

2f1,

(29.20)
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where ε′1 = α1ε1, ε′2 = α2ε2 and α1 + α2 = 1.
Substituting v(z1) = ε1(z)f1(z)/(ε2f2(z)), φ(z1) = f1(z)g2(z) − f2(z)g1(z),

z1 = ε1ε2 and eliminating φ from the equations

v′ = 1− v2 + (α1 − α2 + φ)v/z1, φ′ = (φ − s)v + (φ + s)/v,

where s = f1(z)g2(z) + f2(z)g1(z) is the first integral of (29.20), we obtain that
the function v(z1) that satisfies (P3) with parameters α = −s − 2α1, β = s + 2α2,
γ = −δ = 1.

§30 Behavior of solutions around z = 0 and z = ∞
This section is now devoted to finding out conditions on the coefficients of (P3)which
imply the existence of a solution meromorphic, resp. algebraic, in a neighborhood of
z = 0. We also include similar considerations at z = ∞. Throughout of this section,
we omit the cases β = δ = 0 and α = γ = 0, which have been treated in §29.

(1) We first proceed to finding necessary and sufficient conditions for the existence of
a solution w(z) of (P3) with a pole at z = 0. To this end, let us assume that a formal
solution w(z) of (P3) in a neighborhood of z = 0 is of the form

w(z) =
∞∑
j=−l

aj z
j , a−l �= 0. (30.1)

Writing (P3) in the form

z(zw′)′w − (zw′)2 = αzw3 + βzw + γ z2w4 + δz2.

and substituting (30.1) into (P3), we easily deduce that the cases α = 0, γ �= 0 and
α �= 0, γ = 0 result in an immediate contradiction. Therefore, a necessary condition
for a pole at z = 0 is that αγ �= 0. In this case, by an elementary pole multiplicity
comparison, l = 1. By the expressions

z(zw′)′w − (zw′)2 =
∑
j≥0

(
(j + 1)2aja−1 +

j−1∑
k=0

k(j − 1)akaj−1−k
)
zj−1,

wp = ap−1z
−p +

∑
j≥0

(
pa
p−1
−1 aj +

∑
k1+···+kp=j−p+1

km≤j−1

ak1 . . . akp

)
zj−p+1,

p = 2, 3, 4,
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the system of equations for determining the coefficients aj in (30.1) takes the form:⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

γ a−1 + α = 0,

(1− 3αa−1 − 4γ a2−1)a0 = 0,

(4− 3αa−1 − 4γ a2−1)a1 = 3αa2
0 + 6γ a2

0a−1 + β,[
(n+ 1)2 − 3αa−1 − 4γ a2−1

]
a−1an

= Pn(a−1, a0,...,an−1, α, β, γ, δ), n ≥ 2,

(30.2)

where Pn is a polynomial in the variables described. Solving a−1 from the first
equation of (30.2), the coefficients an can be obtained, recursively, from the following
set of equations:

[
(n+ 1)2γ − α2]an = −γ 2

α
Pn(a−1, a0, . . . , an−1, α, β, γ, δ)

=: σn(a−1, a0, . . . , an−1, α, β, γ, δ).

(30.3)

Therefore, necessary conditions for a pole at z = 0 are that either

k2γ − α2 �= 0, k ∈ N, (30.4)

or
σk−1 = 0, if k2γ − α2 = 0, (30.5)

for some k ∈ N. Moreover, we infer from (30.2) that either a2k = 0, k ∈ Z, and
a2k+1 is uniquely determined, when α2 �= (2k + 2)2γ , or a2k is arbitrary, when
α2 = (2k + 1)2γ . Therefore, the coefficients an of the expansion (30.1) are uniquely
defined in the case of (30.4) and depend on one arbitrary coefficient ak−1 in the case
(30.5).

We now proceed to show that the conditions (30.4) and (30.5) are, in fact, sufficient.
In (29.17), we make the change of variables:

w = u−1, u = zU, and z2w1 = V. (30.6)

Then we have {
zU ′ = −γ 1/2 − αγ−1/2U − U2V,

zV ′ = βz2 + αγ−1/2V + δz4U + UV 2.
(30.7)

For the formal series ofw(z) constructed above, the corresponding formal seriesU(z)
obtained from (30.6) contains no terms of negative power and satisfies U(0) = u0 :=
−γ /α �= 0. Furthermore, it is easy to see that the function V (z) defined by the first
equation of (30.7) has the same property. Denote now V (0) =: v0. Then, the pair of
functions (φ(z), ψ(z)) given by φ(z) := U(z) − u0, ψ(z) := V (z) − v0 satisfies a
system of the form {

zφ′ = F(φ,ψ, z),
zψ ′ = G(φ,ψ, z),
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where F(φ,ψ, z), G(φ,ψ, z) are polynomials of φ, ψ, z satisfying F(0, 0, 0) =
G(0, 0, 0). By Theorem A.12, we conclude the convergence of w(z). Therefore,
having deleted the integrable cases treated in §29, we have proved

Theorem 30.1. The third Painlevé equation (P3) admits solutions meromorphic in the
whole complex plane and with a pole at z = 0 if and only if αγ �= 0 and the conditions
(30.4) or (30.5) are fulfilled. If (30.4) is satisfied, exactly one such solution exists.
In the case of (30.5), there exists a one-parameter family of solutions of the required
type.

(2) We next consider the existence of a meromorphic solution for (P3) analytic in a
neighborhood of z = 0. To this end, let us assume that a formal solution of (P3) in a
neighborhood of z = 0 of the form

w(z) =
∞∑
j=0

aj z
j (30.8)

exists. Substituting (30.8) into (P3), and observing that

z(zw′)′w − (zw′)2 =
∑
j≥0

(
j2aja0 +

j−1∑
k=1

k(2k − j)akaj−k
)
zj ,

we get the following system of equations for determining the coefficients aj :⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
a0(a1 − αa2

0 − β) = 0,

4a0a2 = 3αa2
0a1 + γ a4

0 + βa1 + δ,
9a0a3 = −a1a2 + 3α(a2

0a2 + a0a
2
1)+ 4γ a3

0a1 + βa2,

n2a0an = Pn(a0, a1, . . . , an−1, α, β, γ, δ), n ≥ 2.

(30.9)

By the first equation of (30.9), we have to consider the two cases a0 = 0 and a0 �= 0
separately.

First consider the casea0 = 0.By the transformationT2 in (29.18),w(z) transforms
to a solution with a pole at z = 0.As shown above, this case occurs when βδ �= 0 or
when β = δ = 0. Hence, by Theorem 30.1, the convergence of (30.8) follows.

We may now assume that a0 �= 0.Then all coefficients aj , j ≥ 1,may be uniquely
expressed in terms of α, β, γ , δ, a0 by using (30.9). Convergence of the series (30.8)
can be proved by reducing (P3) to a Briot–Bouquet system. Putting w = a0 + u,
v = (v1 − h/a0)/z, h = (

√−δ − β)/√−δ, δ �= 0 in the pair (29.16) of differential
equations equivalent to (P3), we get the following pair of differential equations:⎧⎪⎨⎪⎩

zu′ = −hu+ a2
0v1 +

√−δz+ 2a0uv1 + v1u
2 − (h/a0)u

2,

zv′1 = −(h2/a2
0)u+ hv1 + αz+ γ z2(a0 + u)− a0v

2
1

− v2
1u+ 2huv1/a0

(30.10)
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with eigenvalues λ1,2= 0. Therefore, (30.10) has a unique solution analytic in a
neighborhood of z = 0 such that u → 0, v → 0, as z → 0. Consider the formal
series v(z) defined by the first equation of (29.16) and the formal series of w(z).
Then it is easy to check that the corresponding series v1(z) = h/a0 + zv(z) satisfies
v1(0) = 0. Since (30.10) admits a formal series solution (u(z), v1(z)) vanishing at
z = 0, the convergence of w(z) now follows, provided δ �= 0. If δ = 0, γ �= 0, then
by applying the transformation T2 from (29.18) into (P3) this case is reduced to δ �= 0,
γ = 0. Finally, the case δ = γ = 0, αβ �= 0 may be reduced to δγ �= 0 by using
the transformation T3 from (29.18). Then, (30.8) is changed into w̃ =∑∞

j=0 bj z
j/2,

b0 �= 0, which satisfies (P3) with (̃α, β̃, γ̃ , δ̃) = (0, 0, 2α, 2β). The system (29.16)
is now given by {

zw̃′ = (−δ̃)1/2z+ w̃ + zw̃2v,

z̃v′ = γ̃ zw̃ − 2v − zw̃v2.

Making the change of variables w̃ = b0 + u, zv + b−1
0 = v1, z

1/2 = t, we obtain
a Briot–Bouquet system with respect to (u, v1). This admits a formal series solution
(u(t), v1(t)) such that u(0) = v1(0) = 0. Thus the convergence is verified.

Thus, except for the special cases treated in §29, the series (30.8) is either reduces
to a polar series (30.1) by means of T2-transformation from (29.18), implying the
convergence by Theorem 30.1, or (30.8) has an arbitrary coefficient and according to
(30.10) the convergence follows.

(3) We now proceed to consider the behavior of solutions of (P3) around z = ∞.
Putting zt = 1 in (P3), and observing that z(d/dz) = −t (d/dt), we get

t (tw′)′w − (tw′)2 = 1

t
(αw3 + βw)+ 1

t2
(γw4 + δ). (30.11)

We leave it as an exercise for the reader to show that t = 0 cannot be a pole for the
solutions of (30.11), except for the solvable cases corresponding to the special cases
treated in §29. However, formal solutions of the form

w(t) =
∞∑
j=0

aj t
j (30.12)

may exist in a neighborhood of t = 0. Substituting the series (30.12) into (30.11), we
obtain the following system of equations for recursive determination of the coefficients:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

γ a4
0 + δ = 0,

4γ a3
0a1 + αa3

0 + βa0 = 0,

4γ a3
0a2 + 3αa2

0a1 + 6γ a2
0a

2
1 + βa1 = 0,

− (a0(a1 − 3αa2
1 − 4γ a3

1)
)+ βa2 + 3a2

0(α + 4γ a1)a2

+ 4γ a3
0a3 = 0,

4γ a3
0an + Pn(a0, a1, . . . , an−1, α, β, γ, δ) = 0, n ≥ 4.

(30.13)
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It now follows from (30.13) that if γ δ �= 0, then all aj , j ≥ 1, may be uniquely
expressed in terms of a0, α, β, γ , δ. If γ = 0, then δ = 0 as well by the first equation
of (30.13). This case may be reduced to γ δ �= 0 by using the transformation T3
from (29.18). Indeed, (30.12) transforms into w̃(t) =∑∞

j=0 ãj t
j/2 such that w̃(1/z)

formally satisfies (P3) with (̃α, β̃, γ̃ , δ̃) = (0, 0, 2α, 2β). As will be shown later in
this section, for a Puiseux series around z = ∞, the branching multiplicity is either 1
or 3. Hence, ã2k−1 = 0 for all k ∈ N. Thus this case is reduced to that of γ δ �= 0. If
now δ = 0, then γ a0 = 0 by the first equation of (30.13) again. Therefore, we may
now assume that a0 = 0. Substituting now w(t) = amtm + · · · , am �= 0, m ≥ 1 into
(30.11) and comparing the terms of the lowest degree, we obtain β = 0, which is a
special case in §29.

Clearly, the series (30.12) converges if it is an expansion of a rational solution
in a neighborhood of z = ∞. Necessary and sufficient conditions of the existence
of rational solutions of (P3), hence also sufficient conditions for the convergence of
(30.12) will be treated in §35 below.

(4) In a similar way, necessary and sufficient conditions for the existence of solutions
of (P3) for which z = 0 and z = ∞ are algebraic branch points may be found out.
Actually, we are going to show below that the order of the branching of a solution at
these points has to be equal to three. If z = 0 and z = ∞ are algebraic points with
branching multiplicity s ∈ N, then the solutionw(z) is expressible in the formw(z) =
R(z1/s) for some rational function R(τ). In fact, since w(z) is at most meromorphic
around each point z0 �= 0,∞, w(τ s) = R(τ) is a rational function of τ ∈ Ĉ =
C ∪ {∞}, and hence, by the substitution τ = z1/s, the expression follows. If s = 1,
then an algebraic solution degenerates into a rational function. To obtain the required
conditions for the coefficients, denote z = τ s , where s ∈ N. Observing that z(d/dz) =
s−1τ(d/dτ), the third Painlevé equation (P3) takes the form

τ(τw′)′w − (τw′)2 = s2(τ s(αw3 + βw)+ τ 2s(γw4 + δ)). (30.14)

Let now
w(τ) = P(τ)/Q(τ) (30.15)

be a rational solution of the equation (30.14), where P(τ) and Q(τ) are irreducible
polynomials of degrees p and q, respectively. If s > 1, then (30.15) defines an
algebraic solution of the equation (P3). Substituting (30.15) as a power series around
τ = ∞ into (30.14) and comparing the coefficients of the highest powers of τ , we
obtain

(a) p = q, if γ δ �= 0;
(b) p = q + s/3, if αδ �= 0, γ = 0.

(30.16)

Observe that (30.16) is related to the cases (a) and (b) in (29.19). The case (c) in
(29.19), i.e. δ = 0, βγ �= 0, reduces to (30.16(b)) by means of the transformation T2
in (29.18), p = q + s/3. Finally, in the case (d) in (29.19), i.e. γ = δ = 0, αβ �= 0,
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we have p = q since (d) reduces to (30.16(a)) by means of the transformation T3 from
(29.18).

We next consider the equation (30.14) at infinity by putting τ = 1/t. Then we
obtain

t (tw′)′w − (tw′)2 = s2(t−s(αw3 + βw)+ t−2s(γw4 + δ)). (30.17)

Consider first the case (30.16(a)), i.e. γ δ �= 0. Then the solution (30.15) is analytic in
a neighborhood of t = 0.We next show that the solution (30.15) is a function of t s

which means that it is a rational function of z. To this end, we compute the expansion
of (30.15) in a neighborhood of τ = ∞, i.e. of t = 0, and show that in a neighborhood
of t = 0 the solution (30.15) can be expressed in the form

w(t) =
∞∑
j=0

bsj t
sj . (30.18)

This must coincide with the expansion (30.12). In fact, let the expansion of (30.15)
be of the following form

w(t) =
∞∑
k=0

bkt
k. (30.19)

Substituting (30.19) into (30.17), we easily see that γ b4
0 + δ = 0 and that the

coefficients bk , k ≥ 1, are determined uniquely up to the choice of b0. Recall the
formal solution φ(z) = ∑∞

j=0 aj z
−j of (P3) around z = ∞, see (30.12). Note that

γ a4
0 + δ = 0 by the first equation of (30.13), and that aj , j ≥ 1, are determined

uniquely up to a0. Sincew(t) = φ(t−s) =∑∞
j=0 aj t

sj also satisfies (30.17), this must
coincide with (30.19). Hence,

bk =
{
aj , if k = sj, j ∈ N ∪ {0}
0, otherwise,

provided that the choice of the root a0 is made suitably. Consequently, the solution
(30.15) has the expansion (30.18) in a neighborhood of the infinity t = 0. Hence,
(30.15) is a rational function of z = τ s.

It remains to consider the case (30.16(b)), i.e., γ = 0, αδ �= 0. In this case s = 3r ,
r ∈ N. Then t = 0 is a pole of multiplicity r of the solutions. As in the previous case,
we proceed to show that the only essential case is s = 3.We now write (30.15) in the
form

w(t) =
∞∑
k=−r

ckt
k, c−r �= 0. (30.20)

Substituting this into (30.17) with s = 3r , we see that αc3−r + δ = 0, and that ck,
k > −r are determined uniquely up to c−r .Make now the change of variables t r = ρ.
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Then t d
dt
= rρ d

dρ
. Hence (30.17) transforms into

ρ(ρw′)′w − (ρw′)2 = 32(ρ−3(αw3 + βw)+ ρ−6δ
)
. (30.21)

This equation admits a solution w(ρ) = ψ(ρ) =∑∞
j=−1 djρ

j . Here, αd3−1 + δ = 0,
and dj , j ≥ 0, are determined uniquely. It is easy to see that ψ(tr ) satisfies (30.17).
This implies that ψ(tr ) coincides with (30.20):

ck =
{
dj , if k = rj, j ∈ N ∪ {−1, 0}
0, otherwise,

provided that the root d−1 is chosen suitably. Consequently, the solution (30.15) has
the expansion (30.20) in a neighborhood of t = 0 when γ = 0, αδ �= 0. This means
that (30.15) is a rational function of z1/3 = τ r .

Hence, we are now ready to formulate the following

Theorem 30.2. The equation (P3) with γ δ �= 0 admits no algebraically branched
solutions at z = 0 and z = ∞. On the other hand, the equation (P3) with γ = 0,
αδ �= 0 may admit solutions algebraically branched at z = 0 and z = ∞. In this
case, the branching multiplicity of such solutions must be equal to 3.

§31 Poles of third Painlevé transcendents

Similarly as in the preceding section, we omit the special case γ = α = 0, treated
in §29, from our considerations in this section. We first consider the modified third
Painlevé equation (P̃3), writing it in the form

ww′′ = (w′)2 + αw3 + γw4 + βezw + δe2z. (P̃3)

Suppose first that γ = 0 and α �= 0, and let z0 be a pole of w(z). Substituting the
Laurent expansion at z0 into (P̃3), we immediately see that the pole has to be double
and the expansion is of the form

w(z) = 2/α

(z− z0)2
+	(z),

where 	(z) is analytic in a neighborhood of z0. As an immediate consequence of
the Clunie lemma, Lemma B.11, w(z) has infinitely many poles in C, at least if w(z)
satisfies r/T (r, w) = o(1). If then γ �= 0, and z0 is a pole of w(z), we use the same
reasoning to infer that the pole must be simple with residue equal to 1/

√
γ . Moreover,

by the Clunie reasoning, the number of poles must be infinite in this case as well.
As there are two possible residue values in the case of γ �= 0, the question again

arises whether there are infinitely many poles of both residue type. For simplicity, we
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first restrict ourselves to considering the original third equation (P3), assuming that
w(z) is a meromorphic solution in the whole complex plane.

So, let us assume that z0 �= 0 is a pole of a meromorphic solution of (P3). Substi-
tuting the series

w =
∞∑

j=−k
aj (z− z0)

j (31.1)

into (P3) and comparing the coefficients, we find that k = 1 if γ �= 0 and k = 2
if γ = 0 and α �= 0. In the latter case, we infer, by substituting (31.1) in (P3),
that a−2 = 2z0/α, a−1 = 0, a0 is arbitrary, and all coefficients aj , j ≥ 2, may be
uniquely determined in terms of α, β, γ , δ, a0 and z0. Applying Lemma B.11 to the
equation (P3), we see at once that w(z) admits infinitely many poles. Therefore, we
may assume in this section, from now on, that γ �= 0. Then we have the following
system for determining the coefficients in (31.1):⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

z0(1− γ a2−1) = 0,

2a0z0 = αa2−1 + 4z0γ a0a
2−1 + γ a3−1,

a0 + 4z0a1 = 3αa0a−1 + γ z0(4a1a
2−1 + 6a2

0a−1)+ 4γ a0a
2−1,

z0(n
2 + n− 2)an = Pn(a−1, a0, . . . , an−1), n ≥ 2.

(31.2)

By (31.2), a routine computation results in

a−1 = 1√
γ
, a0 = − 1

2z0

(
α

γ
+ 1√

γ

)
. (31.3)

Moreover, the coefficient a1 is arbitrary and all coefficients aj with j ≥ 2 are uniquely
determined in terms of α, β, γ , δ, a1 and z0.

Recall now the pair (29.17) of differential equations equivalent to (P3), and observe
that the values of

√
γ may be different in (29.17) and in (31.3). Therefore, to prevent

misunderstanding, we denote their signs, respectively, with μ and ν, μ2 = ν2 = 1. If
now w1 is eliminated from (29.17), then we get the equation (P3). Suppose now that

zw′1 − β − (αμ/
√
γ − 2)w1 �≡ 0. (31.4)

Then, eliminating w from (29.17), we get an algebraic differential equation for w1 as
follows:

μγ
√
γ z2w4

1 = −2βγ δ + μ√γ δ(αβ − γ δz2)

− w1
(
β2γ − δα2 + 4γ δ − 4μα

√
γ δ − γ z2(w′1)2

)− γ δz(w′1 + zw′′1)
− w2

1

(− 2βγ + μ√γ (αβ + 2γ δz2)+ γ z(w′1 + zw′′1)
)
,

(31.5)

with just one term μγ
√
γ z2w4

1 of maximal total order. The relation between the
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solutions of (P3) and those of (31.5) under the condition (31.4) now reads as follows:⎧⎪⎪⎪⎨⎪⎪⎪⎩
w1 = w′ − μ√γw2 +

(
1− αμ√

γ

)
w

z
,

w = (δz+ zw2
1)
(
zw′1 +

(
2− αμ√

γ

)
w1 − β

)−1
.

(31.6)

Let z0 �= 0 be a pole of the solution w(z) of (P3). Then the principal part of the
expansion of w1 in a neighborhood of z0 is

G(w1) := −ν + μ√
γ
(z− z0)

−2 + ν + μ
z0
√
γ (z− z0)

.

It is now immediate to observe that the function w1 is analytic in a neighborhood of
z0, if z0 is a pole of w(z) with residue ν/

√
γ , and μ = −ν, and w1 has a double pole

at z0, if μ = ν. Applying the Clunie reasoning again to the equation (31.5), we infer
that w1 has infinitely many poles in both possible cases of μ which, in fact, may be
chosen arbitrarily. Therefore, we have obtained

Theorem 31.1. Any transcendental meromorphic solution of (P3) has an infinite num-
ber of poles with both residues 1/

√
γ and −1/

√
γ , provided the condition (31.4)

holds.

If the condition (31.4) is not fulfilled, then we get w2
1 + δ = 0 from the second

equation of (29.17). Therefore, w1 reduces to a constant. This means that the first
equation in (29.17) becomes a Riccati differential equation for w(z), and so, by the
Clunie reasoning again, w(z) has infinitely many poles, all with the same residue
ν/
√
γ of the same sign. Examples of such solutions are the solutions generated by

(29.13).
Let us next consider an arbitrary solution w(z) of (P3). We denote by w1(z)

the function defined by the first equation of (31.6). Consider now W(z) := w(ez),
W1(z) := w1(e

z). Clearly, W(z) is a solution of (29.1). Suppose now that (31.4) is
fulfilled, namely that w(z) is not a solution of the Riccati differential equation

zw′ = μ√γ zw2 + (αμ/√γ − 1)w + μ′√−δz, μ2 = (μ′)2 = 1, (31.7)

and thatW(z) satisfies
lim inf
r→∞ r/T (r,W) = 0. (31.8)

By (31.6),

ezW1(z) = W ′(z)− μ√γ ezW(z)2 + (1− αμ/√γ )W(z),
from which T (r,W1)� T (r,W)+ r � exp(�0r) follows, see Theorem 9.1. By the
Clunie reasoning, from (31.5) with ez in place of z, we obtain

m(r,W1) = O(r). (31.9)
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Furthermore, under the supposition (31.4), the second equation of (31.6)

W(z) = ez(δ +W1(z)
2)
(
W ′

1(z)+ (2− αμ/
√
γ )W1(z)− β

)−1

yields T (r,W)� T (r,W1)+r, implying that lim infr→∞ r/T (r,W1) = 0 by (31.8).
Combining this with (31.9), we conclude that lim infr→∞ r/N(r,W1) = 0. Hence,
for both μ and −μ, w1(z) admits infinitely many poles. Indeed, if w1(z) has a finite
number of poles only, thenN(r,W1) = O(r), a contradiction. By the same argument
as above, we obtain

Theorem 31.2. Suppose that γ �= 0. Let w(z) be a solution of (P3) such that
W(z) = w(ez) satisfies (31.8). Then w(z) has an infinite number of poles with both
residues 1/

√
γ and −1/

√
γ if and only if w(z) is not a solution of (31.7).

§32 Canonical representation of solutions

By the transformation z = exp ζ , (P3) takes the following modified form:

w′′ = (w′)2/w + eζ (αw2 + β)+ e2ζ (γw3 + δ/w). (32.1)

Comparing with the substitution (3.1), it follows immediately from Theorem 3.1 that
all solutions of (32.1) are meromorphic functions. We now proceed to construct a
canonical representation for solutions of (32.1) in the form

w(ζ ) = v(ζ )/u(ζ ), (32.2)

where v(ζ ) and u(ζ ) are some entire functions, to be constructed. Making use of the
Laurent expansions (31.1) in a neighborhood of the poles of w(ζ ), it is not difficult to
check that the function

u(ζ ) = exp
{
−
∫ ζ ∫ t

(γ e2tw(t)2 + αetw(t)) dt dt
}

(32.3)

has a simple zero at a simple pole ofw(ζ ), if γ �= 0, and a double zero at a double pole
of w(ζ ), if α �= 0 and γ = 0. Obviously, u(ζ ) is analytic, whenever w(ζ ) is analytic,
and so u(ζ ) is an entire function. Consequently, the function v(ζ ) := w(ζ )u(ζ ) is
entire as well.

Differentiating now (32.3) and taking into account (32.2), we obtain a pair of
differential equations {

uu′′ = (u′)2 − γ e2ζ v2 − αeζ uv,
vv′′ = (v′)2 + βeζ uv + δe2ζ u2,

(32.4)
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where the second equation follows by substituting (32.2) into (32.1) and observing
that

w′′ − (w
′)2

w
= w
(
w′

w

)′
= v
u

((
v′

v

)′
−
(
u′

u

)′)
.

By (32.3) combined with (29.5), we have

d

dζ

((
w′

w

)2

− 2
w′

w
+G(ζ,w)

)
= 4

d

dζ

(
u′

u

)
.

Substitution of w = v/u yields the first integral

(u′v−uv′)2−2(u′v+uv′)uv+(δu4−γ v4)e2ζ+2(βu3v−αuv3)eζ = Cu2v2 (32.5)

of (32.4) with an arbitrary complex constant C.
We may now construct solutions of (32.4) in the form of exponential series

v(ζ ) =
∞∑
j=0

aj e
jζ , u(ζ ) =

∞∑
j=0

bj e
jζ . (32.6)

Substituting these series into the first equation of (32.4) and comparing the coefficients,
we obtain⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a0(a1 − βb0) = 0,

b0(b1 + αa0) = 0,

4a0a2 = b0(δb0 + βa1)+ a0b1β,

4b0b2 = −a0(αb1 + γ a0)− a1b0α,

9a0a3 + a1a2 = βa1b1 + b0(βa2 + 2δb1)+ b2a0β,

9b0b3 + b1b2 = −αa1b1 + a0(−2γ a1 − αb2)− a2b0α,

. . . . . .

n2a0an + (n− 2)2a1an−1 + · · · = Pn(a0, . . . , an−1, b0, . . . , bn−1),

n2b0bn + (n− 2)2b1bn−1 + · · · = Qn(a0, . . . , an−1, b0, . . . , bn−1).

(32.7)

We divide our consideration of these equations in four subcases:

(1) Let us first suppose that b0a0 �= 0. Then the coefficients in the exponential
series (32.6) may be computed from (32.7) successively: a1 = βb0, b1 = −αa0,
a2 = −αβa0/4 + (β2 + δ)b2

0/4a0, b2 = (α2 − γ )a2
0/4b0 − αβb0/4. As one can

immediately see, all coefficients aj and bj , with j ≥ 2,may be uniquely expressed in
terms of a0, b0, α, β, γ , and δ.

(2) Let us next suppose that a0 = 0, b0 �= 0. By (32.7), we observe that b1 = 0
and a1β + δb0 = 0. If β = 0, then necessarily δ = 0, and this reduces back to a
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special case treated in §29, solvable in terms of elementary functions. If β �= 0, then
a1 = −b0δ/β, and all subsequent coefficients may be found uniquely. In particular,
we see that a2k is arbitrary in the series (32.6) for v(ζ ), provided β2+ (2k−1)2δ = 0.

(3) If a0 �= 0 and b0 = 0, then by (32.7) again, we find successively a1 = 0,
a2 = βb1/4, αb1 + a0γ = 0. If α = 0, then γ = 0 as well, and we are again back
in the special cases of §29. If α �= 0, then b1 = −a0γ /α, and the solution depends
on an arbitrary parameter a0. Of course, all other coefficients can be found uniquely
and we obtain that b2k is an arbitrary coefficient in the series (32.6) for u(ζ ), provided
α2 − (2k − 1)2γ = 0.

(4) The case a0 = b0 = 0 may be treated in a similar way, and we leave it as an
exercise for the reader.

§33 The special case γ = 0, αδ �= 0

In this section, we may assume, for simplification of the calculations, thatα = −δ = 1.
Hence, (P3) now takes the special form

w′′ = (w
′)2

w
− w

′

z
+ 1

z
(w2 + β)− 1

w
. (33.1)

In fact, we may fix α = −δ = 1 by putting σ1 = 1/(ασ2), σ2 = 1/ 4
√−α2δ in (29.18).

We can rewrite (33.1) in the form of an equivalent system{
zw′ = εz+ (1− εβ)w + zw2v,

zv′ = 1− (2− εβ)v − zwv2,
(33.2)

by fixing ε2 = 1,
√−δ = ε, γ = 0, α = 1 in (29.16). From the first equation of

(33.2) we infer that the equation

v′′ = (v
′)2

v
− v

′

z
− εv2 + 2− εβ

z2 − 1

z2v
(33.3)

is of the considered type by a simple substitution. Indeed, if we define w̃(z) =
−εzv(z), then the function w̃(z) satisfies the equation (33.1) with the parameter value
β̃ := β − 2ε. Therefore, we have proved the following result, see Gromak [1]:

Theorem 33.1. Let w = w(z, β) be a solution of (33.1). Then the function

w̃(z, β̃) := w−2[(ε − β)w + z− εzw′] (33.4)

also solves an equation of the form (33.1), with the parameter value

β̃ := β − 2ε,

where ε2 = 1.
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Remark 1. The equation (33.1) does not admit a solution satisfying (ε − β)w +
z − εzw′ = 0 simultaneously. Hence, the above transformation may be repeated
unconditionally.

Remark 2. The system (33.2) has the following symmetry property: By w̃ = −εzv,
ṽ = εz−1w, (33.2) is changed into{

zw̃′ = ε̃z+ (1− ε̃β̃)w̃ + zw̃2ṽ,

z̃v′ = 1− (2− ε̃β̃ )̃v − zw̃ṽ2,

with ε̃ = −ε, β̃ = β − 2ε.

If now w(z, β) is the general solution of (33.1) for a fixed value of the parameter
β, then w(z, β̃) is the corresponding general solution as well.

Corollary 33.2. To construct the general solution of (33.1) for arbitrary values of
the parameter β it is sufficient to construct the general solution for all β from a
fundamental domain

r ≤ Re β < r + 2,

for an arbitrary r ∈ R.

Denote now the transformation described in Theorem 33.1 by T (ε), i.e., T (ε) :
w(z, β) �→ w̃(z, β̃). In particular, we use the notations T := T (−1), T −1 = T (1).
Then, by direct computation, we verify that T −1 � T = T � T −1 = I, where I
is the identity transformation. Similar to the equations (P2), (P4) in §19 and §25,
respectively, we may define simple auto-Bäcklund transformations of the equation
(33.1):

Sμ : w(z, 0) �→ μw(μz, 0), μ2 = −1,

S : w(z, β)→−w(−z, β).
Thus, Sμ are auto-Bäcklund transformations for β = 0, S is an auto-Bäcklund trans-
formation for an arbitrary β and T k � Sμ � T −k are auto-Bäcklund transformations
for β = 2k, k ∈ Z.

Moreover, the solutionswβ :=w(z, β),wβ+2 :=w(z, β+2),wβ+4 :=w(z, β+4),
obtained by repeated applications of the Bäcklund transformation T , are connected
by means of the following nonlinear superposition formula, as one may verify by a
routine computation:

wβ+4 = (2z− (2+ β)wβ+2 − wβw2
β+2)/w

2
β+2.

We continue this section by constructing some algebraic solutions of (P3) with
the help of Theorem 33.1. By §30, algebraic solutions may exist only if (a) γ = 0,
αδ �= 0 or if (b) δ = 0, βγ �= 0 except for the integrable cases treated in §29, and again
omitted from this consideration. The case (b) reduces back to the case (a) by using



164 7 The third Painlevé equation (P3)

the T2-transformation, see (29.18). Hence, we may restrict ourselves to considering
the case (a) only. Moreover, we may normalize the situation by assuming that α = 1,
δ = −1, as stated in the beginning of this section. By §30, we know that the algebraic
solutions have to be rational in z1/3. Therefore, we make the transformation z = τ 3

to start with. Then, instead of (33.1) and (33.4), we have

w′′ = (w
′)2

w
− w

′

τ
+ 9τ

(
w2 + β − τ

3

w

)
(33.5)

and

w̃(τ, β − 2ε) = 3(ε − β)w + 3τ 3 − ετw′τ
3w2 . (33.6)

Therefore, the construction problem is reverted to finding conditions for the exis-
tence of rational solutions of (33.5) and to constructing them.

Theorem 33.3. For the existence of rational solutions of (33.5), it is necessary and
sufficient to have

β = 2k, k ∈ Z. (33.7)

Proof. Proving the sufficiency is almost trivial. In fact, it is immediate to see that
(33.5) has a solution

w = λτ, λ3 = 1, β = 0. (33.8)

Hence, by using the transformation (33.4) inductively, we obtain rational solutions for
all β = 2k, k ∈ Z. The first such rational solutions are listed in the following table.

Table 33.1. The first rational solutions of (33.5) with γ = 0, αδ �= 0.

β w(τ, α, β)

0 w = λτ, λ3 = 1

−2ε
2ελ+ 3τ2

3λ2τ

−4ε
9λτ5 + 24ελ2τ3 + 20τ

(2ελ+ 3τ2)2

−6ε
243τ10 + 7920τ4ε + 5040τ2λ+ 1782τ8ελ+ 5400τ6λ2 + 1120ελ2

3τ(20+ 9τ4λ+ 24τ2ελ2)2

To prove the necessity, letw(τ) be a nontrivial rational solution of (33.5) and make
use of the transformation

y := τ/w, τ 2 = η. (33.9)
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Then (33.5) transforms to a differential equation

4ηyy′′ = 4η(y′)2 − 4yy′ − 9(ηy + βy3 − ηy4) (33.10)

for y = y(η, β), while the Bäcklund transformation (33.6) takes the form

ỹ(η, β − 2ε) = 3η

(2ε − 3β)y + 3ηy2 + 2εηy′
. (33.11)

The initial solution w(τ, 0) reduces to y(η, 0) = λ2.

Recall that w(τ) admits a formal series expansion around τ = ∞ of the form
τ
∑
j≥0 aj τ

−j , a0 �= 0, and that these coefficients are determined uniquely up to λ,

λ3 = 1. The form of (33.5) indicates that w(−τ) = −w(τ), implying that aj = 0
if j ∈ 2Z. Hence, by (33.9), w(τ) is taken into a solution y(η) of (33.10), which is
also rational in η. Next let us consider the series expansion of w(τ) around τ = 0.
By comparison of powers on both sides of (33.5), concerning the term of the lowest
power τ l, two possibilities remain: (a) l = ±1 and (b) l = 3, β �= 0.

Now consider the case (a). Then y(η) is analytic at η = 0. Looking at a pole
η0 �= 0 of y(η), we obtain

y(η) = a−1

η − η0
+ a0 + · · · , a2−1 =

4

9
.

By (33.9), in a neighborhood of the infinity, the solution y(η) has the following
expansion:

y = c0 + c1
η
+ c2
η2 + · · · , c3

0 = 1, c1 = β
3
.

Consequently, if y(η) has l1 poles with the residue equal to 2/3 and l2 poles with
the residue equal to −2/3, where l1, l2 ∈ N ∪ {0}, then the necessary condition is
2l1/3 − 2l2/3 = β/3. From this formula, in the case (a), we obtain the necessary
condition β = 2k, k ∈ Z.

To complete the proof, we consider the case (b). By the transformation (33.6), it
is sufficient to consider the case β ∈ G1 = {β | − 1 ≤ Re < 1}. By T2 of (29.18), the
seriesW(τ) = w(τ)−1 =∑j≥−3 cj τ

j , c−3 = β �= 0 satisfies

τ(τW ′)′W − (τW ′)2 = 9τ 3(−βW 3 −W + τ 3W 4). (33.12)

The coefficients cj satisfy the recursive relations:

c−3 − β = 0, f (j, β)c−3cj = Rj (cl; l ≤ j − 1), j ≥ −2,

where f (j, β) = (j + 3)2 + 9(3βc−3 − 4c2−3) = (j + 3)2 − 9β2. Note that

R−2 = 0, R−1 = c−2R
∗−1(β), R0 = c−2R

∗−1(β, c−1).
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On the other hand, by τ 3 = z, (33.12) transforms into

z(zv′)′v − (zv′)2 = z(−βv3 − v)+ z2v4.

The formal series solution v = v(z) =∑k≥−1 dkz
k also satisfies a recursive relation

d−1 − β = 0, f̃ (k, β)d−1dk = R̃k(dl; l ≤ k − 1), k ≥ 0

with f̃ (k, β) = f (3k, β)/9 = (k+ 1)2− β2, R̃0 = 0. Now we divide into three sub-
cases with respect to β ∈ G1: (b.1) β = −1; (b.2) β = ±1/3,±2/3; (b.3) otherwise.

Case (b.1): In this case, c−2 = c−1 = 0, and f (0, β) = R0 = 0. Since f (j, β) �= 0
for j ≥ 1, we have cj = pj (β, c0) for j ≥ 1, where pj (β, c0) is a polynomial.
Furthermore, dk = dk(β, d0), k ≥ 1 is determined uniquely up to d0. Since v(τ 3)

satisfies (33.12), if we choose d0 = c0, v(τ 3) coincides with W(τ), implying that
cj = 0 for j �∈ 3Z. Since w(τ) is rational, the solution w(z1/3) = ∑j≥3 c3j z

j of

(33.1) admits an expressionw(z1/3) =∑j≥0 aj z
−j around z = ∞,which contradicts

the first equation of (33.13) (or (33.16)).

Case (b.2): In this case, it is easy to see that y(η) possesses a simple pole with
residue β at η = 0 as well. Applying the same argument as in case (a), we obtain
2l1/3− 2l2/3+ β = β/3, which implies β ∈ Z, a contradiction.

Case (b.3): Since f (j, β) �= 0, f̃ (k, β) �= 0 for all j, k, the coefficients cj , dk are
determined uniquely. We can derive a contradiction by the same method as in case
(b.1), completing the proof. 	


Theorem 33.4. Any rational solution of (33.5) has β2/4 poles and β2/4+ 1 zeros in
the complex plane.

Proof. Let w = P(τ)/Q(τ) be a rational solution of (33.5), where P(τ),Q(τ) are
irreducible polynomials in τ with degreesm and n, respectively. Substituting this into
(33.5) and comparing terms, we have m = n+ 1.

To find the number of poles and zeros in terms of β, we put τ = exp ξ in (33.5).
Then we get the equation

ww′′ = (w′)2 + 9e3ξ (w3 + βw − e3ξ ). (33.13)

Since all solutions of the equation (33.13) are meromorphic, we obtain a system{
uu′′ = (u′)2 − 9e3ξ uv,

vv′′ = (v′)2 + 9βe3ξ uv − 9e6ξ u2,
(33.14)

where the two functions u(ξ) and v(ξ) which are such that w(ξ) = v(ξ)/u(ξ), cor-
respond to (32.4). By using (32.5), it is easy to verify by direct calculation that the
expression

(v′u− u′v)2 − 6uv(u′v + v′u)− 9e6ξ u4 + 18e3ξ uv(βu2 − v2) = Cu2v2 (33.15)
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is the first integral of the system (33.14). The entire solution

v(ξ) = P(ξ) exp g(ξ), u(ξ) = Q(ξ) exp g(ξ), (33.16)

where g(ξ) is an entire function to be determined, corresponds to a solution w(ξ) =
P(ξ)/Q(ξ) of the equation (33.13) rational in eξ . Substituting now (33.16) into
(33.14) and (33.15), we get

QQ′′ − (Q′)2 + g′′Q2 + 9e3ξPQ = 0, (33.17)

and

(P ′Q− PQ′)2 − 6PQ(P ′Q+ PQ′)− 9e6ξQ4

+ 18e3ξ (βPQ3 − P 3Q)− (C + 12g′)P 2Q2 = 0.
(33.18)

Substituting the polynomials

P(ξ) =
n+1∑
j=0

pje
ξ(n+1−j), Q(ξ) =

n∑
j=0

qj e
ξ(n−j)

into (33.17) and (33.18), we observe that g′(ξ) = ∑4
j=0 λj exp(jξ) and there exist

two possibilities for the coefficients:

(a) p2j+1 = 0, j = 0, . . . , k; q2j+1 = 0, j = 0, . . . , k − 1, q0 = 1, pnqn �= 0,
n = 2k, k ∈ N ∪ {0};

(b) p2j+1 = q2j+1 = 0, j = 0, . . . , k − 1, pn+1qn−1 �= 0, q0 = 1, n = 2k − 1,
k ∈ N.

Then, substituting into (33.18), we obtain for the coefficients of g′ that λ1 = λ3 = 0.
Comparing the coefficients in (33.18) of terms of degrees 2n+ 4 and 2n+ 2 in eξ , we
get {

9p0 + 4λ4 = 0,

9p2 + 9p0q2 + 2λ2 + 8q2λ4 = 0.
(33.19)

Comparing further the coefficients of terms of degrees 4n+ 6, 4n+ 4, 4n+ 2, . . . , 2
in (33.18), we get the equations⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

4p2
0λ4 + 3+ 6p3

0 = 0,

6q2 + 3p3
0q2 + p0(4p2λ4 − 3β)+ p2

0(9p2 + 2λ2 + 4q2λ4) = 0,

12λ0 + 5+ C + 12n− 3β2 = 0,

12λ0 + 5+ C = 0.

(33.20)

Solving the equations (33.19), (33.20), we obtain

p3
0 = 1, λ4 = −9p0/4, λ2 = 3βp2

0/2, λ0 = −(5+ C)/12, n = β2/4. (33.21)

The assertion of the theorem now follows from the last equality in (33.21). 	
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Theorem 33.5. The equation (33.5) with β = 2k, k ∈ Z, has exactly three rational
solutions. They are generated from (33.8) by (33.6), depending on the value of λ in
(33.8).

Proof. By Theorem 33.1 and Theorem 33.3, it is sufficient to show that the equation
(33.5) with β = 0 has no other rational solutions than those in (33.8). But by §30 (4),
the coefficients of the series expansion of w(τ) with the leading term λτ are uniquely
determined, and there are no solutions other than them. 	


§34 Connection between solutions of (P3) and (P5)

In this section, we shall consider the case γ δ �= 0 only, with the idea of constructing a
transformation which carries (P3) into (P5), with parameters in (P5) being expressed
in terms of the parameters in (P3). As (P3) is invariant over the transformation
T1(σ2, σ2) in (29.18), we may fix γ = 1 and δ = −1, by taking σ1 = 1/(σ2

√
γ ) and

σ2 = 4
√−1/γ δ. Therefore, it suffices to consider (P3) in the following form without

loss of generality:

w′′ = (w
′)2

w
− w

′

z
+ 1

z
(αw2 + β)+ w3 − 1

w
. (34.1)

To derive a transformation that relates solutions of (34.1) to solutions of an equation
of type (P5), we recall the pair (29.17) of differential equations equivalent to (P3) for
γ �= 0. Using the notations w1 = v, γ = 1, δ = −1,

√
γ = ε, ε2 = 1, we obtain{

zw′ = (αε − 1)w + εzw2 + zv,
zwv′ = βw − z+ (αε − 2)wv + zv2.

(34.2)

Of course, v may be expressed rationally in terms of w′ and w. We next find a
differential equation for v. Provided

zv′ − β − (αε − 2)v �= 0, (34.3)

we obtain
w = z(v2 − 1)/(zv′ − β − (αε − 2)v) (34.4)

from the second equation of (34.2). Substituting now (34.4) into the first equation of
(34.2), we get

v′′ = v

v2 − 1
(v′)2 − v

′

z
+�(z, v), (34.5)

where

�(z, v) = ε(1− v2)− 1

z2 β(αε − 2)− 2β(αε − 2)

z2(v2 − 1)
− β

2 + (αε − 2)2

z2

v

v2 − 1
.
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By the transformation

v = − ũ(z)+ 1

ũ(z)− 1
, (34.6)

we obtain for u(τ) := ũ(z) = ũ(√2τ) from (34.5),

u′′ = 3u− 1

2u(u− 1)
(u′)2 − u

′

τ

+ (u− 1)2

32τ 2

[
(β − αε + 2)2u− (β + αε − 2)2

u

]
− εu
τ
.

(34.7)

In (34.7), u′ now stands for the differentiation with respect to τ . Moreover, it is an
immediate observation that (34.7) is a special case of the fifth Painlevé equation (P5).
Hence, we have obtained the following theorem, see Gromak [2]:

Theorem 34.1. Let w = w(z) be a solution of the third Painlevé equation such that

R := w′ − εw2 − (αε − 1)
w

z
+ 1 �= 0.

Then the function

u(τ) = 1− 2

R(
√

2τ)
(34.8)

is a solution of the fifth Painlevé equation with parameters

a = 1

32
(β − αε + 2)2, b = − 1

32
(β + αε − 2)2, c = −ε, d = 0. (34.9)

From the system (34.2) it follows that all solutions of the equation

w′ = εw2 + (αε − 1)
w

z
− 1 (34.10)

are solutions of (P3) with
β − αε + 2 = 0, (34.11)

and the equation

w′ = εw2 + (αε − 1)
w

z
+ 1 (34.12)

generates solutions of (P3) with

β + αε − 2 = 0. (34.13)

Note, that (P5) has the following property: if u = u(t, a, b, c, d) is a solution of
(P5), then u1(t) = 1/u(t,−b,−a,−c, d) is a solution of (P5) as well.

The following theorem is valid on the basis of Theorem 34.1 and the above-
mentioned statement.
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Theorem 34.2. Let w = w(z, α, β) be a solution of (P3) such that

R1(z) := w′ − εw2 − (αε − 1)w/z− 1 �= 0.

Then the function

u1(t, a, b, c, d) = 1+ 2

R1(
√

2t)
(34.14)

is the solution of (P5) when

a = 1

32
(β + αε− 2)2, b = − 1

32
(β − αε+ 2)2, c = ε, d = 0, ε2 = 1. (34.15)

Note, that one-parameter families of solutions of the third Painlevé equation, de-
fined by (34.10) and (34.12) under the conditions (34.11), (34.13) correspond to (P5)-
solutions, namely, u1 = 0, when a = 0, and u = 0, when b = 0, respectively.

Now we can find a solution w of (P3) in terms of a solution u of (P5):

Theorem 34.3. Let u(τ) be a solution of (P5) with the parameter values a, b, c2 = 1
and d = 0, and define

	(τ) := τu′(τ )−√2au(τ)2 + (√2a +√−2b)u(τ)−√−2b �= 0.

Then the function

w(z) =
√

2τu

	(τ)
, z2 = 2τ (34.16)

is a solution of (P3) with the parameter values

α = 2c(
√

2a −√−2b − 1), β = 2
√

2a + 2
√−2b, γ = 1, δ = −1. (34.17)

Remark 1. If u = 0 under b = 0, then according to (34.1) and (34.8) we have a
one-parameter family of solutions of (34.1) given by the general solution of (34.12).
If u1 = 0 under a = 0, then we have solutions of (34.10).

Remark 2. Conditions c = ±1, d = 0 of the above-mentioned theorem are equiv-
alent to c �= 0, d = 0, since we can replace the independent variable t �→ ±t/c in
(P5), for any given c �= 0.

Thus, these theorems establish a correspondence between solutions of (P3) with
parameters γ δ �= 0 and solutions of (P5), for which c �= 0, d = 0.

We continue to look at the solutions of (34.1) for which neither (34.10) nor (34.12)
hold, and a solution u �≡ 0 of (P5). As it follows immediately from Theorems 34.1–
34.3, one solution of (P3) generates two solutions of (P5) on account of the choice of
ε = √γ = ±1, while one solution of (P5) generates four solutions of (P3) because
of the so-called parameter branching of

√
2a,

√−2b. As a result of the parameter
branching we can establish a correspondence between solutions of (34.1) with different
values of the parameters, see Gromak [2]:
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Theorem 34.4. Let w(z, α, β) be a solution of (P3) for which γ δ �= 0 such that

R(z)(R(z)− 2) �= 0.

Then the function

w̃(z, α̃, β̃) = 2zR(z)(R(z)− 2)

2zR′(z)+ (ε3A− ε2B)R(z)− 2ε3A
(34.18)

is a solution of (34.1) as well with

α̃ = ε1(ε2B − ε3A+ 4)/2, β̃ = ε2B/2+ ε3A/2, (34.19)

where

B = β + αε1 − 2, A = β − αε1 + 2, ε2
j = 1, j = 1, 2, 3.

The proof of this theorem immediately follows from Theorems 34.1–34.3. Indeed,
since R(z)(R(z)− 2) �= 0,we may construct solutions of (34.1) by using solutions of
(P5). In the general case, the new solutions are different from the initial one, depending
on choice of values. We get w̃ = w if ε2 = ε3 = 1. The choice of εj may be limited
using the transformations (29.18). Relations (34.18) and (34.19) may be obtained by
the substitution of (34.18) and (34.9) into (34.16) and (34.17), respectively, where
the choice of ε2, ε3 determines the choice of the branches of

√
(β + αε1 − 2)2 and√

(β − αε1 + 2)2.
It is necessary to point out that the formulas (34.18) and (34.19) can be simplified.

In order to show this, let us denote the transformation of Theorem 34.4 by Tε1,ε2,ε3 :
w(z, α, β) �→ w̃(z, α̃, β̃). It is not difficult to show that T1,1,1 = T−1,1,1 = I, where
I is the identity transformation as before. In other cases of the choice of εj we get the
following transformations:

T1,1,−1 : w(z, α, β) �→ w̃(z, 2+ β,−2+ α) = w+ (β − α + 2)w2

zw′ − w2z− (1+ β)w + z ;

T1,−1,1 : w(z, α, β) �→ w̃(z, 2− β, 2− α) = w + (α + β − 2)w2

w + z+ w2z− wβ − zw′ ;

T1,−1,−1 : w(z, α, β) �→ w̃(z, 4− α,−β) = T1,−1,1 � T1,1,−1;

T−1,1,−1 : w(z, α, β) �→ w̃(z,−2− β,−2− α) = w+ (α + 2+ β)w2

w2z− w − wβ + z+ zw′ ;

T−1,−1,1 : w(z, α, β) �→ w̃(z,−2+ β, 2+ α) = w− (β − α − 2)w2

w2z− w + wβ − z+ zw′ ;
T−1,−1,−1 : w(z, α, β) �→ w̃(z,−4− α,−β) = T−1,−1,1 � T−1,1,−1.

Moreover, after repeating Tε1,ε2,ε3 , we obtain T 2
ε1,ε2,ε3

= I . Similarly as for (P2) and
(P4), we may apply the Bäcklund transformations to solutions of the Riccati equation
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(29.11) to obtain one-parameter families of solutions expressed in terms of Bessel
functions, to be considered in the next section. In the next theorem, we assume that
w(z, α, β) is outside of these families.

Theorem 34.5. By successive applications of the transformations Tε1,ε2,ε3 , T2 and
T1(σ1, σ2) with σ 2

1 = σ 2
2 = ±1 from (29.18) to a solution w(z, α, β) of (34.1), we

obtain a solution w̃(z, α̃, β̃) with the pair (̃α, β̃) of parameter expressed as either

α̃ = εα + 2n1, β̃ = νβ + 2n2 (34.20)

or
α̃ = εβ + 2n1, β̃ = να + 2n2, (34.21)

where (n1, n2) is a pair of integers satisfying n1 + n2 ∈ 2Z, and ε2 = ν2 = 1.
Moreover, for an arbitrary pair of such integers (n1, n2) and for (ε, ν), there exists a
composed transformation as above producing the substitution given by (34.20), resp.
(34.21).

Proof. Let us consider the following transformations:

H1 : w(z, α, β) �→ w̃(z, α + 2, β + 2), H1 = T2 � T−1,1,−1,

H2 : w(z, α, β) �→ w̃(z, α − 2, β + 2), H2 = T1(1,−1) � T2 � T1,1,−1,

H3 : w(z, α, β) �→ w̃(z, α + 2, β − 2), H3 = T1(1,−1) � T2 � T−1,−1,1,

H4 : w(z, α, β) �→ w̃(z, α − 2, β − 2), H4 = T2 � T1,−1,1.

and denoteHn1,n2 :=
∏4
j=1H

kj
j , kj ∈ N∪{0}. For arbitrary integers n1, n2 satisfying

n1 + n2 ∈ 2Z, we can choose kj ∈ N ∪ {0}, j = 1, . . . , 4, in such a way that
n1 = k1 − k2 + k3 − k4, n2 = k1 + k2 − k3 − k4 and n1 + n2 = 2(k1 − k4) hold.
Then we have

Hn1,n2 : w(z, α, β) �→ w̃(z, α + 2n1, β + 2n2), (34.22)

where n1 + n2 = 2n3, nj ∈ Z, j = 1, 2, 3.
The second part of the statement now follows from (34.22) if we apply the transfor-

mations T1(σ1, σ2)with (σ1, σ2) = (1,−1) or (σ1, σ2) = (i, i) and T2 to the solution
w̃(z, α + 2n1, β + 2n2) in (34.22). The first part, the closedness, is obvious. 	


The transformationHn1,n2 and (29.18) allow us to deduce the fundamental domain
in the space of the parameters of (34.1). In fact, the fundamental domain is given by

G := {(α, β) | Re β ≥ 0, Re(α − β) ≥ 0, Re(α + β) ≤ 2
}
. (34.23)

To construct auto-Bäcklund transformations of the equation (34.1), it follows from
(29.18), that simple auto-Bäcklund transformations may be given by

S1 : w(z, α, α) �→ −w−1(z, α, α),

S2 : w(z, α,−α) �→ w−1(z, α,−α). (34.24)
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Moreover, it is obvious that the transformations (34.24) generate solutions different
from the initial ones unless w = λ, λ4 = 1, and αλ2 + β = 0.

Theorem 34.6. If w(z, α, αε + 4n), n ∈ Z, ε2 = 1, is a non-rational solution of the
equation (34.1), then

w̃(z, α, α + 4n) = H0,2n � S1 �H0,−2nw(z, α, α + 4n),

w̃(z, α,−α + 4n) = H0,2n � S2 �H0,−2nw(z, α,−α + 4n)

are solutions of the equation (34.1) as well, different from the original one.

Proof. The fact that w̃ is a solution of equation (34.1) follows from its construction by
means of the transformations S1, S2, Hn1,n2 . To prove the distinction of the solutions
w̃ and w, observe that Sj �H0,−2nw(z, α, αε + 4n) �= λ, λ4 = 1, αλ2 + β = 0 as w
is non-rational. This proves the observation above. 	


Thus, the transformations Sj andH0,2n � Sj �H0,−2n, j = 1, 2 are auto-Bäcklund
transformations, provided the parameters are related by β + αε = 4n, n ∈ Z, ε2 = 1.

Similar to the equations (P2), (P4), it is not difficult to construct nonlinear su-
perposition formulas linking different solutions obtained by means of the Bäcklund
transformation. Next we give examples of such formulas.

Letwα,β = w(z, α, β),w−β−2,−α−2 = T−1,1,−1wα,β ,wβ−2,α+2 = T−1,−1,1wα,β ,
w−α−4,−β = T−1,−1,−1wα,β , Then the following relation is valid:

w−1
−β−2,−α−2 + w−1

β−2,α+2 = w−1
α,β + w−1

−α−4,−β.

In case of a repeated application of the Bäcklund transformation we get the nonlinear
superposition formula

w2 − w1 = 2+ α + β
2 z

+ −α2 + (2+ β)2
2 z (−2+ 2w z+ α − β − 2 zw1)

linking solutions w = w(z, α, β), w1 = w1(z, 2 + β,−2 + α) = T1,1,−1w, w2 =
w2(z,−α,−4− β) = T−1,1,−1w1.

§35 Rational and classical transcendental solutions of (P3) when
γ δ �= 0

In this section too, we restrict ourselves to considering (P3) under the condition γ δ �=
0. Therefore, as in §34, we may restrict to the special case (34.1) only. Let now
w(z) = P(z)/Q(z) be a rational solution of (34.1) with P(z),Q(z) being irreducible
polynomials of degrees n and m, respectively. By (30.16), we readily observe that
n = m. If n = 0, the equation (34.1) has a rational solution, in fact a constant,

w = λ, αλ2 + β = 0, λ4 = 1. (35.1)
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The solution (35.1) is the unique rational solution, provided αλ2+β = 0 and λ4 = 1.
This follows from the expansion (30.12) of the solution in a neighborhood of the point
z = ∞ and the system (30.13). If in (30.13), a1 = 0, then we find, respectively, that
aj = 0 for all j ≥ 2. The statement in (35.1) to determine the coefficients in (30.13)
may be obtained with the help of another method. Thus, if we take the initial solution
(35.1) in (34.18), then we have four types of rational solutions in accordance with the
choice of λ.

After the first step of the Bäcklund transformation (34.18) and (34.19) we get a
new solution of (34.1):

w1 = z+ a
λz+ aλ− ε , α1 = λ2(2aλ− 3ε), β1 = −2aλ− ε, λ4 = ε2 = 1. (35.2)

The first such rational solutions are listed below.

Table 35.1. The first rational solutions of (P3) with γ = −δ = 1.

α β w(z, α, β), λ4 = 1

a −aλ2 λ

2− aλ2 a − 2
λ2(1− a)+ z(1− λ2)λ

aλ3 − λ+ z(1− λ2)

2+ aλ2 2− a λ2(a − 1)+ z(1+ λ2)λ

aλ3 + λ+ z(1+ λ2)

a − 4 −a − 4
(
16z4 + (16+ 32a)z3 + 24a(a + 1)z2

+ 4(−3− 2a + 3a2 + 2a3)z+ (a − 1)2(3+ 4a + a2)
)
/(

16z4 + (−16+ 32a)z3 + 24a(a − 1)z2

+ 4(3− 2a − 3a2 + 2a3)z+ (a + 1)2(3− 4a + a2)
)

a − 4 a + 4
(
16iz4 + (16+ 32a)z3 − 24ia(a + 1)z2

+ 4(3+ 2a − 3a2 − 2a3)z+ i(a − 1)2(3+ 4a + a2)
)
/(

16z4 + i(16− 32a)z3 − 24a(a − 1)z2

+ 4i(3− 2a − 3a2 + 2a3)z+ (a + 1)2(3− 4a + a2)
)

Note that α1 + β1 = −4ε in the case when λ2 = 1 and α1 − β1 = 4ε in the case
when λ2 = −1. This property of the parameters of the rational solutions is also valid
in the general case.

Theorem 35.1. The equation (34.1) has rational solutions if and only if

α + βε = 4n, ε2 = 1, n ∈ Z. (35.3)
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Proof. To prove the necessity, letw(z, α, β) be a rational solution of (34.1). By simple
computation, this solution has the following expansion in a neighborhood of a pole
z0 �= 0 :

w(z, α, β) = μ

z− z0
− α + μ

2z0
+ h(z− z0)+

∞∑
j=2

aj (z− z0)
j ,

where h is arbitrary and μ2 = 1. In a neighborhood of z = ∞ the solution is of
the form (30.12), satisfying (30.13) as well. It is easy to check that z = ∞ is a
holomorphic point with residue (α + βε)/4, ε2 = 1. Suppose now that z = 0 is not a
pole of w(z, α, β). Then, by the residue theory, we obtain the condition (35.3). If the
solution has a pole at z = 0, then applying the transformation T2 from (29.18), we get
a rational solution 1/w(z,−β,−α) for which z = 0 is a simple zero. Consequently,
α and β satisfy the condition (35.3).

The sufficiency of this theorem can be proved by induction. If n = 0 or n = 1
in (35.3), then the equation (34.1) has the solutions (35.1) and (35.2), respectively.
Suppose that (34.1) has a rational solution when α + βε = 4(n− 1), ε2 = 1, n ∈ Z

and R(z) �= 0. Then we apply (34.18) with εj = −1 and T2 from (29.18). By (34.19),
we get a rational solution with parameters α1 + β1ε = 4n. If R(z) = 0 for some ε1,

then we take ε1 to be of the opposite sign in (34.18). This procedure implies that the
condition R(z)(R(z)− 2) �= 0 holds. 	


Corollary 35.2. The simultaneous fulfillment of the conditions (34.11), (35.3) and
(34.13), (35.3) is the necessary and sufficient condition for the existence of rational
solutions of the equations (34.10) and (34.12).

We next proceed to determine the number of poles with the residue equal to either
1 or −1 for any rational solution of the equation (34.1).

Let w(z) = P(z)/Q(z) be a rational solution of (34.1) where P(z) andQ(z) are
irreducible polynomials of degrees m. Then equation (32.1) has a solution w(ζ ) =
P(ζ )/Q(ζ ), where z = exp(ζ ). Consequently, the system (32.4) to determine the
entire functions u(ζ ), v(ζ ) has the solution

u(ζ ) = Q(ζ)eg(ζ ), v(ζ ) = P(ζ )eg(ζ ), (35.4)

where g(ζ ) is an entire function. Substituting (35.4) into (32.4) and (32.5), we obtain

PP ′′ − (P ′)2 + g′′P 2 = βeζPQ− e2ζQ2, (35.5)

(P ′Q− PQ′)2 − 2(P ′Q+ PQ′)PQ− e2ζ (P 4 +Q4)

+ 2eζ (βPQ3 − αP 3Q) = (C + 4g′)P 2Q2.
(35.6)

Substituting now the expressions

P(ζ ) =
m∑
j=0

pje
(m−j)ζ , Q(ζ ) =

m∑
j=0

qj e
(m−j)ζ , p0 �= 0, q0 = 1,
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into (35.5), we get
g′(ζ ) = λ2e

2ζ + λ1e
ζ + λ0.

Comparing the coefficients in (35.5), we obtain

p4
0 = 1, λ2 = −p2

0/2, λ1 = (β − αp2
0)/2p0, C + 4λ0 = 0,

also verifying the validity of the condition

m = (α + βp2
0)

2/16.

From (35.3) it follows that α+ βp2
0 = 4n, n ∈ Z. Thus, any rational solution w(z) =

P(z)/Q(z) has m = n2 poles and the same number of zeros. From (30.13) we have
that the sum of the residues in the finite complex plane equals to −n for any rational
solution. Then, using the residue theory again, we see that any rational solution has
n(n − 1)/2 poles with the residue equal to 1 and n(n + 1)/2 poles with the residue
equal to −1.

One-parameter families of special solutions of (34.1) may be constructed in the
same way as to it has been done for the equations (P2) and (P4).According to (29.11)
and (29.13), such a family may be expressed in terms of Bessel functions. Indeed, if
we take solutions of the Riccati equation

w′ = −w2 − α + 1

z
w + 1, β = α + 2 (35.7)

as the seed solutions for the transformation T1,1,−1 above, then after the first step we
obtain the equation

(u′)3 +Q1(u
′)2 +Q2u

′ +Q3 = 0, (35.8)

where we have denoted w̃ = u and where

Q1 = −u2 − 1+ α
z
u+ 1,

Q2 = −u4 − 2(5+ α)
z

u3 − 1

z2 (5− 2z2 + 2α + α2)u2 + 2(α − 3)

z
u− 1,

Q3 = u6 + 1

z
(11+ 3α)u5 + 1

z2 (23− 3z2 + 14α + 3α2)u4

+ 1

z3 (1+ α)(2α + α2 − 3− 6z2)u3 + 1

z2 (3z
2 − 7+ 2α − 3α2)u2

+ 1

z
(3α − 5)u− 1.

All solutions of (35.8) are solutions of (34.1) at the same time under the condition
α̃ = α + 4, β̃ = α − 2. Note, that α is arbitrary and α̃ −β̃ = 6. Thus, by (34.18), the
solutions of (35.8) are expressed in terms of the solutions of (35.7) by means of the
formula

u = w − 2w2

zw2 + (α + 2)w − z .
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By Theorem 34.1, we get conditions imposed upon the parameters of the equation
(34.1) under which (34.1) admits one-parameter families of solutions expressed in
terms of the Bessel functions:

Theorem 35.3. The equation (34.1) with

α + βε = 4n+ 2, ε2 = 1, n ∈ Z

has one-parameter families of solutions expressed in terms of Bessel functions.

Proof. The proof follows from Theorem 34.5 by applying the transformations T2,
T1(σ1, σ2) with σ 2

1 = σ 2
2 = ±1, Hn1,n2 to the solutions of the equation (35.7). 	


To conclude this section, we collect real pairs of α, β from Theorem 35.1 and The-
orem 35.3 in the following figure. In this figure, the gray area stands for a fundamental
domain G, red parameter lines represent rational solutions from Theorem 35.1 and
blue parameter lines one-parameter families of solutions from Theorem 35.3.

Figure 35.1.



Chapter 8

The fifth Painlevé equation (P5)

The fifth Painlevé equation (P5) is in many respects closely related with the third
Painlevé equation (P3). By the existence of two singular points for the equation, the
transformation z = exp ζ results in a modified form of (P5), the solutions of which
are all meromorphic in the complex plane, exactly as is the case for (P3), as described
in Chapter 1. Moreover, simple transformations may change some solutions of (P3)

to solutions of (P5), and vice versa. This aspect, already considered in the previous
chapter, will be pursued further in this chapter. Otherwise, the contents of this chapter
follows the previous pattern, considering Bäcklund transformations, rational solutions
and one-parameter families of solutions in detail.

§36 Preliminary observations

In this chapter, we consider the fifth Painlevé equation

w′′ =
(

1

2w
+ 1

w − 1

)
(w′)2 − w

′

z
+ (w − 1)2

z2

(
αw + β

w

)
+ γw
z
+ δw(w + 1)

w − 1
,

(P5)
where α, β, γ , δ are arbitrary constant parameters, keeping the contents of the previous
chapter as a model. Under some specific conditions upon the equation parameters,
(P5) may be solved in terms of elementary functions, or some of its solutions may be
expressed in terms of some classical transcendental functions or certain non-classical
functions like third Painlevé transcendents. As to a simple example of elementary
solutions of (P5) in a special case, we substitute z = exp ζ in (P5). Reverting to write
z again instead of ζ after the transformation, we obtain, as already pointed out in §5,
the modified fifth Painlevé equation

w′′ =
(

1

2w
+ 1

w − 1

)
(w′)2+ (w−1)2

(
αw + β

w

)
+γ ezw+δe

2zw(w + 1)

w − 1
. (P̃5)

Recalling §5, the auxiliary function

V := (w′)2

w(w − 1)2
− 2αw + 2β

w
+ 2γ ez

w − 1
+ 2δe2zw

(w − 1)2
(36.1)

immediately yields by differentiation,

V ′ = 2γ ez

w − 1
+ 4δe2zw

(w − 1)2
. (36.2)
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If now γ = δ = 0, then V ′ vanishes identically, and so V has to be a constant, say
V = C ∈ C. Then we obtain, from (36.1), that

(w′)2 = (w − 1)2(2αw2 + Cw − 2β). (36.3)

As mentioned in §5, and shown by Hinkkanen and Laine [3] in detail, (36.3) may be
transformed into a Riccati differential equation with constant coefficients. Hence, all
solutions of (36.3) may be expressed in terms of elementary transcendental functions.
In fact, by a suitable mathematical software, one may verify that a representation for
non-constant solutions of (36.3) may be written as

w(z) = K − 8βeμB(C1−z) + e2μB(C1−z) + 2CeμB(C1−z)

K − 8αeμB(C1−z) + e2μB(C1−z) − 2CeμB(C1−z) ,

where C1 is the constant of integration, K := C2 + 16αβ, B := √2α + C − 2β and
μ2 = 1. For a different representation of these solutions, see Kießling [1], p. 51–52.

By §5, all solutions of (P̃5) are meromorphic in the complex plane. Therefore, all
solutions of (P5) are meromorphic functions in C\L, where L is a Jordan curve from
the origin to infinity. For subsequent considerations in this chapter, we next work out
some necessary details of the local Laurent expansions for a solution w(z) of (P5),
respectively of (P̃5) at z0 �= 0.

Suppose first that α �= 0 and that z0 �= 0 is a pole of w(z). Obviously, the pole
now has to be a simple one. Substituting, in a neighborhood of z0,

w(z) =
∞∑

j=−1

aj (z− z0)
j (36.4)

into (P5), we obtain that a2−1 = z2
0/(2α). Moreover, a0 =: h is an arbitrary complex

constant, and all coefficients aj , j ≥ 1, may be uniquely expressed in terms of z0,
a−1, h and the parameters α, β, γ , δ of (P5).

If next α = 0 and z0 �= 0 is a pole of w(z), then the pole has to be double and for
the Laurent expansion at z0, we get

w(z) = z0h

(z− z0)2
+ h

z− z0
+

∞∑
j=0

aj (z− z0)
j , (36.5)

where h is arbitrary and all coefficients aj , j ≥ 0, again follow uniquely in terms of
z0, h, β, γ , δ.

Similarly, we may work out the Taylor expansion

w(z) =
∞∑
j=k
aj (z− z0)

j (36.6)

around a zero-point z0 �= 0 of w(z) of multiplicity k ∈ N. If now β �= 0, then k = 1,
and z2

0a
2
1 = 2β. If β = 0, then k = 2 and a2 may be chosen arbitrarily.



180 8 The fifth Painlevé equation (P5)

Finally, we shall need the corresponding expansions

w(z) = 1+
∞∑
j=k
aj (z− z0)

j (36.7)

around a one-point z0 �= 0 of w(z) of multiplicity k ∈ N. This time, if δ �= 0, then
k = 1, and a2

1 + 2δ = 0, while if δ = 0, then k = 2, and 2z0a2 = −γ .
Correspondingly, we may work out similar expansions for a solutionw(z) of (P̃5),

assuming that either γ �= 0, or δ �= 0.
Let us consider the poles of w(z) first. If α �= 0, any pole of w(z), say at z0,

has to be simple. Substituting the expansion (36.4) in (P̃5) results in a2−1 = 1/(2α).
Moreover, a0 may be chosen arbitrarily. Similarly, if α = 0, any pole is double, the
leading coefficient a−2 is arbitrary and a−1 = 0.

As to the zeros of w(z), we substitute (36.6) into (P̃5). If now β �= 0, then k = 1
and a2

1 + 2β = 0, while a2 is arbitrary. Moreover, if β = 0, then k = 2 and the
leading coefficient a2 may be chosen arbitrarily. In addition, a3 = 0.

Finally, looking at one-points of w(z), we substitute (36.7) into (P̃5). If δ �= 0,
any one-point at z0, say, is simple and a2

1+2δe2z0 = 0, while for δ = 0, z0 is a double
point and 2a2 + γ ez0 = 0.

To find out a representation for fifth Painlevé transcendents w(z) as a quotient of
two entire functions, we need to consider the modified equation (P̃5). To this end, we
have to find out an entire function u(z) whose zeros are of multiplicity high enough
to cancel the poles of w(z). We may use the meromorphic function G(z) := 1

2V (z)

for such a construction:
At a pole z0 of w(z), which is simple for α �= 0 and double for α = 0, we infer

from

G′(z) = 1

2
V ′(z) = γ ez

w − 1
+ 2δe2zw

(w − 1)2

that G′, hence G as well, is analytic in a neighborhood of z0. The same situation
applies at the zeros of w(z). Looking then at an arbitrary one-point of w(z), it is easy
to deduce that

1

2
V ′(z) = − 1

(z− z0)2
+ · · ·

whenever δ �= 0, and so

G(z) = 1

2
V (z) = 1

z− z0
+ · · · .

On the other hand, if δ = 0, then

1

2
V ′(z) = − 2

(z− z0)2
+ · · · ,

hence

G(z) = 2

(z− z0)
+ · · · .
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Towards the quotient representation, we now consider

Hδ(z) := G(z)− w′

w − 1
= 1

2
V (z)− w′

w − 1
. (36.8)

By the above construction, Hδ(z) is meromorphic, being analytic at all zeros and
one-points of w(z), and having poles exactly at the poles of w(z). Moreover, the
multiplicity of a pole of w(z) is either μ = 1 or μ = 2, depending on whether δ �= 0
or δ = 0, while the residue of w′/(w − 1) at these points equals to μ. Hence, there
exists an entire function u such that Hδ(z) = u′(z)/u(z), and so v = wu is entire as
well.

We now construct a pair of differential equations satisfied by u and v. In fact,
differentiating Hδ(z), using (36.8) and (36.2), and substituting w = v/u, we get

u′′ = [u2(v′)2 − 2uvu′v′ + v(2u− v)(u′)2 + 2(u− v)2(αv2 + βu2)

− 2γ ezu2v(u− v)+ 2δe2zu2v2]/(2uv(u− v)). (36.9)

Observing that v′′ = (wu)′′, and using (36.9), we obtain

v′′ = [− v2(u′)2 + 2uvu′v′ + u(u− 2v)(v′)2

+ 2(u− v)2(αv2 + βu2)− 2δe2zu2v2]/(2uv(u− v)). (36.10)

To illustrate the existence of one-parameter families of solutions for (P5) by con-
crete examples, consider the Riccati differential equation

zw′ = √2αw2 + (√−2δz−√2α −√−2β)w +√−2β (36.11)

with some preassigned choices for the square roots in (36.11). Then one may verify by
direct computation that all solutions of (36.11) satisfy (P5) provided the parameters
in (P5) satisfy the condition

γ = √−2δ(1+√−2β −√2α). (36.12)

In fact, this now enables us to express the solutions in these one-parameter families in
an explicit form. Using the notations a := √2α, b := √−2β, d := √−2δ, with the
same square root branches as to above, and letting F(A,B, z) stand for the confluent
hypergeometric function, see below and Rainville [1], the general solution of (36.11)
may be written as

w(z) = − 1

q(z)

( adC

−1+ a − bz
1−aF (1− a, 2− a + b, dz)

− aCz−aF (−a, 1− a + b, dz)
+ bd

−1− a + bz
1−bF (1− b, 2+ a − b, dz)

− bz−bF (−b, 1+ a − b, dz)
)
,

(36.13)
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provided that a �= 0, a − b − 1 �∈ Z, where q(z) := aCz−aF (−a, 1− a + b, dz)+
az−bF (−b, 1 + a − b, dz), and C is an arbitrary complex parameter. Obviously,
(36.13) possesses a non-algebraic branch point at z = 0, provided α, respectively β,
is chosen suitably. The expression (36.13) is obtained by the following procedure.
Putting w = −a−1zy′/y, (36.11) is taken into the equation

z(zy′)′ − (dz− a − b)(zy′)+ aby = 0.

By the further change of variables y = z−bY, dz = t , we obtain the Kummer equation

t
d2Y

dt2
+ (a − b + 1− t)dY

dt
+ bY = 0,

which admits linearly independent solutions

F(−b, a − b + 1, t), tb−aF (−a, b − a + 1, t)

with

F(A,B, t) =
∞∑
n=0

(A)n

(B)nn! t
n, (A)n = �(A+ n)/�(A).

Using these solutions yields (36.13). By the change of variablesY = t−(a−b+1)/2et/2Z,
the Kummer equation above is transformed into the Whittaker equation

dZ2

dt2
+
(
−1

4
+ a + b + 1

2t
+ 1− (a − b)2

4t2

)
Z = 0.

As our final preliminary observation to (P5), we again recall the connection of non-
linear autonomous systems of differential equations to Painlevé equations, following
Adler [1]. Assuming that δ �= 0, we may consider the system⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

f ′2 + f ′1 = f 2
2 − f 2

1 + α1

f ′3 + f ′2 = f 2
3 − f 2

2 + α2

f ′4 + f ′3 = f 2
4 − f 2

3 + α3

f ′1 + f ′4 = f 2
1 − f 2

4 + α4

(36.14)

with constraints f1 + f2 + f3 + f4 = 1
2 ᾱz, ᾱ = α1 + α2 + α3 + α4. By substituting

ζ := z2, g := f1 + f2, g1 := f2 + f3, y(ζ ) = (2g(z) − ᾱz)/(2g(z)), φ(ζ ) =
z(2g1(z)− 1

2 ᾱz) into (36.14), we obtain⎧⎪⎪⎨⎪⎪⎩
y′(ζ ) = α1 + α3

ᾱζ
(y(ζ )− 1)− 1

2ζ
φ(ζ )y(ζ )+ α1

ᾱζ
(y(ζ )− 1)2

φ′(ζ ) =
(
ᾱ2ζ

16
− φ(ξ)

2

4ζ

)
y(ζ )+ 1

y(ζ )− 1
+ α1 + α3

ᾱz
φ(ζ )+ α2 − α4

2
.

Eliminating nowφ from these equations we observe thaty satisfies (P5)with parameter
values α := α2

1/(2ᾱ
2), β := −α2

3/(2ᾱ
2), γ := 1

4 (α4 − α2), δ := − 1
32 ᾱ

2.
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§37 The behavior of solutions near z = 0 and z = ∞
This section is devoted to considering the behavior of solutions of (P5) in a neighbor-
hood of the singular points z = 0 and z = ∞. We proceed to obtain necessary and
sufficient conditions for the existence of solutions which are meromorphic at z = 0.

(1) We first work out necessary conditions for the existence of a solution analytic at
z = 0. As in §30 above, we seek the formal expansion of such solutions as a Taylor
series

w(z) =
∞∑
j=0

aj z
j . (37.1)

Substituting (37.1) into the equation (P5) and comparing the coefficients of the cor-
responding powers of z, we get the following system of equations:

(a0 − 1)3(β + αa2
0) = 0,

(a0 − 1)
(
3β(−1+ a0)+ a0

(− 1+ α(2− 7a0 + 5a2
0)
))
a1 = −γ a2

0(a0 − 1),

2(a0 − 1)
(− 3β + (−4+ 2α + 3β)a0 − 7αa2

0 + 5αa3
0

)
a2 (37.2)

= σ2(a0, a1, α, β, γ, δ),

. . . ,

where σ2(a0, a1, α, β, γ, δ) := −2δa2
0(a0+ 1)− a1

(
2γ a0(3a0− 2)+ (a0− 1)(6β −

1+2α(1−8a0+10a2
0))a1

)
is a polynomial in terms of the parameters of the equation

and of the coefficients a0, a1 in (37.1).
By the first equation in (37.2), two possibilities may take place: (1) β + αa2

0 = 0
or (2) a0 = 1.

In the first case, suppose first that a0 �= 0. Since β = −αa2
0 , we get the following

system: ⎧⎪⎨⎪⎩
a0(a0 − 1)(1− 2α(a0 − 1)2)a1 = γ a2

0(a0 − 1),

a0(a0 − 1)(n2 − 2α(a0 − 1)2)an
= σn(a0, . . . , an−1, α, β, γ, δ), n ≥ 2,

(37.3)

where σn is a polynomial in the parameters of (P5) and of the coefficients a0, . . . , an−1
of the expansion (37.1).

By (37.3), two subcases appear again: either a0(a0−1) �= 0, or a0(a0−1) = 0. In
the first case, when a0(a0−1) �= 0, the validity of n2−2α(a0−1)2 �= 0 for all n ∈ Z

implies that all coefficients ak may be expressed in terms of the parameters of (P5) and
of the preceding coefficients a0, . . . , ak−1, implying further that the formal solution
(37.1) exists. Moreover,ifα �= 0 and there existsn ∈ N for whichn2−2α(a0−1)2 = 0
holds, then the relation σn(a0, . . . , an−1, α, β, γ, δ) = 0 is necessary for the existence
of a series (37.1). In this case there exists a one-parameter family of formal solutions
(37.1) which depends on an arbitrary constant an. On the other hand, if α = 0, a
necessary condition for the existence of a formal solution (37.1) is β = 0. Hence,
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the coefficient a0 �= 0, 1 in (37.1) may be chosen arbitrarily. On the other hand, if
a0(a0−1) = 0, two further subcases a0 = 0 and a0 = 1 have to be considered. In the
subcase a0 = 0, it is necessary for the existence of (37.1) that β = 0. Then putting
w(z) =∑∞

n=k anzn, ak �= 0, k ≥ 1, we have

(2α − k2)a2
k = 0,(

2α − (m2 − km+ k2)
)
akam = σm(ak, . . . , am−1, α, β, γ, δ),

where m > k. This implies α = k2/2, and the coefficients are uniquely expressed in
terms of ak and the parameters α, β, γ, δ.

Let nowa0 = 1.Then to determine the coefficientsan in (37.1) we get the following
system of equations:{

γ a1 + 2δ = 0,

(γ 2 + 2(n− 1)2δ)an = σn(a0, a1, . . . , an−1, α, β, γ, δ), n = 2, . . . .
(37.4)

If now γ 2 �= −2(n− 1)2δ for all n ≥ 1, then the formal solution (37.1) exists as
all coefficients are uniquely expressed in terms of the parameters of the equation (P5).
If γ �= 0 and there exists some n for which γ 2 = −2(n − 1)2δ, then the condition
σn = 0 is necessary to obtain (37.1). In this case, there exists a one-parameter family
of formal solutions (37.1), which depends on an arbitrary constant an. If γ �= 0, δ = 0,
a0 = 1 and a1 = 0, then the solution (37.1) reduces to w = 1. Finally, if γ = 0, then
by the first equation of (37.4), δ = 0 as well. This special case was already considered
in §36, and will be omitted here.

Before the proof of the convergence of the formal solutions constructed above, we
note the following fact. Suppose that the equation

z(zu′)′ = F2(z, u)(zu
′)2 + F1(z, u)(zu

′)+ F0(z, u) (37.5)

admits a formal solution u = U(z) = ∑∞
j=1 cj z

j , where Fj (z, u), j = 0, 1, 2 are
analytic functions around (z, u) = (0, 0) satisfying F0(0, 0) = 0. Putting v = zu′,
we obtain the system of equations{

zu′ = v,
zv′ = F2(z, u)v

2 + F1(z, u)v + F0(z, u),

admitting a formal solution (u, v) = (U(z), zU ′(z)). Then, by Theorem A.12, we see
that the formal series U(z) converges. In what follows, we show that all the cases
treated above are reduced to (37.5).

Consider the formal solution W(z) = ∑∞
j=0 aj z

j with a0 �= 0, 1. Then, by u =
w − a0, (P5) takes the form

z(zu′)′ =
(

1

2(u+ a0)
+ 1

u+ a0 − 1

)
(zu′)2 +G0(z, u).
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It is easy to check thatG0(0, 0) = 0, by using β+αa2
0 = 0, and that this has a formal

solution u = ∑∞
j=1 aj z

j . Hence the convergence of W(z) follows. In case a0 = 0,

note that β = 0. By the transformation z = t2, w = u2, the equation (P5) takes the
form

2t (tu′)′ = 4u

u2 − 1
(tu′)2 + 4αu(1− u2)2 + 4γ t2u+ 4δt4

u(u2 + 1)

u2 − 1
,

which admits a formal solution U(t) = W(t2)1/2 = ∑∞
j=1 ãj t

j . From this fact the
convergence ofW(z) follows. Finally, consider the case where a0 = 1.Write (P5) in
the form

2z(zw′)′w(w − 1) = (3w − 1)(zw′)2 + 2(w − 1)3(αw2 + β)
+ 2γ zw2(w − 1)+ 2δz2w2(w + 1).

(37.6)

If γ �= 0, δ = 0, then a1 = 0, and hence we may put W(z) = 1 + alzl + · · · ,
l ≥ 2. Substituting this into (37.6), and comparing the terms of lowest order, we have
W(z) ≡ 1. Let us consider the case where γ δ �= 0.We put w = 1+ z(−2δ/γ + u),
and substitute into (37.6). Then we can check that the constant term vanishes, and we
obtain the equation

z(zu′)′ = G2(z, u)(zu
′)2 +G1(z, u)zu

′ +G0(z, u),

whereGj(z, u) j = 0, 1, 2 are rational functions of (z, u) analytic at (0, 0) and satisfy-
ing G0(0, 0) = 0. Since this equation admits the formal solution u =∑∞

j=2 aj z
j−1,

the convergence of W(z) immediately follows. Denoting now w0 = w(0), w′0 =
w′(0), we have proved

Theorem 37.1. The fulfillment of any of the following conditions is necessary and
sufficient for the existence of a solution w(z) of (P5) analytic at z = 0:

(a) w0 �= 0, 1, αw2
0 + β = 0, α �= 0, (n2 − 2α(w0 − 1)2) �= 0 for any n ∈ N,

w′0 = −γw0/(2α(w0 − 1)2)− 1);

(b) w0 �= 0, 1, αw2
0 + β = 0, α �= 0, σn(a0, . . . , an−1, α, β, γ, δ) = 0 for some

n ∈ N, such that (n2 − 2α(w0 − 1)2) = 0, w′0 = −γw0/(2α(w0 − 1)2)− 1), if
n �= 1 and w′0 is arbitrary if n = 1;

(c) w0 �= 0, 1, α = β = 0, w′0 = γw0, w0 �= 0, 1;

(d) w0 = 1, γw′0 + 2δ = 0, γ �= 0, γ 2 �= −2(n− 1)2δ for all n ∈ N;

(e) w0 = 1, γw′0 + 2δ = 0, γ �= 0, σn(1, a1, . . . , an−1, α, β, γ, δ) = 0 for some
n ∈ N, for which γ 2 = −2(n− 1)2δ;

(f) w0 = β = 0, α �= k2/2, in which case the solution vanishes identically;
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(g) w0 = w′0 = β = 0, α = k2/2, k ≥ 1 and w′′(0) = · · · = w(k−1)(0) = 0,
w(k)(0) �= 0 for some k ∈ N;

(h) w0 = 1, w′0 = 0, δ = 0, γ �= 0, w = 1.

We next continue to work out necessary and sufficient conditions for the existence
of polar solutions of (P5) in a neighborhood of z = 0. Hence, we have to consider

w(z) =
∞∑
l=−n

alz
l, a−n �= 0, n ∈ N, (37.7)

a formal expansion for a solution of (P5) in a neighborhood of the point z = 0.
Observing that, by the transformation w = 1/W, the coefficients of (P5) are changed
as

(α, β, γ, δ) �→ (−β,−α,−γ, δ),
we obtain the following result from Theorem 37.1 (g):

Theorem 37.2. The conditions α = 0, n2 + 2β = 0, where n ∈ N, are necessary
and sufficient for the existence of a family of polar solutions (37.7) of (P5) in a
neighborhood of z = 0.

(2) A similar reasoning as above may be applied in a neighborhood of z = ∞ by
defining z = 1/t , in (P5). This results in

2t4w(w − 1)w′′ = t4(3w − 1)(w′)2 − 2t3w(w − 1)w′

+ 2t2(αw2 + β)(w − 1)3 + 2γ tw2(w − 1)+ 2δw2(w + 1).
(37.8)

We seek for a formal solution of the equation (37.8) in the form of a series

w(t) =
∞∑
j=0

aj t
j . (37.9)

By substituting the expansion (37.9) into (37.8) and comparing the coefficients of the
powers of t , we get the following system to determine the coefficients:

δa2
0(1+ a0) = 0,

a0
(
γ (−1+ a0)a0 + δ(2+ 3a0)a1

) = 0,

(2δa0 + 3δa2
0)a2 = −

(
β(−1+ a0)

3 + α(−1+ a0)
3a2

0 − 2γ a0a1

+ 3γ a2
0a1 + δa2

1 + 3δa0a
2
1

)
,

δa0(2+ 3a0)an = Pn(a0, a1, . . . , an−1, α, β, γ, δ).

(37.10)

It follows from the first equation (37.10) that if δ = 0, then either (a) γ = 0 and,
consequently, we have the integrable case in §36, (b) a0 = 1, γ �= 0, aj = 0 for all
j > 1 or (c) a0 = 0, γ �= 0, β = 0 and aj = 0 for all j > 1.
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In the case δ �= 0, we have either a0 = 0, or a0 = −1. If a0 = 0, then the third
equation in (37.10) implies that β = δa2

1 . Hence, if β �= 0, there exist two different
formal solutions of the form (37.9) in a neighborhood of t = 0. The other coefficients
aj , j ≥ 2, are uniquely determined. If β = 0, then w = 0 is the only solution of
(37.8) analytic at z = 0.

Let a0 = −1. Then a1 = 2γ /δ, a2 = −2γ 2/δ2 + 8(α+ β)/δ and all coefficients
aj , j ≥ 3, are obtained from the equation δaj = Pk(−1, a1, . . . , ak−1, α, β, γ, δ).
Hence, when a0 = −1, there exists exactly one formal expansion of the form (37.9)
in a neighborhood of t = 0. Hence, we have obtained

Theorem 37.3. The fulfillment of any of the following conditions is necessary and
sufficient for the existence of a formal solution of (P5) in power of z−1 around z = ∞:

(a) δ = 0, γ �= 0, in which case w(0) = 1, resulting in w = 1;

(b) δ = 0, γ �= 0, β = 0, w(0) = 0, resulting in w = 0;

(c) δ �= 0, β �= 0, w(0) = 0, δ(w′(0))2 = β;

(d) δ �= 0, β = 0, w(0) = 0, resulting in w = 0;

(e) δ �= 0, w(0) = −1, w′(0) = 2γ /δ.

In each case above the coefficients of the series are determined uniquely up to
w(0) or w′(0).

By using the transformation w = 1/W , we have the following

Theorem 37.4. The conditions αδ �= 0 and a2−1 = −δ/α are necessary and sufficient
for the existence of a formal polar solution of (P5) in a neighborhood of z = ∞. The
coefficients aj , j ≥ 0, are uniquely determined up to a−1.

In general, around the fixed singular point z = ∞ of irregular type, the formal
series expansions of solutions are divergent, and represent asymptotically true solu-
tions in appropriate sectors, see Takano [1], Yoshida [1] and Garnier [4]. Of course,
in exceptional cases such as for rational solutions, they are convergent.

(3) To close this section, we now proceed to obtain necessary conditions under which
solutions of (P5) may have an algebraic branch point at z = 0. It is natural to expect
that the equation (P5) has solutions rational in z1/s , where s is a natural number. In
fact, if the points z = 0 and z = ∞ are algebraic branch points, the solution w(z)
is algebraic, as all other singularities in C \ {0} must be poles, see §5. Of course, if
s = 1, then the algebraic solution is rational. Moreover, the order of the branching of
w(z) at the points z = 0 and z = ∞ is equal to two, whenever δ = 0, since rational
solutions of equation (P3) generate algebraic solutions of the equation (P5), see §34.

If δ �= 0, it appears that all algebraic solutions of (P5) reduce to rational ones. This
means that we have to prove that whenever δ �= 0 and w(z) is an algebraic solution
of (P5), then its branch points at z = 0 and z = ∞ must be of multiplicity one.
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To this end, we assume that δ = −1/2, as we may do without restricting generality.
Substituting z = τ s , (P5) takes the form

6s2w4α − 2s2w5α + 2s2β + s2w3(− 6α − 2β + τ s(−2γ + τ s))
+ τ 2(w′)2 + w2(s2(2α + 6β + τ s(2γ + τ s))+ 2τ(w′ + τw′′))
− w(6s2β + τ(w′(2+ 3τw′)+ 2τw′′)

) = 0.

(37.11)

Let now
w(τ) = P(τ)/Q(τ) (37.12)

be a rational solution of the equation (37.11), where P(τ) and Q(τ) are irreducible
polynomials of the degrees p and q respectively. Then (37.12) generates an algebraic
solution of (P5). Substituting (37.12) into (37.11) and comparing the coefficients, we
find that either (a) p = q and s is arbitrary or (b) q = p + s. Observe that we may
omit the case q = p − s as (P5) is invariant with respect to the transformation

T2 : w(z, α, β, γ, δ) �→ 1/w(z,−β,−α,−γ, δ). (37.13)

Let us now consider the equation (37.11) at infinity by putting τ = 1/t . Then we
obtain the equation

− 2s2t s(−1+ w)w2γ + s2w2(1+ w)
− t2s(− 6s2w4α + 2s2w5α − 2s2β + 2s2w3(3α + β)
− t2(w′)2 − 2w2(s2(α + 3β)+ t (w′ + tw′′)))
− t2s(w(6s2β + t (w′(2+ 3tw′)+ 2tw′′))

) = 0.

(37.14)

Consider first the case p = q, with an arbitrary branching order s. Then the
corresponding solution of (37.14) admits the following expression

w(t) =
∞∑
k=0

bkt
k, b0 �= 0. (37.15)

Substituting this into (37.14), we have b2
0(b0+1)s2 = 0, and hence b0 = −1.Then, the

coefficients bk , k ≥ 1 are uniquely determined. On the other hand, recall the formal
solution φ(z) = ∑∞

j=0 aj z
−j of (P5) in (37.9) with a0 = −1, whose coefficients

are uniquely determined as well. Since w(t) = φ(t−s) = ∑∞
j=0 aj t

sj also satisfies
(37.14), this must coincide with (37.15), and hence bk = 0 for every k �∈ sZ. Next
consider the case q = p + s. Then, we write (37.15) in the form w(t) =∑∞

k=s bktk,
bs �= 0. Substituting this into (37.14) yields b2

s + 2β = 0. Recalling the formal
solution ψ(z) = ∑∞

j=1 aj z
−j , a2

1 + 2β = 0 of (P5), and considering the solution

w(t) = ψ(t−s) = ∑∞
j=1 aj t

sj of (37.14), we deduce the same relation bk = 0 for
every k �∈ sZ. In both cases we conclude that (37.12) admits a series expansion of the
form

∑∞
j=0 bsj τ

−sj around τ = ∞. Hence, we have proved
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Theorem 37.5. If δ = 0 in the equation (P5), and if w is an algebraic solution of
(P5), then its branching order at z = 0 and z = ∞ has to be equal to two. If δ �= 0,
then rational solutions are the only algebraic solutions of (P5).

§38 The special case δ = 0, γ �= 0

The fifth Painlevé equation (P5) in the special case of δ = 0, γ �= 0, written in the
form

u′′ = 3u− 1

2u(u− 1)
(u′)2 − u

′

z
+ (u− 1)2

z2 (au+ b
u
)+ c

z
u, (38.1)

where a, b, c are arbitrary complex parameters, may be reduced to (P3) with parame-
ters γ δ �= 0. In fact, this has been developed in §34, see Theorem 34.3 and a subsequent
remark. Moreover, it is known from the results mentioned above that one solution of
(P3) generates two solutions of (P5) due to the of ±√γ , while one solution of (P5)

generates four solutions of (P3), due to the parameter branching of ±√2a, ±√−2b.
We take now c2 = 1 in (38.1) without loss of generality. Taking into account the re-
sults in §34, connecting (P3) and (P5), it is easy to obtain the validity of the following
statement, see Gromak [2]:

Theorem 38.1. Let u(z) be a solution of the equation (38.1) with some parameter
values a, b, c2 = 1. Then the function

v(z) := 1− 2	(z)2/G(z), (38.2)

where
	(z) := zu′ − √2au2 + (√2a +√−2b)u−√−2b �≡ 0, (38.3)

and

G(z) := 2zu	(z)′ +	(z)2 − [2zu′ − 2(
√

2a −√−2b − 2)u
]
	(z)

+ 2zcu2 �≡ 0
(38.4)

is another solution of the equation (38.1) with the parameter values

a1 := (
√

2a − 1)2

2
, b1 := − (

√−2b + 1)2

2
, c1 := c. (38.5)

Proof. The proof follows immediately from the corresponding theorems in §34, Theo-
rem 34.2 and Theorem 34.3. The conditionR1(z) �= 0 is satisfied providedG(z) �= 0.	


Substituting the expression of 	(z) from (38.3) into (38.4), we obtain that

G(z) = 2z2u(u′)2/(u− 1)+ 4(2a − 1−√2au)zuu′ + 4au4

+ 4(
√

2a − 3a)u3 + 4(2a −√2a +√−2b(
√

2a − 1)+ b + cz)u2

− 4u
[√−2b(

√
2a − 1)+ b].

(38.6)
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Substituting now 	(z) and G(z) into (38.1), it is not difficult to verify that (38.1)
does not have a one-parameter family of solutions induced by the general solution of
a Riccati equation. However, the solutions of

z2(ω′)2 − 2z(ω2 − ω)ω′ + ω4 − 2ω3 + (1+ 2b + 2cz)ω2

− 2(2b + cz)ω + 2b = 0
(38.7)

are, at the same time, solutions of (38.1), when a = 1/2. Here, ω = (2z(s′)2 −
2
√−2bs)/(2z(s′)2 − 2

√−2bss′ + cs2), s = z
√−2bZ√−2b(

√
2cz), c �= 0 and Zν

is a cylinder function. Thus, in the case when
√

2a �= 1, the function G(z) is not
vanishing identically which follows from (38.6) and (38.7).

The formulas (38.2)–(38.5) are convenient for constructing exact solutions of
(38.1). We first observe that (38.1) may have solutions rational in

√
z. This fact

follows from the corresponding theorems in §34 connecting solutions of (P3) and
(P5) and from the statement that (P3) has solutions rational in z.

Let us put t2 = 2z in (38.1) to simplify the calculations. Reverting to write z again
in place of t , we get

u′′ = 3u− 1

2u(u− 1)
(u′)2 − u

′

z
+ 4(u− 1)2

z2

(
au+ b

u

)
+ 2cu, c2 = 1. (38.8)

By direct calculation, we can verify that if u = ϕ(z, a, b, c) is a solution of (38.8), then
ϕ̃(z, a, b, c) = ϕ(−z, a, b, c), ϕ̃(z, a, b,−c) = ϕ(iz, a, b, c), ϕ̃(z,−b,−a,−c) =
1/ϕ(−z, a, b, c) are solutions of (38.8) as well. The process of constructing solutions
of (38.1) rational in

√
t is equivalent to constructing rational solutions of (38.8). 	


Theorem 38.2. Necessary and sufficient conditions for the existence of rational so-
lutions of (38.8) are that either

a = (2n− 1)2

8
, n ∈ N

or

a �= 0, b = − (2n− 1)2

8
, n ∈ N.

Proof. This follows immediately from similar statements for (P3) and from the the-
orems in §34 linking solutions of (P3) and (P5). Recall first the condition on the
existence of rational solutions in Theorem 35.1. By (34.17), if c = 1, respectively
c = −1, then α + β = 4

√
2a − 2 and α − β = −4

√−2b − 2, respectively
α + β = 4

√−2b + 2 and α − β = −4
√

2a + 2. Hence, under the supposition
c = 1, respectively c = −1, the relation α+εβ ∈ 4Z (35.3) holds for some ε, ε2 = 1,
if and only if either 2

√
2a ∈ 2Z + 1 or 2

√−2b ∈ 2Z + 1 is valid. Furthermore, if
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a = (β − αε + 2)2/32 = 0, then by (34.11), the rational solution satisfies (34.10),
and hence R(z) ≡ 0 in Theorem 34.1. By these facts, we arrive at the conclusion. 	


The relations between the parameters are as follows:

2
√

2a = 2n+ 1− α, 2
√−2b = 2n− 1, c = −1, (38.9)

2
√

2a = 2n+ 1, 2
√−2b = 2n− α − 1, c = 1, (38.10)

2
√

2a = 2n+ 1, 2
√−2b = 2n+ α − 1, c = −1, (38.11)

2
√

2a = 2n+ α + 1, 2
√−2b = 2n− 1, c = 1. (38.12)

Table 38.1. The first rational solutions of the equation (38.8).

a b c w(z)

α2

8
−1

8
−1 1+ 2z

α

(α − 2)2

8
−9

8
−1

8z3 + 12(α − 2)z2 + 6(α − 2)2z+ α(α2 − 6α + 8)

(α − 2)(4z2 + 4αz− 8z+ α2 − 4α)

1

8

α2

8
−1

α

2z+ α
9

8

(α − 2i)2

8
−1

(
α − 2i)(α2 + 4α(z− i)+ 4z(z− 2i)

)
α3 + 6α2(z− i)+ 8z(−3− 3iz+ z2)+ 4α(−2− 6iz+ 3z2)

α2

8
−1

8
1

α + 2iz

α

(α − 2)2

8
−9

8
1

−8iz3 − 12(α − 2)z2 + 6(α − 2)2iz+ α(α2 − 6α + 8)

(α − 2)(−4z2 + 4αiz− 8iz+ α2 − 4α)

1

8

α2

8
1

α

2iz+ α

We complete this section by giving an extended example. Considering a special
case

w′′ = (w
′)2

w
− w

′

z
+ 1

z
(αw2 + β)+ w3 − 1

w
(38.13)

of (P3), it is clear thatw(z) = 1 is a solution provided when α+β = 0.We may apply
Theorem 34.1 that links solutions of (P3) and (P5)whenα �= 1, ε1 = 1.Consequently,
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we obtain two solutions of (38.8)

u+1 =
2z+ α − 1

α − 1
, a = (α − 1)2

8
, b = −1

8
, c = −1, ε1 = 1; (38.14)

u−1 =
α + 1

2z+ 1+ α , a = 1

8
, b = − (α + 1)2

8
, c = 1, ε1 = −1. (38.15)

The solutions u+1 and u−1 now generate solutions w+1 , w−1 of (P3). Taking only one
solution w1(z) = (z+ 1)/(z+ 2) with α1 = 5, β1 = −1, we obtain two solutions of
(38.8)

u+1 = 1+ z, a = 1

2
, b = −1

8
, c = −1, ε1 = 1; (38.16)

u−1 =
2z2 + 8z+ 6

z3 + 6z2 + 12z+ 6
, a = 9

8
, b = −2, c = 1, ε1 = −1. (38.17)

Takingw = i, when α−β = 0, as the seed solution of (38.13), we obtain solutions
of (38.8) with complex coefficients.

Using the established correspondence between solutions of (P3) and (P5), see §34,
we shortly state the following properties of solutions of (P5):

(1) If c = ±1, d = 0, the equation (38.1) has a one-parameter family of solutions
expressed in terms of the elementary functions if either

a = m
2

2
�= 0, b = − (2n+ 1)2

8
, c = 1

or

a = (2n+ 1)2

8
, b = −m

2

2
, c = −1,

where m, n ∈ Z and m + n ∈ 1 + 2Z. This class of solutions is generated by the
solution w(z) = tan(z + C) of (P3) with parameter values α = β = γ = −δ = 1.
The simplest solution of (38.8) from this class reads as

u(z) = 1− 2z cos(z+ C)2
2z+ sin

(
2(z+ C))

with parameter values a = 1/2, b = −1/8, c = 1.

(2) The equation (P3) with β + αε = 4n + 2, ε2 = 1, n ∈ Z, has one-parameter
families of solutions expressed in terms of the Bessel functions. Thus, with the help
of the connection between solutions of (P3) and (P5), we come to the conclusion that
(P5)with c = ±1, d = 0 has one-parameter solutions expressed in terms of the Bessel
functions if either

a = n
2

2
, n ∈ N,
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or

b = −n
2

2
, n ∈ N.

Of course, these parameter values contain the values obtained above when the Bessel
functions degenerate into trigonometric functions.

Let us now denote the transformation in Theorem 38.1 as Tε1,ε2 : u(z, a, b, c) �→
ũ(z, ã, b̃, c̃), where ã = (

√
2a + ε1)

2/2, b̃ = −(√−2b + ε2)
2/2, c̃ = c. Here

ε1, ε2 with ε2
1 = ε2

2 = 1 determine the branch of
√

2a and
√−2b. As the solution

u is admissible for successive applications of the transformation Tε1,ε2 , we have the
following

Theorem 38.3. By successive applications of the transformations Tε1,ε2 to a solution
u(z, a, b), a solution ũ(z, ã, b̃) can be obtained with parameters

ã = (√2a + n1)
2/2, b̃ = −(√−2b + n2)

2/2, c̃ = c, (38.18)

where n1 + n2 ∈ 2Z. Moreover, for every pair (n1, n2) ∈ Z × Z of such integers a
transformation Tε1,ε2 exists which carries (a, b) to (̃a, b̃) as in (38.18).

Proof. The assertion may be proved similarly as to Theorem 25.3 and Theorem 35.3.
Indeed, the basic transformations in this case are T1,1, T−1,1, T1,−1, T−1,−1. For arbi-
trary kj ∈ N ∪ {0}, composing of these transformations and the checking closedness,
the assertion follows. 	


We conclude here by a remark concerning the fundamental domain of (P5). As
in earlier sections, a domain G of the parameters is called a fundamental domain,
it is sufficient to know the general solution of (P5) for all (a, b, c, d) ∈ G in order
to construct the general solution of (P5) for all parameter values a, b, c, d by using
some known transformations. From the fundamental domain for (P3) and applying
the relations between (P3) and (P5), we infer that

G := {(a, b, c) | 0 ≤ √2a ≤ 1, 0 ≤ √−2b ≤ 2, c = ±1
}
.

§39 The Bäcklund transformations of (P5)

As one may verify by direct computation, the equation (P5) in the case of δ �= 0 is
equivalent to the following pair of the differential equations:⎧⎪⎪⎨⎪⎪⎩

z
du

dz
= −a − (a + c)u− uv − u2v,

z
dv

dz
= δz2 − γ z+ (a + c)v + 2δz2u+ v

2

2
+ uv2,

(39.1)
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where a2 = −2β, c2 = 2α and the function u(z) is related to w(z) through the
transformation u = w/(1 − w). Differentiating the second equation of (39.1) and
making use of the first equation, we obtain the following second order differential
equation for v:

v′′ = v

v2 + 2δz2 (v
′)2 − 1

z

v2 − 2δz2

v2 + 2δz2 v
′ + 1

z
θ(v, z), (39.2)

where

θ(v, z) = 2δz− γ − a(2δz
2 + v2)

z
− v(γ z− δz

2 − (a + c)v − v2/2)2

z(v2 + 2δz2)

+
(

4δz

2δz2 + v2 −
(a + c + v)

z

)(
γ z− δz2 − (a + c)v − v

2

2

)
.

The equation (39.2) may further be reduced to an equation of type (P5). In fact,
as the function v/(v2 + 2δz2) has two poles v = kz, k2 = −2δ, it is natural to apply
the following transformation:

y(z) = v + kz
v − kz , v �= kz. (39.3)

By this transformation, we obtain for y(z) an equation of type (P5) with parameter
values

α1 := − 1

16δ

(
γ + k(1− a − c))2,

β1 := 1

16δ

(
γ − k(1− a − c))2,

γ1 := k(a − c),
δ1 := δ.

(39.4)

Therefore, taking into account the transformation (39.3), the validity of the following
statement may be verified directly, see Gromak [3]:

Theorem 39.1. Let w = w(z, α, β, γ, δ), δ �= 0, be a solution of (P5), where

F1(z) := zw′ − cw2 + (c − a + kz)w + a �≡ 0 (39.5)

and c2 = 2α, a2 = −2β, k2 = −2δ. Then the function

w1(z, α1, β1, γ1, δ1) = 1− 2kzw/F1(z), (39.6)

with parameter values (39.4), is a solution of (P5) as well.
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Proof. The following expression immediately follows from the first equation of (39.1):

v = [−zu′ − a − (a + c)u](u+ u2)−1, (39.7)

where u = −w/(w − 1) and v �≡ kz. Substituting the value of v from (39.7) into
(39.3), we see that y satisfies (39.6). Moreover, the condition v �= kz is equivalent to
(39.5) in this case. 	


Similarly, w1 may be expressed in terms of w. In fact, the inverse transformation
to (39.6) is

w = 1+ 2kzw1/F2(z), (39.8)

where
F2(z) := zw′1 − c1w2

1 + w1(−a1 + c1 − k1z)+ a1 �≡ 0,

where now c2
1 = 2α1, a2

1 = −2β1, k2
1 = −2δ1, and⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

α = − 1

16δ1

(
γ1 − k1(1− a1 − c1)

)2
,

β = 1

16δ1

(
γ1 + k1(1− a1 − c1)

)2
,

γ = k1(c1 − a1),

δ1 = δ.
Hence, the formulas (39.6) and (39.8) establish a correspondence between solutions
of (P5) with different parameter values, provided δ �= 0. As we can see, the inverse
transformation (39.8) has the same structure as (39.6) with suitable branches of a1,
c1, k1. This connection will be considered below.

It follows from Theorem 39.1 that a given solution of (P5) generates, in the general
case, eight different solutions of (P5), due to the parameter branching. As for the hier-
archy of solutions after repeated applications of the transformation in Theorem 31.1,
see the following figure:

w(z, α, β, γ, δ) � w4(z, α4, β4, γ4, δ4) � w4,4(z, α4,4, β4,4, γ4,4, δ4,4)

�

w1(z, α1, β1, γ1, δ1)

�
�
��

w2(z, α2, β2, γ2, δ2)

���
w3(z, α3, β3, γ3, δ3)

���
w4,3(z, α4,3, β4,3, γ4,3, δ4,3)

�
�
��

w4,2(z, α4,2, β4,2, γ4,2, δ4,2)�

w4,1(z, α4,1, β4,1, γ4,1, δ4,1)

Figure 39.1.

The following restatement of Theorem 39.1 serves to studying the properties of
Bäcklund transformations for (P5) and to deduce nonlinear superposition formulas
connecting different solutions of (P5).
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Theorem 39.2. Letw = w(z, α, β, γ, δ), be a solution of (P5)with parameter values
α, β, γ, δ �= 0, such that

F1(z) := zw′ − ε1cw
2 + (ε1c − ε2a + ε3kz)w + ε2a �≡ 0, (39.9)

where c2 = 2α, a2 = −2β, k2 = −2δ. Then the transformation

Tε1,ε2,ε3 : w(z, α, β, γ, δ)→ w1(z, α1, β1, γ1, δ1) = 1− 2ε3kzw/F1(z) (39.10)

determines a solution w1(z, α1, β1, γ1, δ1) of the equation (P5) with new parameter
values ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

α1 = − 1

16δ
[γ + ε3k(1− ε2a − ε1c)]2,

β1 = 1

16δ
[γ − ε3k(1− ε2a − ε1c)]2,

γ1 = ε3k(ε2a − ε1c),

δ1 = δ,

(39.11)

where ε2
i = 1, i = 1, 2, 3.

A solution w(z, α, β, γ, δ) satisfying (39.9) generates eight different first level
solutions of (P5) wi(z, αi, βi, γi, δi), where i = 1, . . . , 8, according to the choice
of the branches c = √

2α, a = √−2β, k = √−2δ determined by the choice of
ε1, ε2, ε3, respectively. Solutions generated by n times repeated applications of the
transformation in Theorem 39.2 are called the solutions of the nth level. However,
the value of ε3 may be fixed. Therefore, we may consider the solutions of the nth

depending on the choice of ε1 and ε2 only, fixing ε3 = 1. The following lemmas
essentially serve to prove this statement.

Lemma 39.3. The change of the parameter ε3 for the solutions of the first level is
equivalent to the inversion Tε1,ε2,1w(z) = 1/Tε1,ε2,−1w(z).

Proof. Let w(z) be a seed solution. Then from (39.9) for solutions of the first level
we have

Tε1,ε2,ε3w(z) =
zw′ − ε1cw

2 + (ε1c − ε2a − ε3kz)w + ε2a

zw′ − ε1cw2 + (ε1c − ε2a + ε3kz)w + ε2a
.

The assertion now immediately follows from this representation. 	


Lemma 39.4. Tσ1,σ2,σ3 � Tε1,ε2,ε3w = Tσ2,σ1,−σ3 � Tε1,ε2,−ε3w, where σ 2
i = ε2

i = 1,
i = 1, 2, 3.

Proof. This follows immediately from Lemma 39.3 and the transformations (39.10),
(39.11). In fact, if w̃ := Tε1,ε2,ε3w and w̆ := Tε1,ε2,−ε3w, then w̆ = 1/w̃. Thus,
Tσ2,σ1,−σ3(w̆) = Tσ1,σ2,σ3(1/w̃). 	
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Observe that the relations in Lemma 39.4 demonstrate the commutativity of the
construction of the solutions according to the choice of parameters values under the
transformation (39.10), (39.11). Therefore, the second level solutions generated by
a double application of the transformation (39.10), (39.11), with a fixed value of ε3
coincide, provided the parameters α, β, γ, δ remain fixed.

Lemma 39.5. A double application of the transformation in Theorem 39.2 with the
following choice of the values of the parameters ε1, ε2, ε3 is equivalent to the inversion
of the initial solution: Tε3,−ε3,ε3 � Tε1,ε2,ε3 : w �→ w−1.

Proof. The proof easily follows by applying of the transformation (39.10), (39.11).	


By using the preceding lemmas, we get the following statement:

Theorem 39.6. Repeated applications of the transformation in Theorem 39.2 with
the following choice of the parameter values ε1, ε2, ε3 = 1 result in the following
descriptions of the identity transformations: (1) I = T1,−1,−1 �Tε1,ε2,1 : w �→ w and
(2) I = T1,−1,1 � Tε1,ε2,1 � T1,−1,1 � Tε1,ε2,1 : w �→ w.

Therefore, by virtue of Theorem 39.6, the value of the parameter ε3 may be fixed
and we may take ε3 = 1 without loss of generality in what follows. Moreover,
whenever δ �= 0 we may always take δ = −1/2 without loss of generality by a gauge
transformation.

We now proceed to studying nonlinear superposition formulas which link solutions
of the equation (P5) by repeated applications of the transformation (39.10), (39.11).
Observe that the superposition formulas obtained below may be considered as an
alternative version of discrete Painlevé equations, see §50. When ε3 = 1 is fixed, the
seed solution w(z, α, β, γ,−1/2) satisfying (39.9) generates four first level solutions
wi(z, αi, βi, γi,−1/2), i = 1, 2, 3, 4, of the equation (P5), depending on the choice
of the values of ε1, ε2 :

T1, 1, 1w = w1 = 1− 2zw(zw′ − cw2 + (c − a + z)w + a)−1, (39.12)

T1,−1, 1w = w2 = 1− 2zw(zw′ − cw2 + (c + a + z)w − a)−1, (39.13)

T−1, 1, 1w = w3 = 1− 2zw(zw′ + cw2 + (−c − a + z)w + a)−1, (39.14)

T−1,−1, 1w = w4 = 1− 2zw(zw′ + cw2 + (−c + a + z)w − a)−1. (39.15)

Observe that for a general case, we may assume that a �= 0, c �= 0. Indeed, if
a = 0, we have w1 = w2 and w3 = w4 and the superposition formula 1/(1− w1)−
1/(1 − w3) = c(1 − w)/z is valid. If c = 0, we get w1 = w3, w2 = w4 and
1/(1 − w1) − 1/(1 − w2) = a(1 − w)/(zw). If a = c = 0, all first level solutions
coincide provided ε3 = 1 and a subsequent application of the transformation (39.10),
(39.11) is possible if w �= C exp(−√−2δz) for a constant C, assuming γ = √−2δ.

Theorem 39.7. A seed solution and any two first level solutions are algebraically
dependent.
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Proof. Eliminating w′(z) from the equations (39.12) through (39.15), we find the
following explicit superposition formulas connecting the seed solution w(z) and the
first level solutions wi(z), where i = 1, 2, 3, 4.

1

1− w1
− 1

1− w2
= a(1− w)

zw
, (39.16)

1

1− w1
− 1

1− w3
= c(1− w)

z
, (39.17)

1

1− w1
− 1

1− w4
= (1− w)(cw + a)

zw
, (39.18)

1

1− w2
− 1

1− w3
= (1− w)(cw − a)

zw
. (39.19)

	


We remark that the solutions w2 and w4 are connected in the same way as the
solutions w1 and w3 are in (39.17), and the solutions w3 and w4 as the solutions w1
andw2 in (39.16). Moreover, if we take ε3 = −1, the relations from (39.16) to (39.19)
remain are valid by replacing wi(z) �→ wi+4(z) and z �→ −z. The formulas (39.16)
to (39.19) immediately imply that

1

1− w1
− 1

1− w2
= 1

1− w3
− 1

1− w4
. (39.20)

Theorem 39.8. Any three first level solutions are algebraically dependent.

Proof. Eliminating w(z) from the formulas (39.16) to (39.19), we obtain

w4 = c(w1 − w2)(w2 − 1)+ w2(a(w1 − 1)(w2 − 1)+ (w1 − w2)z)

a(w1 − 1)(w2 − 1)+ (w1 − w2)(c(w2 − 1)+ z) , (39.21)

w3 = a(w1 − 1)w1(w2 − 1)+ (w1 − w2)(c(w1 − 1)+ w1z)

a(w1 − 1)(w2 − 1)+ (w1 − w2)(c(w1 − 1)+ z) , (39.22)

w4 = a(w1 − w3)(w3 − 1)+ w3(c(w1 − 1)(w3 − 1)+ (w3 − w1)z)

c(w1 − 1)(w3 − 1)+ (w1 − w3)(a(w3 − 1)− z) , (39.23)

w3 = a(w2 − w4)(w4 − 1)+ w4(c(1− w2)(w4 − 1)+ (w2 − w4)z)

c(1− w2)(w4 − 1)+ (w2 − w4)(a(w4 − 1)+ z) . (39.24)

The relations (39.21) to (39.24) now link three arbitrary first level solutions, proving
the statement. 	


Let now wi,j (z), i, j = 1, 2, 3, 4, be the second level solutions obtained by re-
peated applications of the transformations (39.10) through (39.15) to the seed solu-
tionw(z), i.e., wi,j (z, αi,j , βi,j , γi,j , δi,j ) = Tσ1,σ2,1 �Tε1,ε2,1w(z, α, β, γ, δ), where



§39 The Bäcklund transformations of (P5) 199

ε2
k = σ 2

k = 1, k = 1, 2, see Figure 39.1 (p. 195). Taking into account (39.20)
and Lemma 39.5, it is nothing but an exercise to obtain the nonlinear superposition
formulas relating the seed solution with the second level solutions:

1

1− wi,1 +
1

1− wi,4 +
1

wi,3 − 1
= w

w − 1
,

where i = 1, 2, 3, 4. To deduce nonlinear superposition formulas linking the seed
solution with the first and second level solutions, let us denote wi := Tε1,ε2,1w and
wi,j := Tσ1,σ2,1wi. By a direct calculation, we observe that if wi,1 = T1,1,1wi,

wi,2 = T1,−1,1wi, wi,3 = T−1,1,1wi, and wi,4 = T−1,−1,1wi, then the following
relations are true:

w

w − 1
− 1

1− wi,1 = −a1
(1− wi)
zwi

,

wi,2 = 1

w
,

w

w − 1
− 1

1− wi,3 =
(1− wi)(c1wi − a1)

zwi
,

w

w − 1
− 1

1− wi,4 =
c1(1− wi)

z
,

where the choice of the values of c1, a1 is fixed and c1 = √2α1, a1 = √−2β1.

Note, that we may apply a sequence of Bäcklund transformations to a solution
w(z, α, β, γ,−1/2). Similarly as for the equation (P4), let us assume that this solution
does not belong to the family of solutions generated from solutions of the Riccati
equation (36.11). It is clear from (39.6) that this assumption enables us to apply
successive Bäcklund transformations to a solution w(z, α, β, γ,−1/2).

Theorem 39.9. Successive applications of the Bäcklund transformation Tε1,ε2,1 to a
seed solutionw(z, α, β, γ,−1/2) of (P5) leads to a solutionw1(z, α1, β1, γ1,−1/2),
where the new parameters take one of the following forms:

(1) α1 = (
√

2α + n1)
2/2, β1 = −(

√−2β + n2)
2/2, γ1 = γ + n3,

(2) α1 = (
√−2β + n2)

2/2, β1 = −(
√

2α + n1)
2/2, γ1 = −γ − n3,

(3) α1 = (−κ
√

2α − ν√−2β + γ + 2n1 + 1)2/8,

β1 = −(κ
√

2α + ν√−2β + γ + 2n2 − 1)2/8,

γ1 = −κ
√

2α + ν√−2β + n3,

(4) α1 = (κ
√

2α + ν√−2β + γ + 2n2 − 1)2/8,

β1 = −(−κ
√

2α − ν√−2β + γ + 2n1 + 1)2/8,

γ1 = κ
√

2α − ν√−2β − n3,

(39.25)
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where s = n1 + n2 + n3 ∈ 2Z, nj ∈ Z, j ∈ {1, 2, 3}, κ2 = ν2 = 1. Moreover, for an
arbitrary triple (n1, n2, n3) of such integers, and for an arbitrary pair (κ, ν) of signs,
there exist a composition of transformationsTε1,ε2,1 which carriesw(z, α, β, γ,−1/2)
to w1(z, α1, β1, γ1,−1/2) with (α1, β1, γ1) given by (1), (2), (3), (4).

Proof. The proof is similar to the proof of the corresponding Theorem 25.3 for (P4).
In the present case, induction will be applied.

Let �ε1,ε2 , ε2
1 = ε2

2 = 1 denote the transformation of parameters (α, β, γ, ) �→
(α1, β1, γ1), where α1, β1, γ1 are defined by (39.11), i.e.

�ε1,ε2 : (p2/2,−q2/2, γ )

�→ ((−ε1p − ε2q + γ + 1)2/8,−(ε1p + ε2q + γ − 1)2/8,−ε1p + ε2q
)
,

where p2 = 2α, q2 = −2β. As usual, the notation �kε1,ε2 means that �ε1,ε2 has
been applied k times, k ∈ N ∪ {0}. In this case, the second step of the Bäcklund
transformation results in

�μ1,μ2 ��ε1,ε2 : (p2/2,−q2/2, γ )

�→
(

1
32
(
ε1(μ1 − μ2 − 2)p + ε2(μ1 − μ2 + 2)q − (μ1 + μ2)γ

+ 2− μ1 + μ2
)2
, − 1

32
(
ε1(μ2 − μ1 − 2)p + ε2(−μ1 + μ2 + 2)q

+ (μ1 + μ2)γ + μ1 − μ2 − 2
)2
,

1
2
(
(μ1 + μ2)(ε1p + ε2q)+ (−μ1 + μ2)γ − μ1 − μ2

))
.

As in the case of (P4), we first we prove, by induction, that specific combina-
tions of the transformation give us the desired result. Let us introduce the following
transformations:

Sε := �2
1,1 ��1,ε : (p2/2,−q2/2, γ ) �→ (p2/2,−(q − ε)2/2, γ − 1),

Rε := �2−1−,1 ��ε,1 : (p2/2,−q2/2, γ ) �→ ((p − ε)2/2,−q2/2, γ + 1),

S := �1,−1 ��ε1,ε2 : (p2/2,−q2/2, γ ) �→ (q2/2,−p2/2,−γ ).
The choice of ε, ε2 = 1 in the transformations Sε and Rε is independent. These
transformations are similar as the transformations Sk in the proof of Theorem 25.3.
Indeed, for arbitrary kj ∈ N ∪ {0}, composing the transformations S1, S−1, R1, R−1,

we obtain

S(k1,k2,k3,k4) : (p2/2,−q2/2, γ ) �→ ((p + n1)
2/2,−(q + n2)

2/2, γ + n3),

where n1 = −k3 + k4, n2 = −k1 + k2, n3 = −k1 − k2 + k3 + k4. Hence, for
arbitrary nj with s = n1 + n2 + n3 ∈ 2Z, we can choose non-negative integers kj in
such a way that the application of S(k1,k2,k3,k4) to (p2/2,−q2/2, γ ) yields the triplet
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corresponding to (1) with (n1, n2, n3). Furthermore, to consider the case (3), we note
the following:

�1,1 : (p2/2,−q2/2, γ ) �→ ((−p− q+ γ + 1)2/8,−(p+ q+ γ − 1)2/8,−p+ q).
We put p = κ√2α, q = ν√−2β, κ2 = ν2 = 1. It is easy to see that a suitable
composition of�1,1 and S(k1,k2,k3,k4) yields the case (3) with an arbitrarily prescribed
(n1, n2, n3) and (κ, ν) satisfying n1 + n2 + n3 ∈ 2Z, κ2 = ν2 = 1. Since, due
to S, the cases (2) and (4) are reduced to (1) and (3), respectively, transformations
corresponding to (2) and (4) are immediately obtained.

We next enter to verify the closedness. Now,

�ε1,ε2 :
(
(p + n1)

2/2,−(q + n2)
2/2, γ + n3

)
�→ ((−ε1p − ε2q + γ +N1)

2/8, −(ε1p + ε2q + γ +N2)
2/8,

(−ε1p + ε2q +N3)
2/8
)
,

whereN1 = −ε1n1−ε2n2+n3+1,N2 = ε1n1+ε2n2+n3−1,N3 = −ε1n1+ε2n2,

where s = 2n4, n4 ∈ 2Z. Then n3 = 2n4− n1− n2. Hence we have for the constants
N1, N2, N3

N1 − 1 = (− (1+ ε1)n1 − (1+ ε2)n2 + 2n4
) ∈ 2Z,

N2 + 1 = ((ε1 − 1)n1 + (ε2 − 1)n2 + 2n4
) ∈ 2Z.

Therefore N1 = 2m1 + 1, N2 = 2m2 − 1, N3 = m3, and m1 + m2 + m3 =
2(n4 − n1) ∈ 2Z. This means that the constants m1, m2, m3 have the same properties
as the numbers n1, n2, n3 in (1) of (39.25). Therefore, �ε1,ε2 : (1) �→ (3) with the
condition m1 +m2 +m3 ∈ 2Z.

To prove now the closedness of the parameters (3) of (39.25), we apply

�ε1,ε2 :
(

1
8
(−κ√2α − ν√−2β + γ + 2n1 + 1)2,

− 1
8
(κ
√

2α + ν√−2β + γ + 2n2 − 1)2, −κ√2α + ν√−2β + n3

)
�→
(

1
8

(
− 1

2
(ε1 − ε2 − 2)κ

√
2α − 1

2
(ε1 − ε2 + 2)ν

√−2β

+ 1
2
(ε1 + ε2)γ +N1

)2
,−1

8

(
1
2
(−ε1 + ε2 − 2)κ

√
2α

+ 1
2
(−ε1 + ε2 + 2)ν

√−2β + 1
2
(ε1 + ε2)γ +N2

)2
,

1

2
(ε1 + ε2)(κ

√
2α + ν√−2β)+ 1

2
(−ε1 + ε2)γ +N3

)
,

withN1 = ε1n1+ε2n2−n3+(ε1−ε2)/2−1, N2 = ε1n1+ε2n2+n3+(ε1−ε2)/2−1
and N3 = −ε1n1 + ε2n2 − (ε1 + ε2)/2, n1 + n2 + n3 ∈ 2Z.
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(a) If ε1ε2 = −1, then we have �ε1,ε2 : (3) �→ (1) or (2). For example, if ε1 = −1,
ε2 = 1, then m1 = N1κ/2 = (κ/2)(−n1 + n2 − n3 − 2), m2 = N2ν/2 =
(ν/2)(−n1 + n2 + n3 − 2) and m3 = N3 = n1 + n2 are integers such that
m1+m2+m3 = (−κ−ν+2)n1/2+(κ+ν+2)n2/2+(−κ+ν)n3/2−κ−ν ≡
−(κ + ν)n1 − (κ + 1)n3 − (κ + ν) ∈ 2Z.

(b) If ε1ε2 = 1, then we have �ε1,ε2 : (3) �→ (3). For example, if ε1 = ε2 = 1,
then 2l1 + 1 = N1 = n1 + n2 − n3 − 1, 2l2 − 1 = N2 = n1 + n2 + n3 − 1 and
l3 = N3 = −n1 + n2 − 1, where l1 + l2 + l3 = 2n2 − 2 ∈ 2Z, completing the
proof. 	


Theorem 39.9 permits us to construct auto-Bäcklund transformations that link
different solutions of (P5) with the same parameter values. There exist several trivial
auto-Bäcklund transformations for (P5), namely:

S0 : w(z, α, β, 0, δ) �→ w(−z, α, β, 0, δ),
S1 : w(z, α,−α, 0, δ) �→ 1/w(z, α,−α, 0, δ),
S2 : w(z, α,−α, γ, δ) �→ 1/w(−z, α,−α, γ, δ),
S3 : w(z, α, β, 0, 0) �→ w(λz, α, β, 0, 0).

The last transformation S3 will be not considered in what follows, as it is concerned
with the integrable case in §36. In general, the application of S0, S1, S2 yields new
solutions, as is clear from the following examples:

(1) w = z− a, α = 1/2, γ = a + 2, a2 = −2β, a �= 1, δ = −1/2;

(2) w = kz+ 1, γ �= 0, α = −β = 1/2, k2 = −2δ.

We now apply compositions T −k � Sj � T k , k ∈ Z, j = 0, 1, 2. This results in the
following statement:

Theorem 39.10. The Painlevé equation (P5) with δ = −1/2 admits auto-Bäcklund
transformations of the form T −k � Sj � T k with j = 0 and j = 2, respectively, when

(1) γ = n, n ∈ Z for j = 0 and

(2) −2β = (√2α + n)2, n ∈ N ∪ {0} for j = 2,

and auto-Bäcklund transformations of the form T −k � S1 � T k, when either

(3) γ = m, −2β = (√2α + k)2, where k ∈ N ∪ {0}, m ∈ Z and k +m ∈ 2Z or

(4) γ �∈ Z, 8α = (2k − 1)2, −8β = (2m− 1)2, k,m ∈ N.



§40 Rational and one-parameter families of solutions 203

Proof. The proof of this theorem is easily deduced by combining the general structure
of the parameters in the proof of Theorem 39.9 with the substitution of the parameters
of S0, S1, S2 into (39.25). 	


Finally, we add a remark concerning the fundamental domain for (P5) when
δ = −1/2. Define X := (x, y, t), x := √

2α, y := √−2β, t := γ , X1 :=
(
√

2α1,
√−2β1, t1), L := (e1/2, v1/2, 0), e2

1 = v2
1 = e2 = v2 = 1,

A :=
⎛⎝− ee12 − e1v2 e1

2− ev1
2 − vv1

2 − v1
2−e v 0

⎞⎠ .
Then a Bäcklund transformation for the parameters (3) from (39.25) may be written in
the formX1 = AX+L,where detA = −ee1vv1 = ±1.By Theorem 39.9 on repeated
applications of Bäcklund transformations with parameters (3) from (39.25) we infer
that the fundamental domain for (P5) in the case δ = −1/2 may be determined as

G := {(x, y, t) | 0 � x � 1, 0 � y � 1, 0 � t � 1,

x + y � 1, y + t � 1, t + x � 1
}
.

§40 Rational and one-parameter families of solutions

In §36, we already observed that solutions of certain Riccati differential equations,
see (36.11), generate one-parameter families of solutions of (P5). Recalling Theo-
rem 39.1, let us consider this differential equation

zw′ − c0w2 + (c0 − a0 + k0z)w + a0 = 0, (40.1)

where c2
0 = 2α, a2

0 = −2β, k2
0 = −2δ, γ = k0(a0 + c0 − 1) more closely. Of

course, we assume that the values of c0, a0, k0 have been fixed. Taking a = a0 �= 0,
c = −c0 �= 0, k = −k0, δ = −1/2 in the Bäcklund transformation (39.5), (39.6), we
get the following parameter values and the following transformation:

α1 = 1

2
, β1 = − (c0 + a0)

2

2
, γ1 = k0(a0 − c0), δ1 = −1/2, (40.2)

w1 = c0w
2 + (a0 − c0)w − a0

c0w2 + (a0 − c0 − z)w − a0
. (40.3)

Hence, we obtain a new one-parameter family of solutions by substituting (39.8) into
(40.1), resulting in

(w′1)2 =
2(w2

1 − w1)

z
w′1 −

w4
1

z2 +
2w3

1

z2 − 1+ 2β1 + 2γ1z− z2

z2 w2
1

+ 4β1 + 2γ1z

z2 w1 − 2β1

z2 .

(40.4)
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All solutions of (40.4) may be expressed in terms of the Whittaker functions and
their derivatives, as one can easily see by (40.2) and (40.3). Applying the trans-
formation T2, see (37.14), to (40.4), we again find a new one-parameter family of
(P5)-solutions for the case

α2 = (c0 + a0)
2

2
, β2 = −1

2
, γ2 = −k(a0 − c0), δ2 = −1/2. (40.5)

The next step of application of the Bäcklund transformation results in

(w′)3 + P1(z, w)(w
′)2 + P2(z, w)w

′ + P3(z, w) = 0,

where

P1(z, w) := 1

z

(
cw2 + (kz− a − c)w + a),

P2(z, w) := 1

z2

(
− c2w4 + 2w3(− 2+ c2 + a(2+ c)− 2kz− c(2+ kz))
+ w2(8− 8a − a2 + 8c − 4ac − c2 + 2akz+ 2ckz− k2z2)

+ 2w
(
a2 − 2(1+ c − kz)+ a(2+ c − kz))− a2

)
,

P3(z, w) := 1

z3

(
− c3w6 + cw5(− 4− 4c + 3c2 + a(4+ 3c)− 4kz− 3ckz

)
+ w4(− 3c3 − a2(4+ 3c)+ 6c2(2+ kz)− 4kz(3+ kz)
− 3c(−4+ k2z2)+ a(4− 9c2 + 8kz+ c(−8+ 6kz))

)
+ w3(a3 + c3 + 24kz− k3z3 + 3a2(4+ 3c − kz)− 3c2(4+ kz)

+ 3c(−4+ 4kz+ k2z2)+ 3a(−4+ 3c2 − 4kz− 4ckz+ k2z2)
)

+ w2(− 3a3 − 3a2(4+ 3c − 2kz)+ 4(c + c2 − 2ckz+ kz(kz− 3))

+ a(12− 3c2 − 3k2z2 + c(8+ 6kz))
)

+ aw(3a2 + a(4+ 3c − 3kz)− 4(1+ c − kz))− a3
)
.

This equation determines solutions of (P5) for γ = k(a − c − 3), where α = c2/2,
β = −a2/2, δ = −k2/2.

More generally, we can prove

Theorem 40.1. Equation (P5)with δ = −1/2 has one-parameter families of solutions
expressed in terms of the Whittaker functions and their derivatives when either

−2β = (√2α + 2n− 1+ ηγ )2, η2 = 1, n ∈ N, (40.6)

or
(2α − n2)(2β + n2) = 0. (40.7)
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Proof. We prove this theorem by induction. If n = 1 in (40.6), then (P5) has a one-
parameter family of solutions determined by the Riccati equation (36.11) under the
parameter condition (36.12). If n = 1 in (40.7), then we have either (40.4) when (40.3)
holds or the equivalent family that can be obtained by means of the transformation T2.

Let us now assume the validity of this theorem when n = m in (40.6), using
the notations T : w(z) �→ w1(z), � : (α, β, γ ) �→ (α1, β1, γ1), where w1(z), α1,
β1, γ1 are determined as in Theorem 39.1. Note, that any application of Bäcklund
transformations depends on the choice of the values of

√
2α,

√−2β which may be
indicated by ε, ν (ε2 = ν2 = 1). Applying the Bäcklund transformation to a one-
parameter family of solutions with parameters (40.6) when n = m, we obtain (40.7)
with n = m and ε1 = εη, ν1 = −νη; ε1 = εη, ν1 = νη. Applying the Bäcklund
transformation to a one-parameter family of solutions with parameters (40.7) with
n = m, we get either (40.6) with n = m+ 1 or with n = m depending on the choice
of parameters ε1, ν1. 	


The relations (39.5), (39.6) may be used for the construction of the rational solution
hierarchy for (P5) in the case of δ �= 0. Indeed, it is known that (P5)with δ �= 0 admits
rational solutions of the form P(z)/Q(z). These solutions are of the form

w(z) = λz+ μ+ Pn−1(z)

Qn(z)
,

where λ, μ are constants and Pn−1(z), Qn(z) are the polynomials of degrees n − 1
and n, respectively.

If Pn−1 = 0,Qn �= 0, then (P5) has the following rational solutions:

(a) w(z) = −1, γ = 0, α + β = 0,

(b) w(z) = −2δz/γ + 1, γ �= 0, β = −1/2, 4αδ + γ 2 = 0,

(c) w(z) = kz+√−2β, α = 1/2,
√−2β �= 1,

γ = 2k − k√−2β, k2 = −2δ.

(40.8)

Note, that the last two rational solutions satisfy the Riccati equation at the same
time.

Taking now (40.8(a)) as a starting solution, we obtain the following hierarchy of
rational solutions:

w1(z) = kz+ 4a

−kz+ 4a

with α1 = 1/8, β1 = −1/8, γ1 = 2ak, δ1 = δ, k2 = −2δ;

w2(z) = −δz2 + k(a1 − c1)z+ 4a(1− a1 − c1 − 2a)

δz2 + k(a1 − c1)z+ 4α(1− a1 − c1 + 2a)
,

with α2 = (1− a1− c1+ 2a)2/8, β2 = −(−1+ a1+ c1− 2a)2/8, γ2 = k(a1− c1),
δ2 = δ, a2

1 = c2
1 = 1/4, k1 = k.

Similar hierarchies of the solutions may be obtained for (40.8(b)) and for (40.8(c)).
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Remark. Recall the expression (36.13). If b = √−2β ∈ N, b−a = √−2β−√2α �∈
{1, 2, . . . ,√−2β + 1}, respectively a = √

2α ∈ N, a − b = √
2α − √−2β �∈

{1, 2, . . . ,√2α + 1}, and if C = 0, respectively C = ∞, then a hierarchy of rational
solutions immediately follows, expressed in terms of Laguerre polynomials. The first
solutions of the hierarchies (40.8(a)) and (40.8(b)) may be found in Table 40.1 and
Table 40.2.

More generally, let us consider the rational solutions generated by Bäcklund trans-
formations from the starting solution (40.8(a)).

Theorem 40.2. The equation (P5)with δ = −1/2 admits rational solutions generated
by successive applications of Bäcklund transformations to the solution (40.8(a)) for
all parameters which satisfy one of the following conditions:

(1) −2β = (√2α + k)2, γ = m, k ∈ N ∪ {0}, m ∈ Z and k +m ∈ 2Z,

(2) 8α = (2k − 1)2, −8β = (2m− 1)2, γ /∈ Z, k,m ∈ N.

Table 40.1. The first rational solutions generated fromw = −1 withα = −β, γ = 0, δ = −1/2.

α β γ w(z)

a −a 0 −1

1

8
−1

8
2a

z+ 4a

−z+ 4a

(1+ 2a)2

8
− (1− 2a)2

8
1

z2 + 2z+ 8a(1− 2a)

−z2 + 2z+ 8a(1+ 2a)

a −a −2
z2 − 4z+ 4− 32a

−z2 − 4z− 4+ 32a

9

8
−1

8
2a

(4a − z)(−z2 + 16a2 − 4)

−z3 + 4a(3z2 − 4)+ 12z− 48a2z+ 64a3

9

8
−9

8
2a

(4a − z)(− z4 − 8az3 + 128a(a2 − 1)z+ 256a2(a2 − 1)
)

(4a + z)(− z4 + 8az3 − 128a(a2 − 1)z+ 256a2(a2 − 1)
)

1

8
−25

8
−2 −1− 16

z− 8
+ 24(12− 6z+ z2)
z3 − 12z2 + 36z− 48

0 − 9

2
−1 −1+ 1

z− 8
+ 8

(z− 8)2
− 192

z3
+ 48

z2
+ 3

z
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Table 40.2. The first rational solutions generated fromw = az+1 withα = 1/(2a2),β = −1/2,
γ = 1/a, δ = −1/2.

α β γ w(z)

1

(2a2)
− 1

2

1

a
az+ 1

1

2
− (a − 1)2

(2a2)
−1− 1

a
−z+ 1− 1

a

(a − 1)2

2a2 −2
1

a

−a2z2 + (2az+ 1)(a − 1)

(a − 1)(az+ 1)

2 − (1− 2a)2

2a2 −1+ a
a

−a2z2 + 4a2z− 2az− 2a2 + 3a − 1

2a(az− a + 1)

1

2a2 − 1

2
−4+ 1

a

a
(
1+ a(2z− 3)+ a2(z2 − 2z+ 2)

)
1+ 3a(z− 1)+ a3(z− 2)2z+ a2(2− 7z+ 3z2)

9

2
− (1− 2a)2

2a2 − 1

a
−

(2a − 1)
(

1+ a(− 1+ (2+ a(z− 2))z
))

1+ a
(

3(z− 1)+ a(2+ z(3(z− 3)+ a(6+ (z− 6)z)
)))

2 0 −5
−z2(6+ 4 z+ z2)2

2(12+ 36z+ 36z2 + 20z3 + 7z4 + z5)

8 −2 −1
2(36+ 132z+ 132z2 + 60z3 + 13z4 + z5)

144+ 480z+ 564z2 + 336z3 + 104z4 + 16z5 + z6

Proof. By (40.6), the solution (40.8(a)) does not belong to the solutions generated by
the Riccati equation (40.1). This means that we can apply Theorem 39.9. Substitut-
ing the parameters in (40.8(a)) into (39.25) and considering the two possible cases√−2β = ±√2α, we get the assertion. 	


Making use of (39.25), it is possible to obtain conditions for the existence of rational
solutions of (P5) with δ �= 0, see Gromak and Lukashevich [1] and Kitaev, Law and
McLeod [1]. Necessary conditions follow from the conditions of the existence of
analytic and polar expansions at singularities z = 0, z = ∞. Sufficient conditions
may be obtained by (39.4), (39.6) and the direct construction of the above-mentioned
solution hierarchies using (40.8) as starting solutions. This results in the following
theorem, see Kitaev, Law and McLeod [1]:

Theorem 40.3. The equation (P5) with δ = −1/2 has a rational solution if and only
if for some branch of λ0, the parameters satisfy one of the following conditions with
k,m ∈ Z:
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(1) 2α = (λ0γ + k)2, −2β = m2, m > 0, k +m is odd, and α �= 0 when |k| < m;
(2) −2β = (λ0γ + k)2, 2α = m2, m > 0, k +m is odd, and β �= 0 when |k| < m;
(3) −2β = (α1 +m)2, λ0γ = k, α1 =

√
2α, m ≥ 0, and k +m is even;

(4) 8α = k2, −8β = m2, λ0γ /∈ Z, k,m > 0, and k,m are both odd.

§41 Connection between (P3) and (P5) revisited

We may Theorem 39.9 to extend the conditions on parameters, when (P5) is reduced
to (P3), see Gromak [9]. Let u and w be solutions of (P5) and (P3) with parameters
α, β, γ , δ and a, b, c, d, respectively. Proving the following theorems is nothing but
a direct computation:

Theorem 41.1. Let u be a solution of (P5) with parameters a = b = 0. Then the
function w determined by the formula

u =
(
w + 1

w − 1

)2

,

satisfies (P3) with the following parameter values:

α = −β = −c/4, γ = −δ = −d/8.
Observe that the transformation in Theorem 41.1 also carries the Riccati equation

of (P5), see (36.11) into the Riccati equation of (P3), see (29.11). This is again just
a direct computation. We now proceed to extend values of the parameters such that
(P5) may be reduced to (P3). We first find a connection between solutions of (P5)

when δ = 0 and δ �= 0.

Theorem 41.2. Let w = w(t) = w(t, α/4,−α/4, 0, 4γ ), z = t2 be a solution of
(P5). Then the transformation

R : w �→ w̃ = (w + 1)2

4w
(41.1)

determines a solution w̃(z, α, 0, γ, 0) of (P5).

Proof. This is an immediate consequence of the substitution of (41.1) into the equa-
tion (P5). 	


Remark. The transformation (41.1) links solutions of (P5) with the values of the
parameters δ = 0 and δ �= 0.
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We also derive another transformation connecting solutions of (P5)with δ = 0 and
δ �= 0. For this purpose, we consider the following pair of the differential equations:

df

dt
= g(A+ A−1f 2)− (B + 1)(f/t),

dg

dt
= f (A− A−1g2)+ B(g/t),

(41.2)

where B,A �= 0 are arbitrary parameters.
Eliminating the function g(t), we get the equation

(A2 + f 2)(f ′ + tf ′′) = tf (f ′)2 + (A2 + f 2)2tf + (1+ B)2(fA2/t), (41.3)

which may be reduced to (P5) by means of the substitution w̃ = f 2/(A2 + f 2),
z = t2, the parameters being α̃ = (1 + B)2, β̃ = 0, γ̃ = A2/2, δ̃ = 0. Similarly,
eliminating the function f (t), we obtain

g′′ = g

g2 − A2 (g
′)2 − g

′

t
+ g(A2 − g2)+ B2A2 g

(A2 − g2)t2
. (41.4)

Taking g(t) = A(w(t)+1)/(w(t)−1),we achieve an equation (P5)with parameters
α = B2/8, β = −B2/8, γ = 0, δ = 2A2, to determine the function w(t).

Theorem 41.3. Letw(t) be a solution (P5) with parameters α = B2/8, β = −B2/8,
γ = 0, δ = 2A2, A �= 0, where B,A �= 0 are arbitrary parameters. Then the
transformation G : w �→ w̃, where

w̃(z) = f (t)2

A2 + f (t)2 , f (t) = w′(t)
2w(t)

− B(w(t)− 1/w(t))

4t
, z = t2

defines a solution w̃(z) of (P5) with the values of the parameters α̃ = (1 + B)2/2,
β̃ = 0, γ̃ = A2/2, δ̃ = 0.

It is not difficult to show that the transformation G obtained in Theorem 41.3 is
the composition of the transformations R and Tε1,ε2,1 :
Theorem 41.4. The relation G = R � T−1,−1,1 is valid.

Proof. Let us consider the pair (41.2) and definew2 = (f − iA)/(f + iA),where i is
the imaginary unit. Substituting in (41.3) and simplifying, we get for w2 an equation
(P5) with parameters α2 = (1 + B)2/8, β2 = −(1 + B)2/8, γ2 = 0, δ2 = 2A2.

Moreover, we observe that w2 = T−1,−1,1w, w̃ = Rw2. Hence, w̃ = R � T−1,−1,1w,

and G = R � T−1,−1,1. 	


Hence, the transformation R in Theorem 41.2 appears vitally important to obtain
the relationship between (P5) when d = 0 and (P5) when d �= 0. If δ �= 0 in (P5),
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then Theorem 39.2 holds. Consequently, applying Theorem 39.9 to any solution of
(P5) with parameters

α = B2/8, β = −B2/8, γ = 0, δ = 2A2 �= 0, (41.5)

all parameters for which (P5) may be reduced to (P3) are found.

Theorem 41.5. The Painlevé equation (P5) with parameters taking one of the follow-
ing forms:

(1) −2β = (
√

2α + k)2, γ = m, δ = −1/2, where k ∈ N ∪ {0}, m ∈ Z and
k +m ∈ 2Z,

(2) 8α = (2k − 1)2, −8β = (2m− 1)2, γ �∈ Z, δ = −1/2 where k,m ∈ N,

may be reduced to a Painlevé equation (P3).

Proof. Let w(z) be a solution of (P5) with parameter values (41.5). Then by The-
orem 41.2 it can be transformed to a solution w̃(t, B2/2, 0, A2/2, 0) of (P5). By
Theorem 34.3 and a subsequent remark, w̃ may now be reduced to a solution of (P3).
The parameters (1) and (2) are now obtained similarly as in Theorem 40.2, by applying
Theorem 39.9 and a scaling transformation to w(z). 	




Chapter 9

The sixth Painlevé equation (P6)

The sixth Painlevé equation (P6) is in some sense a master type for all Painlevé
equations. Indeed, by a simple limiting process, all of the equations (P1)–(P5) may
be obtained from (P6). On the other hand, by the existence of three fixed singular
points, no transformation of type z = φ(ξ), φ entire, can be applied to produce a
modified form of (P6) with meromorphic solutions only. However, the local behavior
of sixth Painlevé transcendents shows several features similar as to what we are already
familiar from the preceding chapters. To this end, we pay some attention to pairs of
differential equations equivalent to (P6) as well as to Riccati differential equations
whose solutions may be used to generate one-parameter families of solutions of (P6).
We also offer some analysis for formal solutions of (P6) around of their singular points.
Similarly as to the previous chapters, Bäcklund transformations enable us to construct
connection formulae between sixth Painlevé transcendents, treated only partially, as
the intrinsic symmetries of (P6)make it impossible to include a complete presentation
here. The chapter will be closed by a rather extensive presentation of rational and
algebraic solutions of (P6).

§42 General properties of solutions

The sixth Painlevé equation

w′′ = 1

2

(
1

w
+ 1

w − 1
+ 1

w − z
)
(w′)2 −

(
1

z
+ 1

z− 1
+ 1

w − z
)
w′

+ w(w − 1)(w − z)
z2(z− 1)2

(
α + βz

w2 +
γ (z− 1)

(w − 1)2
+ δz(z− 1)

(w − z)2
) (P6)

with four arbitrary complex parameters α, β, γ , δ has three fixed singular points
z = 0, 1,∞. As indicated in §6, all singularities ofw(z), an arbitrary solution of (P6),
outside of z = 0, 1,∞ are poles, see e.g. Okamoto and Takano [1] and, for another
proof, Hinkkanen and Laine [4]. Therefore, the behavior of w(z) at z = 0, 1,∞
essentially determines the meromorphic nature of w(z).

The sixth Painlevé equation (P6) is the most general among the six classical
Painlevé equations in the sense that (P1)–(P5) may be obtained by successive coa-
lescences of the singular points of (P6), see the classical treatise by Ince [1]. In fact,
if we put z→ 1+ εz, δ → δε−2, γ → γ ε−1 − δε−2 in (P6), then (P6)→ (P5) as
ε→ 0.
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Similarly, (P5) → (P3) as ε → 0, when w → 1 + εw, β → −βε−2, α →
αε−1 + βε−2, γ → γ ε, δ→ δε;
(P5) → (P4) as ε → 0, when z → 1 + ε√2z, α → ε−4/2, γ → −ε−4,

w→ ε
√

2w, δ→−(ε−4/2+ δε−2);
(P3) → (P2) as ε → 0, when z → 1 + ε2z, w → 1 + 2εw, γ → ε−6/4,

δ→−ε−6/4, α→−ε−6/2, β → 2βε−3 + ε−6/2;
(P4) → (P2) as ε → 0, when w → 22/3εw + ε−3, z → 2−2/3εz − ε−3,

α→−ε−6/2− α, β →−ε−12/2;
(P2)→ (P1) as ε→ 0, when w→ εw + ε−5, z→ ε2z− 6ε−10, α→ 4ε−15.
The analytic meaning of this procedure is as follows. After the substitution above,

for example, (P6) takes the form

w′′ =
(

1

2w
+ 1

w − 1

)
(w′)2 − w

′

z
+ (w − 1)2

z2

(
αw + β

w

)
+ γw
z
+ δw(w + 1)

w − 1
+ εf (ε, z, w,w′).

(P6,ε)

Here the function f (ε, z, w,w1) possesses the following property: For every
(z0, w0, w

′
0) ∈ (C\{0})× (C\{0, 1})×C, f (ε, z, w,w1) is analytic around the point

(0, z0, w0, w
′
0). Let w = φ(ε, z) be the solution of (P6,ε) satisfying φ(ε, z0) = w0,

φ′(ε, z0) = w′0. By the Poincaré theory of regular perturbations, φ(ε, z) is analytic
for |ε| < ε0, z ∈ D0, where D0 is a domain containing z0, hence φ(0, z) is a so-
lution of (P5). In every step of coalescence for Painlevé equations (Pj+1) → (Pj ),
j = 1, . . . , 5, as well, degeneration of solutions as above may be justified analytically.
By the α-method of Painlevé combined with this fact, the non-existence of movable
branch points for solutions of (P5), . . . , (P1) follows from the same property for so-
lutions of (P6), see e.g. Painlevé [4, III], p. 115–121 and Okamoto–Takano [1]. It
is quite interesting to study degeneration of solutions in a global domain or around
fixed critical points; concerning degeneration of asymptotic solutions in the process
(P2)→ (P1), see Kapaev and Kitaev [1]. It is also known that the Painlevé equations
are governed by monodromy preserving deformation of Fuchs’ equations with regu-
lar or irregular singularities. Concerning these singularities, there is a degeneration
scheme as well. Each step of this scheme gives rise to the coalescence procedure above
for corresponding Painlevé equations, see Garnier [1], Okamoto [5] and Steinmetz [4].

Fuchs [1] presented (P6) in the form

z(1− z)Lz
∫ w
∞

dt√
t (t − 1)(t − z)

= √w(w − 1)(w − z)
(
α + βz

w2 +
γ (z− 1)

(w − 1)2
+
(
δ − 1

2

)
z(z− 1)

(w − z)2
)
.

Here Lz is the Picard–Fuchs linear differential operator

Lz = z(1− z) d
2

dz2 + (1− 2z)
d

dz
− 1

4
.
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Therefore, if we put

u = u(w, z) =
∫ w
∞

dt√
t (t − 1)(t − z) ,

then w(u) = ℘(u; z). Here z is a parameter, and the periods of ℘(u; z) are functions
of z. Then (P6) transforms into

Lzu = 1

z(1− z)
∂

∂u
ψ(u; z), (42.1)

where ψ(u; z) = α℘(u; z)− β z
℘(u;z) + γ 1−z

℘ (u;z)−1 +
( 1

2 − δ
)
z(z−1)
℘ (u;z)−z , see Painlevé

[1] and Okamoto [6].
The equation (P6) can also be rewritten in a canonical form, see Painlevé [1],

Manin [1] and Takasaki [1], by means of the Weierstraß’ function℘(q)with primitive
periods 1 and τ . Following an idea of Manin, we apply a simultaneous change of
the variables (w, z) �→ (q, τ ), where w := ℘(q)−e1

e2−e1 , z := e3−e1
e2−e1 and ej = ℘(ωj ),

j = 1, 2, 3 are the values of ℘(q) at three half-period points ω1 = 1/2, ω2 = τ/2,
ω3 = (1+ τ)/2. By this transformation, (P6) takes the form

(2πi)2
d2q

dτ 2 =
3∑
n=0

αn℘
′(q + ωn), (42.2)

where α0 = α, α1 = −β, α2 = γ , α3 = −δ+1/2, ω0 = 0 and ℘′(q) is the derivative
in q of the Weierstraß function

℘(q) = ℘(q|1, τ ) = 1

q2 +
∑

(m,n) �=(0,0)

(
1

(q +m+ nτ)2 −
1

(m+ nτ)2
)
.

In the special case α = β = γ = 0, δ = 1/2, see again Painlevé [1], Okamoto [6],
the function u(z) satisfies the Legendre differential equation

4z(z− 1)
d2u

dz2 + 4(2z− 1)
du

dz
+ u = 0 (42.3)

with two particular solutions of the form

K(z) =
∫ 1

0

ds√
(1− s2)(1− μ2s2)

,

K ′(z) =
∫ 1/μ

0

ds√
(s2 − 1)(1− μ2s2)

,

(42.4)

where μ2 = z. The functions 4K(z) and 2iK ′(z) are, in fact, the periods of the func-
tion ℘(u; z). Of course, the equation (42.3) is a particular case of the hypergeometric
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equation. Hence, the solutions (42.4) may be expressed by means of hypergeomet-
ric functions: K(z) = π

2 F(1/2, 1/2, 1, z), K
′(z) = π

2 F(1/2, 1/2, 1, 1 − z). As a
consequence, the general solution of (P6) with α = β = γ = 0, δ = 1/2 takes the
form

w(z) = ℘(C1F(1/2, 1/2, 1, z)+ C2F(1/2, 1/2, 1, 1− z); z
)
. (42.5)

As an introduction to Bäcklund transformations of (P6), letw(z) = w(z, α, β, γ, δ)
be any solution of (P6) with fixed parameters. Then the following transformations
determine new solutions of (P6):

Tj : w �→ wj , j = 1, 2, 3,

wherew1(z,−β,−α, γ, δ) = 1/w(1/z),w2(z,−β,−γ, α, δ) = 1−1/w
(
1/(1−z)),

w3(z,−β,−α,−δ+ 1
2 ,−γ + 1

2 ) = z/w(z). Considering next different compositions
of Tj , we obtain the following group of transformations:

w4

(
z, α, β,−δ + 1

2
,−γ + 1

2

)
= zw

(
1

z

)
; T4 = T1 � T3;

w5

(
z, α, δ − 1

2
,−β,−γ + 1

2

)
= 1− (1− z)w

(
1

1− z
)
; T5 = T2 � T3;

w6(z, α,−γ,−β, δ) = 1− w(1− z); T6 = T2 � T1;

w7

(
z,−β, δ − 1

2
, α,−γ + 1

2

)
= 1− (1− z)w

(
1

1− z
)
; T7 = T2 � T4;

w8

(
z,−δ + 1

2
,−γ,−β,−α + 1

2

)
= z(w − 1)

w − z ; T8 = T7 � T7;

w9

(
z, γ, δ − 1

2
, α, β + 1

2

)
= w − z
w − 1

; T9 = T3 � T8;

w10

(
z, α,−γ,−δ + 1

2
, β + 1

2

)
= z− zw

(
z− 1

z

)
; T10 = T5 � T5;

w11

(
z,−δ + 1

2
,−α, γ, β + 1

2

)
= z
(

1− (1− z)w
(

1

1− z
))−1

; T11 = T5�T8;

w12

(
z, γ,−α,−δ + 1

2
, β + 1

2

)
= z(1− w(1− z))−1; T12 = T3 � T6;

w13

(
z, α, δ − 1

2
, γ, β + 1

2

)
= z+ (1− z)w

(
z

z− 1

)
; T13 = T2 � T12;

w14

(
z,−δ + 1

2
,−α,−β,−γ + 1

2

)
= z
(
z+ (1− z)w

(
z

z− 1

))−1

;

T14 = T13 � T8;
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w15(z, γ,−α,−β, δ) =
(

1− w
(
z− 1

z

))−1

; T15 = T1 � T6;

w16(z, γ, β, α, δ) = w
(
z

z− 1

)(
w

(
z

z− 1

)
− 1

)−1

; T16 = T15 � T1;

w17

(
z,−δ + 1

2
, β, α,−γ + 1

2

)
= zw

(
z− 1

z

)(
zw

(
z− 1

z

)
− z+ 1

)−1

;

T17 = T16 � T4;

w18

(
z,−δ + 1

2
,−γ, α, β + 1

2

)
=
(
z− zw

(
1

z

))(
1− zw

(
1

z

))−1

T18 = T16 � T10;

w19

(
z, γ, δ − 1

2
,−β,−α + 1

2

)
=
(
zw

(
1

z

)
− 1

)(
w

(
1

z

)
− 1

)−1

;

T19 = T1 � T8;

w20

(
z, γ, β,−δ + 1

2
,−α + 1

2

)
= zw

(
1

1− z
)(
w

(
1

1− z
)
− 1

)−1

;

T20 = T2 � T8;

w21

(
z,−δ + 1

2
, β, γ,−α + 1

2

)
= zw(1−z)(w(1−z)−1+z)−1; T21 = T6 �T8;

w22

(
z,−β, δ − 1

2
, γ,−α + 1

2

)
=
(
zw

(
z− 1

z

)
− z+ 1

)/
w

(
z− 1

z

)
;

T22 = T15 � T8;

w23

(
z,−β,−γ,−δ + 1

2
,−α + 1

2

)
= z
(
w

(
z

z− 1

)
− 1

)/
w

(
z

z− 1

)
;

T23 = T16 � T8;
completing the group by T24 = I , the identity transformation. Verification of the
compositions described above is a direct computation. Observe that application of the
transformations Tj implies the change of any two parameters by the scheme

α �→ −β �→ γ �→ 1

2
− δ �→ α. (42.6)

The transformations Tj constructed above will be applied below to extend the cases
of solvability of (P6) and to construct special classes of solutions.
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§43 Pairs of differential equations equivalent to (P6)

While investigating the local behavior of sixth Painlevé transcendents, at the fixed
singular points z = 0, 1,∞ in particular, it is often more convenient to consider pairs
of first order differential equations equivalent to (P6). In this section, we construct
two such systems.

(1) We first proceed to construct such a pair of first order differential equations in the
following Hamiltonian form:

w′(z) = f (z,w)+ ϕ(z,w)v ≡ ∂H6(z, w, v)

∂v
,

v′(z) = ψ(z,w)− fw(z,w)v − 1

2
ϕw(z,w)v

2 ≡ −∂H6(z, w, v)

∂w
,

(43.1)

where f, ϕ,ψ are polynomials in z and w.
Differentiating (43.1) and making use of (43.1) again, we obtain

w′′(z) = 1

2
ϕϕwv

2 + (f ϕw + ϕz)v + ffw + fz + ϕψ. (43.2)

Substitutingw′′ andw′ from (43.2) and (43.1) into (P6) and comparing coefficients of
terms which are of the same degree in v, we obtain a system of differential equations
to determine of functions f, ϕ andψ . The system obtained may be written, after some
computation, in the form

w(w − 1)(w − z)ϕw = (3w2 − 2zw − 2w + z)ϕ; (43.3)

z(z− 1)w(w − 1)(w − z)(ϕz + f ϕw)
= z(z− 1)(3w2 − 2zw − 2w + z)f ϕ − w(w − 1)(2zw − w − z2)ϕ; (43.4)

2z2(z− 1)2w(w − 1)(w − z)(fz + ffw + ϕψ)
= z2(z− 1)2(3w2 − 2zw − 2w + z)f 2

− 2z(z− 1)w(w − 1)(2zw − w − z2)f

+ 2αw2(w − 1)2(w − z)2 + 2βz(w − 1)2(w − z)2
+ 2γ (z− 1)w2(w − z)2 + 2δz(z− 1)w2(w − 1)2.

(43.5)

From (43.3) we obtain

ϕ(z,w) = a(z)w(w − 1)(w − z), (43.6)

where a(z) is to be specified at once. Namely, substituting (43.6) into (43.3), we get

z(z− 1)
(
(w − z)a′ − a)+ (2zw − w − z2)a = 0. (43.7)

Integrating now (43.7), we conclude that a(z) = C1/[z(z − 1)], where C1 is an
arbitrary constant. We may assume here that C1 �= 0.
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Therefore, we have obtained, by (43.6),

ϕ(z,w) = C1w(w − 1)(w − z)/[z(z− 1)
]
. (43.8)

The functions f (z,w) and ψ(z,w) may now be sought for in the following form:

f (z,w) = k(z)w2 + l(z)w +m(z), ψ(z,w) ≡ ψ(z). (43.9)

Substituting (43.8) and (43.9) into (43.5) and comparing the coefficients of w5 and
w6, we infer that

2aψ + k2 = 2α/[z2(z− 1)2], z(z− 1)k′ = −k(2z− 1). (43.10)

From (43.10) we obtain, by elementary computation, k(z) = C2/
[
z(z− 1)

]
, ψ(z) =

(2α−C2
2 )/[2C1z(z−1)],where C2 is an arbitrary constant. Equating constant terms

in (43.5), we conclude that m(z) = η2/(z− 1), where η2
2 = −2β.

The equation which results by comparing coefficients of w, will be an identity.
But comparing coefficients of w2 and w4, we obtain the following pair of equations:

z2(z− 1)2(2l′ + l2)+ 2z(z− 1)l
[
(η2 + 1)z+ η2

]
= 2η2(z− 1)− 2C2η2z+ C2

2z+ 2β(z2 + z+ 1)

+ 2γ z(z− 1)+ 2δ(z− 1),

(43.11)

z2(z− 1)2(2l′ − l2)+ 2z(z− 1)l
[
(2− C2)z− 1− C2

]
= 2η2C2z+ C2

2 (z
2 + z+ 1)− 2C2z(z− 1)+ 2βz

+ 2γ (z− 1)+ 2δz(z− 1).

(43.12)

Subtracting now (43.12) from (43.11), we easily obtain

2z2(z− 1)2l2 + 2z(z− 1)l[(η2 + C2 − 1)z+ η2 + C2 + 1]
= 2η2(z− 1)− 4C2η2z− C2

2 (z
2 + 1)+ 2C2z(z− 1)

+ 2β(z2 + 1)+ 2γ (z− 1)2 − 2δ(z− 1)2.

(43.13)

But from (43.13), we conclude that

l(z) = Az+ B
2z(z− 1)

, (43.14)

where A = p − η2 − C2 + 1, B = p + 1 + η2 + C2 and p2 = 1 − C2
2 + 2η2C2 −

2η2 + 2C2 + 2β + 4γ − 4δ.
Substituting then (43.14) into (43.11), we get

(η2A− 2β − 2γ + A2/4)z2 + (B − η2B + η2A− 1

2
AB − 2η2

+ 2η2C2 − C2
2 − 2β + 2γ − 2δ)z+ B

2

4
− B(1+ η2)

+ 2(η2 − β + δ) = 0.

(43.15)
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The equation (43.15) thus obtained may become an identity, if

A2 + 4η2A− 8β − 8γ = 0, (43.16)

2(1− η2)B + 2η2A− AB − 4η2 + 4η2C2 − 2C2
2 − 4β + 4γ − 4δ = 0, (43.17)

and
B2 − 4(η2 + 1)B + 8η2 − 8β + 8δ = 0. (43.18)

We first observe that (43.17) is a consequence of (43.16) and (43.18). Indeed,
adding (43.17) twice to (43.16) and (43.18), we get

(A− B)2 + 8η2(A− B)− 24β + 8η2C2 − 4C2
2 = 0,

from which either

A− B = −4η2 ±
√

16η2
2 + 24β − 8η2C2 + 4C2

2 ,

or

η2 − C2 = ±
√
C2

2 − 2β − 2η2C2.

Consequently, it immediately follows from (43.16) and (43.18) that

A = 2(η3 − η2), B = 2(η4 + η2 + 1), η2
3 = 2γ, η2

4 = 1− 2δ. (43.19)

AsA = p+1−η2−C2 and B = p+1+η2+C2, then, taking into account (43.19),
we see that p = η4 + η3. The constant C2 may be determined from the equation

C2
2 − 2η2C2 − 2(1+ β + γ − δ − η3 + η4 − η3η4) = 0.

Therefore,
C2 = 1+ η2 − η3 + η4 (43.20)

and, consequently, l(z) = [(η3 − η2)z − 1 − η2 − η4]/[z(z − 1)]. This choice of
l(z) turns into an identity the equation that follows by comparing coefficients of w3.
Collecting now together what has been obtained above, implies that (P6) may be
written in the form of the following pair of differential equations:

z(z− 1)w′ = η2z+
[
(η3 − η2)z− (1+ η2 + η4)

]
w + C2w

2

+ C1w(w − 1)(w − z)v,

z(z− 1)v′ = 2α − C2
2

2C1
− [(η3 − η2)z− (1+ η2 + η4)

]
v − 2C2wv

− C1

2
(3w2 − 2zw − 2w + z)v2,

(43.21)
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where η2
2 = −2β, η2

3 = 2γ , η2
4 = 1− 2δ, C1 �= 0, C2 = 1+ η2 − η3 + η4. In fact, it

is a straightforward computation to verify that w(z) satisfies (P6), as well as to check
the reversed conclusion for any sixth Painlevé transcendent.

(2) Since the pair (43.21) equivalent to (P6) is a Hamiltonian system, with a Hamil-
tonian

H6(z, w, v) = 1

z(z− 1)

{
C1

2
w(w − 1)(w − z)v2

+ (η2z+ (η3z− η2z− 1− η2 − η4)w + C2w
2)v − 2α − C2

2

2C1
w

}
which is a polynomial in w and v, we add here a few remarks about the connection of
Hamiltonian systems with the Painlevé equations, although this topics has been not
considered otherwise in this book. It is clear that the Hamiltonian H6(z, w, v) above
is not unique. In fact, the function

H̃6(z, w, v) = 1

z(z− 1)

{
C1

2
w(w − 1)(w − z)v2

1 +
(
η2z+ (η3z− η2z− 1

− η2 − η4)w + C2w
2)v1 − 2α − C2

2

2C1
w

}
+ F(z,w),

v1 = v +K(z,w),
Fw(z,w) = Kz(z,w).

with an arbitrary analytic function K(z,w) is a Hamiltonian of (P6) as well, i.e. it
generates a pair of differential equations equivalent to (P6), see (43.1). In particular,
if
∫ w
Kz(z,w)dw is a polynomial in w, then H̃6(z, w, v) is a polynomial in w and v

as well.
Representations of Painlevé equations in the Hamiltonian pairs were first consid-

ered by Malmquist [1] and later on by Gromak and Lukashevich [1] and by Okamoto
[1]. This idea is closely related to the problem of monodromy preserving deformation
for linear systems, see Jimbo and Miwa [1], [2], Jimbo, Miwa and Ueno [1], Its and
Novokshenov [1] and Fokas and Its [1].

The same representation is valid for the other Painlevé equations (P1)–(P5) as
well. Hence, the first five Painlevé equations may also be written in the form of
equivalent Hamiltonian pairs, where corresponding Hamiltonians take the following
forms:

H1 := 1

2
v2 − 2w3 − zw,

H2 := v
2

2
−
(
w2 + z

2

)
v −
(
α + 1

2

)
w,

H3 := 1

z

{
w2v2 − [2r1zw2 + (2r2 + 1)w + 2r3z]v + 2r1(r2 + r4)zw

}
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when α = −4r1r4, β = −4r3(1+ r2), γ = 4r2
1 , δ = −4r2

3 ,

H4 := 2wv2 − (w2 + 2zw + 2r1)v + r2w

when α = 2r2 − r1 + 1, β = −2r2
1 ,

H5 := 1

z

{
w(w − 1)2v2 − [r1(w − 1)2 + r2w(w − 1)+ r3zw]v

+ 1

4
[(r1 + r2)2 − 2α](w − 1)

}
when r2

1 = −2β, γ = −r3(1+ r2), r2
3 = −2δ.

We invite the reader to apply the idea of (43.1) with the above Hamiltonian expres-
sion, and to compare the result with the corresponding pairs of differential equations
in the preceding chapters equivalent to (P1)–(P5).

(3) We close this section by constructing another pair of differential equations equiv-
alent to (P6). In fact, we proceed to construct an equivalent pair in the form:

(w′)2 = A(z,w)+ B(z,w)v,
v′ = P(z,w)v +Q(z,w). (43.22)

To shorten the computations, we denote in (P6)

L(z,w) ≡ 1

2

(
1

w
+ 1

w − 1
+ 1

w − z
)
,

M(z,w) ≡ − (2z− 1)(w − z)+ z(z− 1)

z(z− 1)(w − z) ,

N(z,w) ≡ w(w − 1)(w − z)
z2(z− 1)2

(
α + β z

w2 + γ
z− 1

(w − 1)2
+ δ z(z− 1)

(w − z)2
)
.

Differentiating now the first equation of (43.22), we obtain that

2w′w′′ = Az + Aww′ + Bzv + Bww′v + Bv′. (43.23)

Replacing the expressions for w′′ and (w′)2 from (43.23) and (43.22) into (P6) and
the first equation of (43.22), we obtain

2M(A+ Bv)+ 2L(A+ Bv)w′ + 2Nw′

= Az + Aww′ + Bww′v + Bzv + Bv′. (43.24)

Comparing the coefficients in (43.23) ofw′v andw′, assumingw′ �= 0 as we may, we
obtain the following pair of differential equations:

Bw = 2BL, Aw = 2AL+ 2N. (43.25)
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Solving (43.25), it is easy to obtain that

B(z,w) = a(z)w(w − 1)(w − z),
A(z,w) = 2w(w − 1)(w − z)

z2(z− 1)2

(
b(z)+ αw − β z

w
− γ z− 1

w − 1
− δ z(z− 1)

w − z
)
,

where a(z) and b(z) are to be determined. The second equation of (43.22) now takes
the form

v′ = v 2MB − Bz
B

+ 2MA− Az
B

.

Taking a(z) := 2/z2(z−1)2 and b(z) := β+γ −αz−δ(2z−1), a direct computation
results in

Bz − 2MB

B
= 1

w − z ,
2MA− Az

B
= 2δw(w − 1)

(w − z)2 .

Then the pair (43.22) may be written in the form

z2(z− 1)2(w′)2

2w2(w − 1)2(w − z)2 =
γ

(w − 1)2
− β

w2 −
δ

(w − z)2
+ α + β − γ + δ

w(w − 1)
+ v

w(w − 1)(w − z) ,

v′ = − v

w − z +
2δw(w − 1)

(w − z)2 .

(43.26)

As one may easily verify by direct computations, the first component of a solution
(w(z), v(z)) of the pair (43.26) now satisfies (P6), providedw(z) is non-constant, see
Garnier [2].

§44 A Riccati differential equation related to (P6)

Similarly as in the case of all previous Painlevé equations, we can show that whenever
the parameters α, β, γ , δ satisfy some specific conditions, then (P6) admits a one-
parameter family of special solutions, generated by the Riccati differential equation

w′ = a(z)w2 + b(z)w + c(z). (44.1)

Substituting (44.1) into (P6), we obtain by a standard coefficient comparison of powers
of w the following system of equations:

z2(z− 1)2a2 = 2α, (44.2)

z2(z− 1)2[a′ − (1+ z)a2] + z(z− 1)(2z− 1)a + 2α(z+ 1) = 0, (44.3)
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z2(z− 1)2[b2 + 2ac − 2b′ − 3za2 + 2(z+ 1)a′ + 2(z+ 1)ab]
− 2z(z− 1)[(2z− 1)b + (1− 2z− z2)a] + 2α(z2 + 4z+ 1)

+ 2βz+ 2γ (z− 1)+ 2δz(z− 1) = 0,

(44.4)

z(z− 1)2[(z+ 1)b′ + 2bc − c′ − za′ − 2abz] − (z− 1)[(2z− 1)c

+ az2 + (1− 2z− z2)b] − 2α(z+ 1)− 2β(z+ 1)

− 2γ (z− 1)− 2δ(z− 1) = 0,

(44.5)

z(z− 1)2[3c2 − 2bc(z+ 1)+ 2c′(z+ 1)− b2z− 2acz− 2b′z]
− 2(z− 1)[(1− 2z− z2)c + bz2] + 2αz+ 2β(z2 + 4z+ 1)

+ 2γ z(z− 1)+ 2δ(z− 1) = 0,

(44.6)

(z− 1)2[zc′ + c2(z+ 1)] + cz(z− 1)+ 2β(z+ 1) = 0, (44.7)

(z− 1)2c2 + 2β = 0. (44.8)

Now, (44.2) and (44.8) immediately result in

a(z) = η1

z(z− 1)
, c(z) = η2

z− 1
, η2

1 = 2α, η2
2 = −2β. (44.9)

It is now a direct computation to check that (44.9) turns (44.3) and (44.7) into identities.
Substitution of (44.9) into (44.4) and (44.6) shows that these equations are Riccati
differential equations with respect to b(z), namely,

− b′ + b2/2+ 1

z(z− 1)
(1+ z(η1 − 2)+ η1)b

+ 1

z2(z− 1)2
(
α − γ + z(α + η1 + η1η2 + β + γ − δ)
+ z2(α + δ − η1)

) = 0,

(44.10)

and

− b′ − b2/2− 1

z(z− 1)

(
z+ η2(z+ 1)

)
b

+ 1

z2(z− 1)2
(
β − η2 + z2(β + γ )− δ
+ z(α + η2 − η1η2 + β − γ + δ)

) = 0.

(44.11)

Moreover, (44.5) turns out to be a linear differential equation with respect to b:

b′ + 1

z(z2 − 1)

(
z2 − 1+ 2z(1− η1 + η2)

)
b

− 1

z(z+ 1)(z− 1)2
(
2α(z+ 1)− η1(z− 1)− η2 + 2β − 2γ − 2δ

+ z(η2 + 2β + 2γ + 2δ)
) = 0.

(44.12)
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Substituting now b′ from (44.12) into (44.10) and (44.11) and eliminating b2 from
these equations, we conclude that

b(z) = λz+ μ
z(z− 1)

, (44.13)

where

λ = η1 − (α + β + γ + δ)
η1 − η2 − 1

, μ = η2 − (α + β − γ − δ)
η1 − η2 − 1

, (44.14)

provided η1 − η2 − 1 �= 0. Substituting then (44.13), (44.14) into (44.10), (44.11)
and (44.12), we see that these equations reduce to identities, provided the following
conditions for determining b(z) in (44.1) hold:

(α + β + γ + δ)2 + 2η1(3β − α + γ − δ)+ 2η2(3α − β − γ + δ)
+ 2η1η2(β − α + γ − δ − 1)+ 2(α − β − γ − 4αβ − 2αγ − 2βδ) = 0.

(44.15)

Introducing the notations η2
3 = 2γ , η2

4 = 1 − 2δ and recalling η2
1 = 2α, η2

2 = 2β
from (44.9), it is straightforward to see that (44.15) takes the form∏

μ=±1,ν=±1

(η1 − η2 + μη3 + νη4 − 1) = 0.

By an elementary transformation, we may assume that

η1 − η2 + η3 + η4 = 1. (44.16)

Therefore, (P6) admits a one-parameter family of solutions generated by the solutions
of the Riccati differential equation

w′ = η1

z(z− 1)
w2 + λz+ μ

z(z− 1)
w + η2

z− 1
, (44.17)

where λ and μ are taken as in (44.14) and provided that η1 − η2 − 1 �= 0 and that α,
β, γ , δ satisfy (44.16).

In order to get a similar result in the case of η1−η2−1 = 0, it is clearly necessary
that the numerators of λ,μ in (44.14) vanish. Therefore, the following conditions

η1 = α + β + γ + δ; η2 = α + β − γ − δ (44.18)

are to be fulfilled. But then, by (44.18), γ + δ = 1/2. Solving (44.12) under this
condition, we get

b(z) = K(z− 1)− 2(α + β)
z(z− 1)

, (44.19)

whereK is a constant. To determineK , (44.10) and (44.11) may be used to conclude
that K = η3 − α − β + 1/2.
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Remark. A one-parameter family of solutions of (P6) generated by a Riccati differ-
ential equation may also be constructed by the pair of differential equations in (43.21)
equivalent to (P6). In fact, we may take 2α = C2

2 and v = 0 in (43.21). The first
equation in (43.21) then provides a Riccati differential equation to determine w(z):

z(z− 1)w′ = η2z+
[
(η3 − η2)z− (1+ η2 + η4)

]
w + C2w

2. (44.20)

In this case, the condition corresponding to (44.15) takes the form 2α = (1 + η2 −
η3 + η4)

2.

We now continue by considering the Riccati differential equation (44.17) in more
detail, assuming that α �= 0. Defining an auxiliary function v(z) from w(z) =
− z(z−1)

η1

v′
v

, it is immediate to see that v satisfies the differential equation

v′′ + (2− λ)z− μ− 1

z(z− 1)
v′ + η1η2

z(z− 1)2
v = 0. (44.21)

Of course, (44.21) is a linear differential equation with three regular singular points
z = 0, 1,∞, admitting as a solution the Riemann P-function

v(z) = P
⎧⎨⎩

0 1 ∞
0 −η2 0 z

−μ −η1 1− λ

⎫⎬⎭ .
Here we have made use of λ+μ = −η1−η2, which follows from (44.14) and (44.9).
By the transformation t = (1− z)−1 of the independent variable in (44.21), we obtain
the hypergeometric equation with parameters −η1,−η2, λ:

t (t − 1)v′′ + [(1− η1 − η2)t − λ
]
v′ + η1η2v = 0. (44.22)

Making use of this formulation, we may write the result of the above reasoning as the
following statement, see Lukashevich and Yablonski [1]:

Theorem 44.1. If v(z) is any solution of hypergeometric equation (44.22), then the
function

w(z) = − 1

η1
z(z− 1)v′z

(
1/(1− z))/v(1/(1− z))

is a solution of (P6), provided α �= 0, η1 − η2 − 1 �= 0, and the parameters α, β, γ ,
δ satisfy (44.16).

As to the case α = 0, then the Riccati differential equation (44.17) reduces to a
linear differential equation

w′ = λz+ μ
z(z− 1)

w + η2

z− 1
.
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The general solution of this equation may be expressed in the form

w(z) = z−μ(z− 1)λ+μ
(
C + η2

∫ z
tμ(t − 1)−(λ+μ+1)dt

)
, (44.23)

which may be further expressed in terms of beta functions. The solution representation
(44.23) is an example of a case when the fixed singular points z = 0, 1,∞ all may be
transcendental singularities for a solution of (P6).

To close this section, we remark that the equations (44.17) and so (P6) as well
may admit algebraic and rational solutions. For example, if we take β = 0 in (44.23),
then w(z) = Cz−μ, λ = γ + δ, μ = −(γ + δ), 2γ = (γ + δ)2.We also remark that
(P6) may have rational solutions depending on an arbitrary parameter different from
the equation parameters α, β, γ , δ. For example, if we take λ = −2, μ = 1 in (44.23)
or α = 0, β = −1/2, γ + δ = 1/2 as well, then we obtain a one-parameter family
of rational solutions w(z) = (C + z2)/2z(z − 1), where C is an arbitrary constant.
This situation is different to the case of the other Painlevé equations (P1)–(P5), which
do permit finitely many rational solutions only for fixed values of the parameters. We
shall consider rational solution of (P6) in more detail in §48 below.

§45 A first order algebraic differential equation related to (P6)

It is immediate to observe that we may put δ = 0, v = 0 in the pair (43.26) of
differential equations equivalent to (P6). In this special case, the first equation of
(43.26) reduces to

z2(z− 1)2w′2

2w2(w − 1)2(w − z)2 =
γ

(w − 1)2
− β

w2 +
α + β − γ
w(w − 1)

. (45.1)

Of course, nonconstant solutions of (45.1) are solutions of (P6) as well, as shown
by Gromak and Prokasheva [1]. We shall consider the equation (45.1) more closely,
rewriting it first in the form

(w′)2 = 2(w − z)2
z2(z− 1)2

(
αw2 + (β + γ − α)w − β). (45.2)

We assume that α �= 0 and that the quadratic equation

αs2 + (β + γ − α)s − β = 0 (45.3)

has two distinct roots s1 and s2. Substituting

v2 = (w − s1)/(w − s2) (45.4)

in (45.2), we find that (45.2) takes the form

dv

dz
= η1

2z(z− 1)

(
(z− s2)v2 + s1 − z

)
, η1 =

√
2α. (45.5)



226 9 The sixth Painlevé equation (P6)

Transforming further by

v = − 2

η1

z(z− 1)

z− s2
u′

u
(45.6)

the equation (45.5) reduces to a second order linear differential equation

u′′ + z2 − 2s2z+ s2
z(z− 1)(z− s2)u

′ − α
2

(z− s1)(z− s2)
z2(z− 1)2

u = 0. (45.7)

The linear equation (45.7) has four singular points z = 0, 1, s2,∞. Provided s2 �= 0
and s2 �= 1, the point z = s2 is not a singular point for the starting equation (45.2),
being created into (45.7) as a result of the transformation (45.6). Concerning the
singular point at infinity, we may define t = 1/z, and then (45.7) takes the form

u′′ +
(

2

t
− t2s2 − 2s2t + 1

t (1− t)(1− s2t)
)
u′ − α

2

(1− s1t)(1− s2t)
t2(1− t)2 u = 0.

The characteristic roots of the standard indicial equation related to the singular points
z = 0, 1, s2,∞, may be directly computed resulting in ρ(0)1,2 = ρ(1)1,2 = ±

√
(α/2)s1s2,

ρ
(s2)
1 = 0, ρ(s2)2 = 2, and ρ(∞)1,2 = ±η1/2, respectively. It is not difficult to see

that the root ρ(s2)2 = 2 corresponds to a solution holomorphic in a neighborhood

of z = s2, while the root ρ(s2)1 = 0 corresponds to a solution that does not have a
logarithmic branch point at z = s2, hence being holomorphic as well around z = s2.
This phenomenon has been observed by Ince [1]. If at least one of the roots of the
quadratic (45.3) equals to z = 0, 1, then the linearized equation (45.7) reduces to a
hypergeometric equation.

Assuming next that the roots of (45.3) are equal, then of course the parameters of
(P6) satisfy the condition

(β + γ − α)2 + 4αβ = 0. (45.8)

In this case (45.2) splits into two Riccati differential equations, see (44.17).
We now proceed to show that the equation (45.1) can be reduced to a hypergeo-

metric equation in general case as well, see Kitaev [2]. To this end, we substitute

w = 2β + v2

2β + 2γ − 2α − 2η1v
(45.9)

assuming that
2β + 2γ − 2α − 2η1v �= 0. (45.10)

In fact, if (45.10) is not true, then we must have 2β + v2 = 0 as well, and this implies
(45.8), hence the situation reduces back to the case of equal roots of (45.3). It is now
easy to verify that v(z) satisfies a Riccati differential equation

2z(z− 1)v′ = ε(v2 + 2β − z(2β + 2γ − 2α − 2η1v)
)
, ε2 = 1.
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Applying the following linearizing change of variables

v = η2 + (−η2 − η1 + η3)z− 2εz(z− 1)
u′

u
, η2

2 = −2β, η2
3 = 2γ, (45.11)

it appears that the Riccati equation transforms into the hypergeometric equation

z(z− 1)u′′ + [−1− εη2 + z(2+ εη2 − εη3)u
′

+ 1

2
(εη1 + εη2 − εη3 − α − β + γ + η3η2)u = 0.

(45.12)

We now state the following

Theorem 45.1. Let u(z) is any solution of the hypergeometric equation (45.12) for
some fixed values of parameter α, β, γ such that (45.10) holds. Then the function

w = 2βu2 + (((z− 1)η2 + z(η1 − η3)
)
u+ 2εz(z− 1)u′

)2
2u
(
(2z− 1)α + β + γ + η1(η2(z− 1)− zη3)u+ 2εη1z(z− 1)u′

) (45.13)

is a solution of (P6) with the above parameter values α, β, γ and with δ = 0.

Proof. The assertion immediately follows from the equivalence of (43.26) and (P6)

and the transformations (45.9) and (45.11). The expression in (45.13) is just a com-
position of (45.9) and (45.11). 	


To complement the above considerations, we are looking at some special cases
when (45.5) may be solved in a closed form. To this end, we try to find solutions of
(45.5) in the form

v(z) = az+ b
z+ c . (45.14)

Substituting into (45.5), we obtain the following system to determine the coefficients
a, b, c, assuming a2 = 1. If a = 1, then we obtain

2(c − b) = η1(2b − s2 − 2c + s1),
−2(c − b) = η1(b

2 − 2s2b + 2s1c − c2),

s1c
2 = s2b2.

(45.15)

From the first and last equations of (45.15) we get

b = η1(s1 − s2)
2(1+ η1)(

√
s2/s1 − 1)

, c = b√s2/s1. (45.16)

Substituting now (45.16) into the second equation of (45.15), we obtain a relationship
between parameters α, β, γ , provided a solution of the form (45.14) exists. After a
straightforward simplification, this relationship takes the form

(α − β − γ + 2+ 2η1)
2 + 2β(2+ η1)

2 = 0. (45.17)
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Thus, if s1 �= s2 and the parameters α, β, γ satisfy (45.17), then the equation (45.5)
has a solution (45.14), where a = 1 and b and c may be computed from (45.16). Let
now v(z) be such a solution. Substituting

v = z+ b
z+ c + y

−1 (45.18)

into (45.5), we get the following equation to determine y

z(z− 1)
dy

dz
+ η1(z− s2)z+ b

z+ c y +
η1(z− s2)

2
= 0. (45.19)

The general solution of (45.19) may be represented in the form

y(z) = zk1(z− 1)k2(z+ c)k3
(
C − η1

2

∫
(z− s2)z−k1−1(z− 1)−k2−1(z+ c)−k3dz

)
,

where c �= 0, 1, k1 = −bs2η1/c, k2 = −η1(1 + b)(1 − s2)/(c + 1), k3 = η1(b − c)
(c + s2)/(c(c + 1)).

The equation (45.5) also admits a particular solution of the form w(z) = z(2z +
β + γ − 2)/(β + γ ), provided that α = 0 and β2 + (γ − 2)2 + 2β(γ + 2) = 0.
This may be verified by a reasoning which is quite similar to calculations above for
the case (45.14). We leave this case as an exercise to the reader.

§46 Singular points of solutions of (P6)

This section closely follows the previous pattern of presentation in §30 and §37 in the
sense that we proceed to consider formal solutions of (P6) in the form of a series

w(z) =
∞∑
k=0

akz
k, (46.1)

see e.g. Lukashevich [4]. For expressions of branched solutions, see Kimura [1],
Takano [2], and Iwasaki, Kimura, Shimomura and Yoshida [1]. Furthermore, for a
study on the behavior of solutions around fixed critical points, see Garnier [2].

Substituting the series (46.1) into (P6) and comparing the coefficients, we obtain
the following systems of equations:

α(a0 − 1)2 = γ, a0 �= 0;
(a0 − 1)(1− 2αa2

0)a1 = γ a2
0 + (a0 − 1)2(β − δ);

a2
0(a0 − 1)(n2 − 2αa2

0)an = Pn(a0, . . . , an−1), n ≥ 2.

(46.2)

Here Pn is a polynomial in all of its variables.
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We first consider the case when the initial data is not singular, i.e. we assume that
w(0) �= 0, 1. We also assume that αγ �= 0. Then it readily follows from the first
equation of (46.2) that

a0 = 1+
√

2γ√
2α
. (46.3)

Substituting now (46.3) into (46.2), we obtain that

a2
0(a0 − 1)

[
n2 − (√2α +√2γ )2

]
an = Pn(a0, . . . , an−1), n ≥ 1.

By an immediate inspection of the equations (46.2), we conclude that the following
theorem holds:

Theorem 46.1. The following properties are valid in a neighborhood of z = 0, pro-
vided that αγ �= 0 and w(0) �= 0, 1 :
(a) The equation (P6) admits two formal solutions of the form (46.1) if the condition

n2 �= (√2α +√2γ )2 is fulfilled for all n ∈ N.

(b) The equation (P6) has two formal solutions depending on one arbitrary parameter
an if the two conditions n2 = (√2α+√2γ )2 and σ ∗n (α, β, γ, δ) = 0 are satisfied
for some n ∈ N. Here σ ∗n stands for Pn(a0, . . . , an−1), when a0, . . . , an−1 have
been replaced by their values expressed in terms of α, β, γ , δ.

(c) The equation (P6) has no solutions analytic at z = 0, if the conditions n2 =
(
√

2α +√2γ )2, σ ∗n (α, β, γ, δ) �= 0 are satisfied for some n ∈ N.

As an example, if
√

2α + √2γ = 1, then we get that σ ∗1 = γ (1/2 + β − δ)/α
which follows by using the second equation of (46.2). The necessary condition for
the existence of a formal solution (46.1) is then σ ∗1 = 0; αγ �= 0.

Let us consider now the case α = 0. A necessary and sufficient condition in this
case is γ = 0. Hence, suppose that α = γ = 0. Substituting now (46.1) into (P6), we
get the following system of equations:

a1 = (β − δ)(a0 − 1),

a2
0(a0 − 1)n2an = Pn(a0, . . . , an−1), n ≥ 2.

(46.4)

From (46.4), it is immediate to conclude that a formal solution (46.1) exists and
depends on one constant coefficient a0.

Let us next suppose that w(0) = 0. Substituting the series (46.1) into (P6) while
a0 = 0 and comparing coefficients, we get that

2(a1 − 1)2β + a2
1(1− 2δ) = 0,[

a1(a1 − 1)(n− 1)2 + 2β(a1 − 1)+ a1(1− 2δ)
]
an

= Pn(a1, . . . , an−1), n ≥ 2,

(46.5)
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where Pn(a1, . . . , an−1) again is a polynomial in all its variables. From (46.5) we can
obtain the following cases.

(a) If a1 = 0, then β = 0. In this case, we have δa2 = 0. If δ = 0, then a2 is
arbitrary. If a1 = a2 = β = 0, then (3 + 2δ)a3 = 0. If again 3 + 2δ = 0, then a3
is arbitrary. By the same consideration we have either a1 = a2 = · · · = ak−1 = 0,
β = 0, δ = (1− (k − 1)2)/2 and ak is arbitrary or β = 0 and aj = 0, i.e., w = 0.

(b) If a1 = 1, then δ = 1/2. In this case, to determine a2 we have (1+2β)a2 = 0.
If now β = −1/2, then a2 is arbitrary. If a1 = a2 = 0, β = −2 and δ = 1/2, then
a3 is arbitrary. Therefore, in this case, we have either a1 = a2 = · · · = ak−1 = 0,
δ = 1/2, β = −(k − 1)2/2, and ak is arbitrary or δ = 1/2 and w = z.

(c) If β = 0, δ = 1/2, then the constant a1 �= 0, 1 is arbitrary and the coefficients
aj are determined uniquely by a1 and the parameters α and γ . If β = 0, δ = 1/2,
a1 = 0, or a1 = 1, then aj = 0.

(d) If 2β + 1 − 2δ = 0, then from (45.6) we have β(1 − 2a1) = 0. If β = 0,
then we have the case considered above. Let now δ = β + 1/2 and a1 = 1/2. If now
β �= −(n− 1)2/8, then an are uniquely determined by means of parameters α, β, γ .
Otherwise, if β = −(n − 1)2/8, then the condition σ ∗n (α, β, γ, δ) = 0 is necessary
for the existence of a formal solution (46.1). In this case the coefficients aj , j > n,
depend on one arbitrary constant an.

Thus, using (46.5), we may write:

Theorem 46.2. The following conclusions hold in the neighborhood of z = 0, pro-
vided w(0) = 0, w′(0) �= 0, 1 and β(1− 2δ) �= 0, 2β + 1− 2δ �= 0.

(1) If w′(0) = a1 and � := a1(a1 − 1)(n− 1)2 + 2β(a1 − 1)+ a1(1− 2δ) �= 0 for
all n ∈ N, then there exist two formal solutions in the form of a series (46.1) in a
neighborhood of z = 0.

(2) If there exist a1 for which � = 0, then the condition σ ∗n (α, β, γ, δ) = 0 is
necessary for the existence of a formal solution (46.1). In this case the coefficients
aj , j > n, depend on one arbitrary constant an.

Similarly, one may study the second case a0 = 1 with singular initial data. We
omit this consideration.

A similar analysis may be performed with respect to polar solutions as well. Sub-
stituting the series

w(z) =
∞∑

j=−k
aj z

j , k > 0 (46.6)

into (P6) and comparing the coefficients, it is easy to show that the following statement
is true:

Theorem 46.3. A formal solution (46.6) exists, if α = 0, γ �= 0 and 2γ = k2. The
coefficient a−k is arbitrary and the other coefficients may be uniquely expressed in
terms of β, γ , δ and a−k.
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Consequently, the point z = 0 is a pole of some solution of (P6) whenever α = 0,
and the value of

√
2γ �= 0 is an integer. The point z = 0 may also be an algebraic

singularity. For example, w = √z is a solution of (P6) provided that α + β = 0 and
γ + δ = 1/2.

Using the transformations T4 and T6, we may also find necessary conditions for
the existence of a analytic or polar solution in a neighborhood of the fixed singular
points at z = 1,∞. We again omit these considerations. In all cases, the proof for
the convergence of the formal solutions constructed above, in a neighborhood of the
singular point in question, may be performed by combining the Briot–Bouquet theory
from Appendix A with the pair (43.21) equivalent with (P6). This reasoning follows
the pattern of previous reasoning in §30 and §37.

For completeness, we close this section by giving hints for the series expansions
of solutions w(z) of (P6) around a point z0 �= 0, 1,∞, assuming that w(z) tends
to 0, 1, z0,∞ as z → z0. By §6, and the references cited therein, we know that
w(z) is locally meromorphic around z0, hence we have nothing to do concerning the
convergence of the corresponding Taylor, respectively, Laurent series around z0.

(a) To start with, let first z0 �= 0, 1 be a pole of w(z). Substituting the series

w(z) =
∞∑
l=−k

alz
l, k ∈ N; a−k �= 0, (46.7)

into (P6), the following statements may be verified directly:
(1) If α �= 0, then z0 is must be a simple pole. The expansion (46.7) in a neigh-

borhood of z0 then takes the form:

w(z) = z0(z0 − 1)√
2α(z− z0)

+
∞∑
k=0

ak(z− z0)
k,

where a0 is an arbitrary parameter.
(2) If α = 0, then z0 has to be a double pole and the polar expansion (46.7) is

w(z) = a−2

(z− z0)2
+ (2z0 − 1)a−2

4z0(z0 − 1)(z− z0)
+

∞∑
k=0

ak(z− z0)
k,

where the leading coefficient a−2 may be chosen arbitrarily.

(b) We next consider a point z0 �= 0, 1 such that w(z0) = 0. Substituting now the
Taylor series

w(z) =
∞∑
l=k
al(z− z0)

l, k ∈ N, ak �= 0 (46.8)

into (P6) and comparing the coefficients, we immediately observe:
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(1) If β �= 0, then

w(z) =
√−2β

z0 − 1
(z− z0)+

∞∑
k=2

ak(z− z0)
k,

where a2 is an arbitrary parameter.
(2) If β = 0, then the zero at z0 is a double zero and the leading coefficient a2 in

(46.8) may be chosen arbitrarily.

(c) Similarly as to the cases of zeros and poles, we may treat such points z0 where
w(z0) = 1 by substituting the Taylor series

w(z) = 1+
∞∑
l=k
al(z− z0)

l; k ∈ N; ak �= 0, (46.9)

into (P6) and comparing the coefficients of the lowest possible degree of z− z0. This
again divides in two cases as follows:

(1) If γ �= 0, then (46.9) has to be of the form

w(z) = 1+
√

2γ

z0
(z− z0)+

∞∑
k=2

ak(z− z0)
k.

(2) If γ = 0, then k = 2 in (46.9) and the leading coefficients a2 may again be
chosen arbitrarily.

(d) Finally, if w(z0) = z0, then the Taylor series in a neighborhood of z0 has to be

w(z) = z0 + a1(z− z0)+
∞∑
k=2

ak(z− z0)
k, (46.10)

where a1 = 1−√1− 2δ, and a2 is an arbitrary parameter.

Remark. By using the transformations T3, T9 and T8, respectively, we may derive
the expansions in (b), (c) and (d) from those in (a).

§47 Connection formulae between solutions of (P6)

This is section is devoted to considering Bäcklund transformations for the sixth
Painlevé equation (P6). In order to find the first such transformation, let us con-
sider the pair (43.21) of differential equations equivalent to (P6), fixing C1 = 1 and
defining a new function to be determined by the transformation

v = −2η2

w
− 2η4

w − z +
σ

w − u, (47.1)
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where σ = −1+ η1+ η2+ η3+ η4. Then it is immediate to obtain the following pair
of differential equations for w and u, see Okamoto [1] and Conte and Musette [1]:

z(z− 1)w′ = w(w − 1)(w − z)
(
−η2

w
− η3

w − 1
− η4 − 1

w − z +
σ

w − u
)
, (47.2)

z(z− 1)u′ = u(u− 1)(u− z)
(
− η̃2

u
− η̃3

u− 1
− η̃4 − 1

u− z +
σ

w − u
)
, (47.3)

where

σ = −1+
4∑
k=1

ηk, η̃j = ηj − 1

2

4∑
k=1

ηk + 1

2
. (47.4)

It is now a simple computation to verify that (47.4) may also be rewritten in the form

σ = 1−
4∑
k=1

η̃k =
4∑
k=1

(η2
k − η̃2

k), ηj = η̃j − 1

2

( 4∑
k=1

η̃k

)
+ 1

2
. (47.5)

Similarly as in (43.21), it is easy to check that the pair (47.2), (47.3) is equivalent to
(P6) with respect to w(z), provided the parameters in (P6) are 2α = η2

1, 2β = −η2
2,

2γ = η2
3, 1− 2δ = η2

4.Moreover, as one can immediately see, the pair (47.2), (47.3)
is symmetric with respect to the transformationw �→ u, η �→ η̃,which means that the
pair (47.2), (47.3) is equivalent to (P6)with respect to uwith the parameters 2α̃ = η̃2

1,
2β̃ = −η̃2

2, 2γ̃ = η̃2
3, 1 − 2̃δ = η̃2

4. Therefore, by (47.2) and (47.3), we have the
following statement:

Theorem 47.1. Let w = w(z, α, β, γ, δ) be a solution of (P6) such that R(z,w) :=
z(z− 1)w′ + (η2 + η3 + η4 − 1)w2 − (zη2 + zη3 + η2 + η4 − 1)w+ zη2 �≡ 0. Then
the transformation

T : w→ w̃ = w − σw(w − 1)(w − z)
R(z,w)

, (47.6)

where η2
1 = 2α, η2

2 = −2β, η2
3 = 2γ , η2

4 = 1 − 2δ, generates a solution w̃ of (P6)

with parameters 2α̃ = η̃2
1, 2β̃ = −η̃2

2, 2γ̃ = η̃2
3, 1 − 2̃δ = η̃2

4, where η̃1, η̃2, η̃3, η̃4
and σ are determined by (47.4).

Observe that the equation R(z,w) = 0 is a Riccati equation. Hence, by (44.16),
R(z,w) vanishes identically under condition σ = 0 only. Therefore, if we apply the
Bäcklund transformation (47.6) to the solutions of the Riccati equation, we can always
choose the signs of the parameters in such way that R(z,w) �= 0.

In repeated applications of the transformation T in (47.6), the choice of the signs
of ηj is independent in each step. Let us denote the choice of the signs of ηj at the nth

step by ε(n)j , where (ε(n)j )
2 = 1, denoting the corresponding transformation (47.6) by

Tε1,ε2,ε3,ε4 . By a direct verification, T1,1,1,1 � Tε1,ε2,ε3,ε4 = I.
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We next obtain some nonlinear superposition formulas linking solutions of (P6)

obtained by applying the Bäcklund transformation (47.6). Let w = w(z, α, β, γ, δ),
w1 = T1,1,1,1w, w2 = T1,1,1,−1w, η2

1 = 2α, η2
2 = −2β, η2

3 = 2γ , η2
4 = 1 − 2δ,

n = −1 + η1 + η2 + η3 + η4, n1 = −1 + η1 + η2 + η3 − η4. Then we have an
algebraic relation between solutions w,w1 and w2 at the initial and the first level of
transformation:

w2 = w(nw1 − 2η4z)− n1zw1

n1w + 2η4w1 − nz .

To construct another way of linking solutions of (P6) with different parameters,
we may apply the following pair of differential equations with respect to (w, y), see
Adler [1],⎧⎪⎪⎨⎪⎪⎩

w′ = 2s

z− 1
+ 2p

w

z
− s z+ 1

z(z− 1)
w − 2(w − z)(w − 1)

z(z− 1)
u,

y′ = − 2s

z− 1
+ 2q

y

z
+ s z+ 1

z(z− 1)
y + 2(y − z)(y − 1)

z(z− 1)
u,

(47.7)

where

2s = μ3+μ4−1, 4p = 1+μ3−μ4, 4q = 1+μ4−μ3, μ
2
3 = 2γ, μ2

4 = 1−2δ,

and

y = z

w

β/2+ (u− s)2
u2 − α/2 .

The pair (47.7) of differential equations may be obtained from (43.21) by the trans-
formation

v = −�z+ 2u(w − z)(w − 1)− (�+ 2η4 +�z)w + C2w
2

C1(w − z)(w − 1)w
,

where � = 1+ η2 − η3 − η4, ηj = μj , j = 3, 4. Eliminating y from (47.7), we get
the equation (P6). Observe now that the system (47.7) remains invariant under the
substitution

w = ỹ, y = w̃, u = −ũ, μ3 = 1− μ̃3, μ4 = 1− μ̃4.

Therefore, y satisfies (P6) with parameters

α̃ = α, β̃ = β, 2γ̃ = (μ3 − 1)2, 2̃δ = 1− (μ4 − 1)2. (47.8)

Thus, the following statement is valid:

Theorem 47.2. Let w = w(z, α, β, γ, δ) be a solution of equation (P6) such that
w(w − 1)(w − z)(u2 − α/2) �≡ 0, where u is determined by the first equation in
(47.7). Then the transformation

F1 : w→ w̃ = z

w

β/2+ (u− s)2
u2 − α/2 (47.9)

also determines a solution of (P6) with parameters (47.8).
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We remark that the inverse transformation of F1 is

F−1
1 : w̃→ w = z

w̃

β/2+ (u− s)2
u2 − α/2 , (47.10)

where u is determined by the second equation of (47.7) with w̃ = y.
A Bäcklund transformation of (P6) was also constructed by Fokas and Yorsos [1]

while investigating a system equivalent to (P6) with respect to w:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

z(z− 1)w′ = −μ1w
2 + 1

2
λ(z+ 1)w − μ2z

+
(

1

2
+ μ

4
+ f
)
(z− 1)w,

z(z− 1)(w − 1)(w − z)f ′ = ((z− 1)J + k(z+ 1)f
)w2

2

− 2kzfw − z
2

(
(z− 1)J − k(z+ 1)f

)
,

(47.11)

where

J = f 2 + fμ
2
+ ν, k = μ2 − μ1 − 1 �= 0, λ = μ1 + μ2,

μ = 4

k

(
1

2
− γ − δ

)
, ν = 2δ − 1+

(
μ

4
+ k

2

)2

, μ2
1 = 2α,μ2

2 = −2β.

The system (47.11) determines the transformationsH : w �→ f ,G : f �→ w between
the solutions of (P6) and the solutions of the equation

z2(z− 1)2$2 =
(
(f ′)2 + J

2 − k2f 2

z(z− 1)2

)
ψ2, (47.12)

where

$ = f ′′ + 3z− 1

2z(z− 1)
f ′ + 1

z(z− 1)2
(2f J + μJ/2− k2f ),

ψ = (z+ 1)f + μ
4
(z+ 1)+ λ

2
(z− 1).

The equation (47.12) may be obtained from the system (47.11) by eliminating w.
Moreover, the trivial symmetries in (47.12) generate nontrivial symmetries of the
Painlevé equation (P6). Considering the symmetry

S1 : f (z, λ, μ, ν, k)→ f (z, λ, μ, ν,−k),
Fokas andYorsos [1] obtained a Bäcklund transformation of the equation (P6) accord-

ing to the scheme w
H�→ f

S1�→ f̃
G�→ w̃ of the form

F2 : w→ w̃ = w + 2kf
(
(z+ 1)w − 2z

)
−2z(z− 1)f ′ + (z− 1)J − (z+ 1)kf

, (47.13)
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where f is determined by the first equation in (47.11). The relation between the
parameters of solutions w(z, α, β, γ, δ) and w̃(z, α̃, β̃, γ̃ , δ̃) is now determined by

2 α̃ = (μ2 − 1)2, 2β̃ = −(μ1 + 1)2, 2γ̃ = 1− 2δ, 2̃δ = 1− 2γ. (47.14)

Considering other symmetries of the equation (47.12) one can obtain new forms of
Bäcklund transformations. For example, with the help of the symmetry

S2 : f (z, λ, μ, ν, k)→−f (z,−λ,−μ, ν,−k)

Gromak and Tsegel’nik [2] obtained the Bäcklund transformation F3 = G � S2 �H,
where

F3 : w→ w̃ = w +
(
2(z+ 1)− 4w

)
f ′

2f ′ + J/z+ (kf (z+ 1)
)
/
(
z(z− 1)

) (47.15)

with

2α̃ = (μ1 + 1)2, 2β̃ = −(μ2 − 1)2, γ̃ = γ, δ̃ = δ. (47.16)

By a straightforward computation, one may easily verify that up to the choice of
the signs of ηj , the transformations T , Fj , j = 1, 2, 3, and the symmetries Tj are
connected by F1 = T3 � T−1,−1,1,1 � Tε1,ε2,1,1, F2 = T1,1,−1,−1 � T−1,1,ε3,ε4 and
F3 = T3 � F2.

As a related matter, we remark that by applying the Landin transform forWeierstraß
elliptic functions to the equation (42.2), Manin [1] found a new transformation for
solutions of (42.2). In terms of the Manin variables τ and q, this transform reads as
follows: If τ(q) is any solution of (42.2) with parameters α1 = α3, α2 = α4, then
τ(2q) is a solution of (42.2) for α̃1 = 4α1, α̃2 = 4α2, α̃3 = α̃4 = 0.

Finally, we construct some auto-Bäcklund transformations of the sixth Painlevé
equation (P6). Indeed, some trivial auto-Bäcklund transformations can be obtained
from the linear-fractional transformations in §42, namely from Tj , j = 1, 4, 6, 13,
16, 21:

S1 : w(z, λ) �→ 1/w(1/z) = w1(z, λ), λ = (α,−α, γ, δ),
S4 : w(z, λ) �→ zw(1/z) = w4(z, λ), λ = (α, β,−δ + 1/2, δ),

S6 : w(z, λ) �→ 1− w(1− z) = w6(z, λ), λ = (α, β,−β, δ),
S13 : w(z, λ) �→ z+ (1− z)w(z/(z− 1)) = w13(z, λ), λ = (α, δ − 1/2, γ, δ),

S16 : w(z, λ) �→ w
(
z/(z− 1)

)(
w(z/(z− 1))− 1

)−1 = w16(z, λ),

λ = (α, β, α, δ),
S21 : w(z, λ) �→ zw(1− z)(w(1− z)+ z− 1

)−1 = w21(z, λ),

λ = (α, β, γ,−α + 1/2).
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In the general case, the transformations Sj above lead to new solutions. For example,

w(z, λ) = 2, λ = (1/2,−2, 1/2, 0), S4w(z, λ) = 2z,

w(z, λ) = h, λ =
(

1

2h2 ,−
1

2
,

1

2h2 (h− 1)2, 0

)
, S13w(z, λ) = (1− h)z+ h,

w(z, λ) = h, λ = (1/2,−h2/2, (h− 1)2/2, 0
)
, S21w(z, λ) = zh/(z+ h− 1),

where h �= 0, 1. It deserves to be mentioned, that for the other Painlevé equations
(P2)–(P5), auto-Bäcklund transformations for other values of the parameters may be
obtained from the superposition of transformations (T −1)n � Sj � T n, n ∈ Z.

§48 Elementary solutions of (P6)

In this section, we shall apply the Bäcklund transformations obtained in the previous
§47 to construct a number of exact solutions of the equation (P6). In fact, most of
these exact solutions below are either rational or algebraic functions.

To start with, it is easy to obtain a parameter change formula for admissible solu-
tions by the composed applications of Bäcklund transformations. As an example, the
following theorem is easily found:

Theorem 48.1. Let (n1, n2, n3, n4) be a quadruple of integers with
∑4
j=1 nj ∈ 2Z,

and let (η∗1, η∗2, η∗3, η∗4) denote an arbitrary permutation of (η1, η2, η3, η4) =
(
√

2α,
√−2β,

√
2γ ,

√
1− 2δ). Then, for arbitrary signs κi , κ2

i = 1, 1 ≤ i ≤ 4,
there exist compositions of T in (47.6) and Tj in §42 which changes w(z, α, β, γ, δ)
into w̃(z, α̃, β̃, γ̃ , δ̃) with the parameters, respectively, given by

α̃ = (η∗1 + n1)
2/2, −β̃ = (η∗2 + n2)

2/2,

γ̃ = (η∗3 + n3)
2/2, 1/2− δ̃ = (η∗4 + n4)

2/2,
(48.1)

and

α̃ = (κ1η
∗
1 − κ2η

∗
2 − κ3η

∗
3 − κ4η

∗
4 + 2n1 + 1)2/8,

−β̃ = (−κ1η
∗
1 + κ2η

∗
2 − κ3η

∗
3 − κ4η

∗
4 + 2n2 + 1)2/8,

γ̃ = (−κ1η
∗
1 − κ2η

∗
2 + κ3η

∗
3 − κ4η

∗
4 + 2n3 + 1)2/8,

1/2− δ̃ = (−κ1η
∗
1 − κ2η

∗
2 − κ3η

∗
3 + κ4η

∗
4 + 2n4 + 1)2/8.

(48.2)

Proof. A suitable composition of the transpositions T1, T16, T21 gives rise to an ar-
bitrary permutation (η∗1, η∗2, η∗3, η∗4). Hence we may suppose that η∗1 = η1, η

∗
2 = η2,

η∗3 = η3, η
∗
4 = η4. For each (ε, ν) such that ε2 = ν2 = 1, the transformation F3 in

(47.15) with a suitable choice of signs of ηj yields

Hε,ν = F3,ε,ν : (α,−β, γ, 1/2− δ) �→
(
(η1 + ε)2/2, (η2 + ν)2/2, γ, 1/2− δ

)
.



238 9 The sixth Painlevé equation (P6)

Furthermore,

Iε,ν = T16 � F3,ε,ν � T16 : (α,−β, γ, 1/2− δ)
�→ (α, (η2 + ν)2/2, (η3 + ε)2/2, 1/2− δ

)
,

and

Jε,ν = T9 � F3,ε,ν � T9 : (α,−β, γ, 1/2− δ) �→
(
α,−β, (η3 + ε)2/2, (η4 + ν)2/2

)
.

Then, for nonnegative integers kj , 1 ≤ j ≤ 8, we have

H
k1
1,1 �Hk2−1,−1 � I k3

1,1 � I k4−1,−1 � J k5
1,1 � J k6−1,−1 � J k7

1,−1 � J k8−1,1 :
(α,−β, γ, 1/2− δ) �→ ((η1+K1)

2/2, (η2+K2)
2/2, (η3+K3)

2/2, (η4+K4)
2/2
)
,

where ⎧⎪⎪⎪⎨⎪⎪⎪⎩
K1 = k1 − k2,

K2 = k1 − k2 + k3 − k4,

K3 = k3 − k4 + k5 − k6 + k7 − k8,

K4 = k5 − k6 − k7 + k8,

and so ⎧⎪⎪⎪⎨⎪⎪⎪⎩
k1 − k2 = K1,

k3 − k4 = K2 −K1,

k5 − k6 = (K1 −K2 +K3 +K4)/2,

k7 − k8 = (K1 −K2 +K3 −K4)/2.

This implies that, for an arbitrary quadruple (n1, n2, n3, n4), nj ∈ Z satisfying∑4
j=1 nj ∈ 2Z, we can choose kj ∈ N ∪ {0}, 1 ≤ j ≤ 8, in such a way that

Kl = nl, 1 ≤ l ≤ 4. The formula (48.2) is obtained by combining (47.4) with (48.1).
	


Remark. By the above theorem we can obtain the fundamental domain:

G := {(η1, η2, η3, η4) | 0 ≤ ηj ≤ 1, 0 ≤ ηj + ηk ≤ 1, j, k = 1, 2, 3, 4, j �= k}.
To concretize the above reasoning, let us have a look at the solutions expressed

in terms of elliptic and hypergeometric functions, see Okamoto [6], Gromak and
Tsegel’nik [2].

We first consider elliptic solutions with the two sets of parameters (α, β, γ, δ) =
(0, 0, 0, 1/2) and (α, β, γ, δ) = (1/8,−1/8, 1/8, 3/8) as the initial solutions for the
transformation T . Note that the second parameter set may be obtained by applying
the transformation T in (47.6) to the elliptic solutions with the first set of parameters.
As to the representation of elliptic solutions for this set of parameters, see Kitaev and
Korotkin [1]. We may state the results as
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Theorem 48.2. The equation (P6) with the parameters either

2α = n2
1, −2β = n2

2, 2γ = n2
3/2, 1− 2δ = n2

4,

nj ∈ N ∪ {0},
4∑
j=1

nj ∈ 2Z
(48.3)

or

α = 1

8
(2n1 − 1)2, β = −1

8
(2n2 − 1)2, γ = 1

8
(2n3 − 1)2,

1− 2δ = 1

4
(2n4 − 1)2, nj ∈ N

(48.4)

may be integrated in terms of elliptic functions.

Proof. We first remark that for (α, β, γ, δ) = (0, 0, 0, 1/2), the condition σ �= 0
is satisfied. This means that we can apply the transformation Sk1,k2,k3,k4 associated
with the parameters (48.1). As result we have (48.3). We now apply the transfor-
mation T from Theorem 48.1 to the solutions of (P6) with parameters (0, 0, 0, 1/2),
expressed in terms of elliptic functions. Then Tε1,ε2,ε3,ε4 : w(z, 0, 0, 0, 1/2) �→
w(z, 1/8,−1/8, 1/8, 3/8).Let us now fix η1 = −1/2, η2 = −1/2, η3 = −1/2, η4 =
−1/2.Thenσ �= 0.The next step of transformationT givesw(z, 9/8,−1/8, 1/8, 3/8).
Applying now the transformations

H1 := T 2
1,−1,−1,−1 � Tε1,ε2,ε3,ε4 : w(α, β, γ, δ) �→ w(z, (η1 − 2ε1)

2/2, β, γ, δ),

H2 := T 2−1,1,−1,−1 � Tε1,ε2,ε3,ε4 : w(α, β, γ, δ) �→ w(z, α,−(η2 − 2ε2)
2/2, γ, δ),

H3 := T 2−1,−1,1,−1 � Tε1,,ε2,ε3,ε4 : w(α, β, γ, δ) �→ w(z, α, β, (η3 − 2ε3)
2/2, δ),

H4 := T 2−1,−1,−1,1 � Tε1,,ε2,,ε3,ε4 : w(α, β, γ, δ) �→w(z, α, β, γ,
1

2
− (η4−2ε4)

2/2).

to the solutionsw(z, 1/8,−1/8, 1/8, 3/8), w(z, 9/8,−1/8, 1/8, 3/8), we get (48.4).
	


We next take as the initial solutions the solutions of the Riccati equation (44.17)
under the conditions (44.16), and the solutions of the equation (45.1) expressed in
terms of the hypergeometric function. In this case, applying the transformations Hj
above to these solutions, we obtain the following statement.

Theorem 48.3. The equation (P6) with the parameters

2α = (η2 + η3 + η4 + 2n− 1)2, n ∈ N, (48.5)

or (
α − n

2

2

)(
β + n

2

2

)(
γ − n

2

2

)(
δ − 1

2
+ n

2

2

)
= 0, n ∈ N (48.6)

has one-parameter families of solutions expressed in terms of the hypergeometric
functions.
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We next proceed to consider examples of how to construct solution hierarchies
of the equation (P6) from some given initial solutions. The examples have been
collected in the subsequent tables from Table 48.1 to Table 48.5. As the first example,
to construct a rational solution hierarchy, we may take the solution

w(z) = h, αh2 + β = 0, γ = α(h− 1)2,

δ = 0, h �= 0, 1; η1 =
√

2α,
(48.7)

as the initial solution to obtain Table 48.1.
As the second example, if we take the solution

w(z) = 1− a(1− z)2, (48.8)

with α = γ = δ = 0, β = −2, as the initial solution, we obtain the hierarchy of
rational solutions of (P6) in Table 48.2. For a complete analysis of rational solutions
of (P6), see the recent papers by Mazzocco [1] and Yuan and Li [1].

To construct an explicit example of algebraic solutions, we may take the solution

w = zn, α = β = 0, γ = n2/2, δ = −n(n− 2)/2 (48.9)

as the initial solution. As the result, we now get Table 48.3.
Algebraic solutions of (P6) in implicit form, under some special values of the

parameters, have been found by Dubrovin and Mazzocco [1]. In this paper, all al-
gebraic solutions of the equation (P6) were constructed, provided α = (2s − 1)2/2,
β = γ = 0, δ = 1/2, where s is an arbitrary complex parameter satisfying the con-
dition 2s �∈ Z. However, such algebraic solutions can be built for other parameter
values as well. Taking as the initial solution

w(s) = (1+ s)2(2+ s)/(4(1+ 2s2)
)
, z(s) = (s + 2)2/(8s) (48.10)

with α = 2, β = γ = 0, δ = 1/2, we obtain the solution family in Table 48.4.
We close this chapter by giving, in the final Table 48.5 below, some further exam-

ples of algebraic solutions for the sixth Painlevé equation.
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Table 48.1. Rational solutions obtained from (48.7) by (47.6).

α β γ δ w(z)

(−1+ (−1+ h)η1)
2

2
− 1

2

(−1+ η1)
2

2

1− h2η1
2

2

z

1+ (−h+ z)η1

h2η1
2

2

−η1
2

2
2

−((−1+ h)η1(2+ (−1+ h)η1))

2

z(z+ (h− z)η1)

h+ h(h− z)η1

1

2

−(1+ (−1+ h)η1)
2

2

(−1+ hη1)
2

2

1− η1
2

2
z+ (h− z)η1

(1+ hη1)
2

2

−(−1+ η1)
2

2

1

2

1

2
− (−1+ h)2η1

2

2
1+ −1+ z

1+ (h− z)η1

(−1+ hη1)
2

2

−(−1+ η1)
2

2

1

2

2− 2(−1+ h)2η1
2

4

z(−1+ η1)

−1+ hη1

(−2+ η1)
2

2

−(h2η1
2)

2

(−1+ h)2η1
2

2
0 z+ (−1+ z)z

1− 2z+ (−h+ z)η1

2
−((−1+ h)2η1

2)

2

h2η1
2

2

−((−2+ η1)η1)

2
−( (−1+ h)z(z+ (h− z)η1)

h− 2hz+ z2 − (h− z)2η1
)

(1+ (−1+ h)η1)
2

2
− 1

2

(−1+ η1)
2

2

1− h2η1
2

2

z+ (h− z)η1

1+ (−1+ h)η1

(−1+ h)2η1
2

2
−2

η1
2

2

−(hη1(−2+ hη1))

2
−( h+ (−2+ z)z− (h− z)2η1

(−1+ h)(−1+ (h− z)η1)
)

(−1+ η1)
2

2

−(−1+ hη1)
2

2

(1+ (−1+ h)η1)
2

2
− 3

2

(−1+ hη1)(z+ (h− z)η1)

(−1+ η1)(−1+ 2z+ (h− z)η1)

1

2

−(−1+ (−1+ h)η1)
2

2

(1+ hη1)
2

2

−((−3+ η1)(−1+ η1))

2

(z+ (h− z)η1)(−h+ 2z− z2 + (h− z)2η1)

h− 2hz+ z2 − (h− z)2η1
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Table 48.2. Rational solutions obtained from (48.8) by (47.6)

α β γ δ w(z)

0 −2 0 0 1− a(1− z)2

1

2
−1

2

1

2
−3

2
−( (−1+ a(−1+ z)2)z
−1+ a(−1+ z)2 + 2z

)

0 0 2 0
az2

−1+ a
9

2
−1

2

1

2

1

2

(−1+ a(−1+ z)2)z
−1+ a(−1+ z)2(1+ 2z)

2 0 0 0
z2

−1+ a(−1+ z)2 + 2z

1

2
−9

2

1

2

1

2

−2+ 3z+ a(2− 3z+ z3)
−1+ a(−1+ z)2 + 2z

0 0 0 −4
(−1+ a(−1+ z)2)(1+ a2(−1+ z)2 − a(2− 2z+ z2))

a(−1+ a(−1+ z)2 + 2z)
2

2 −2 2 0
(−1+ a(−1+ z)2)z(−2+ 3z+ a(2− 3z+ z3))
(−1+ a(−1+ z)2 + 2z)(−1+ a(−1+ z)2(1+ 2z))

9

2
−9

2

1

2
−3

2

(−1+ a − 4az3 + 3az4)(−2+ 3z+ a(2− 3z+ z3))
(−1+ a(−1+ z)2(1+ 2z))(−3+ 4z+ a(3− 4z+ z4))

0 0 2 −4
−1+ a
az2

8 −2 0 0
z(−2+ 3z+ a(2− 3z+ z3))
−3+ 4z+ a(3− 4z+ z4)

1

2
−1

2

1

2
−15

2

−2+ 3z+ a(2− 3z+ z3)
−1+ a(−1+ z)2(1+ 2z)
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Table 48.3. Algebraic solutions obtained from (48.9) by (47.6).

α β γ δ w(z)

0 0
n2

2
−n(n− 2)

2
zn

1

2
−1

2

(−1+ n)2
2

−((−1+ n)(1+ n))
2

−( z− nz
n + (−1+ n)z1+n

−1+ n− nz+ zn )

(−2+ n)2
2

−n2

2
0 0

z(z− nzn + (−1+ n)z1+n)
z2 − (−1+ n)zn + (−2+ n)z1+n

(1+ n)2
2

−(−1+ n)2
2

1

2

1

2

z− nzn + (−1+ n)z1+n
1− (1+ n)zn + nz1+n

n2

2

−(−2+ n)2
2

0 0
(−2+ n)z− (−1+ n)z2 + zn

−1+ n− nz+ zn

(−1+ n)2
2

−(1+ n)2
2

1

2

1

2

n− nz+ z(−1+ zn)
−1+ n− nz+ zn

(−1+ n)2
2

−(−1+ n)2
2

1

2
−3

2

((−2+ n)z− (−1+ n)z2 + zn)(z− nzn + (−1+ n)z1+n)
(−1+ n− nz+ zn)(z2 − (−1+ n)zn + (−2+ n)z1+n)

0 0
(−2+ n)2

2

−(n(2+ n))
2

(z− nzn + (−1+ n)z1+n)2
zn(−1+ n− nz+ zn)2

n2

2

−n2

2
2 0

(z− nzn + (−1+ n)z1+n)(n− nz+ z(−1+ zn))
(−1+ n− nz+ zn)(1− (1+ n)zn + nz1+n)
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Table 48.4. Some implicit algebraic solutions of equation (P6).

α β γ δ z(s) = (2+ s)
2

8s
, w(s)

2 0 0
1

2

(1+ s)2(2+ s)
4(1+ 2s2)

9

8
−1

8

1

8

3

8

(1+ s)(2+ s)
6s

1

8
−9

8

9

8
−5

8

−2+ s + 5s2 + 2s3

2(s + 2s3)

0 −1

2

1

2
−3

2

−((−3+ s)(1+ s)(2+ s))
12

9

8
−25

8

1

8

3

8

5(1+ s)(2+ s)(3+ 2s)

6(4+ 9s + 8s2 + 2s3)

49

8
−1

8

1

8

3

8

(2+ s)(3+ 2s)

14s

9

2
−1

2

1

2
0

(2+ s)(−1+ 2s)(3+ 2s)

−12+ 24s2

1

2
0

9

2

1

2
−( (1− 2s)2(2+ s)
s(1+ 2s2)(−4+ 9s − 8s2 + 2s3)

)

25

8
−9

8

9

8
−5

8

(2+ s)(−1+ 2s)(1+ 4s + 4s3 + 4s4)

10s(−1+ 4s4)

1

2
0 0 −4

(1− 2s)2(2+ s)
4+ 8s2

9

8
−1

8

25

8
−21

8

(6+ 7s + 2s2)(1+ 4s + 4s3 + 4s4)

6(−1+ 2s2)(4+ 9s + 8s2 + 2s3)
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Table 48.5. Other examples of algebraic solutions of (P6).

α β γ δ w(z) z(s)

25

18
0 0

1

2

(2− s)(1+ s)(−3+ s2)2
(2+ s)(9− 10s2 + 5s4)

(2− s)2(1+ s)
(1− s)(2+ s)2

2

9
− 1

2
0

1

2

3(−2− s + s2)
(2+ s)(−3+ s2)

(2− s)2(1+ s)
(1− s)(2+ s)2

1

18
− 8

9

8

9
− 7

18
−( (−3+ s2)(−18+ 9s + 10s2 − 5s3 + 50s4 − 25s5 − 10s6 + 5s7)

(−1+ s)(2+ s)(3+ s2)(9− 10s2 + 5s4)
)

(2− s)2(1+ s)
(1− s)(2+ s)2

8

9
− 1

18

1

18

4

9
−( (−2+ s)(−3+ s2)
(−1+ s)(2+ s)(3+ s2) )

(2− s)2(1+ s)
(1− s)(2+ s)2

8

9
− 1

18

1

18

4

9

−6+ 3s + 2s2 − s3
(−1+ s)(2+ s)(3+ s2)

(2− s)2(1+ s)
(1− s)(2+ s)2

1

2
0 0

5

18

2− s
2− s + s2 + s3

(2− s)2(1+ s)
(1− s)(2+ s)2

2

9
− 1

18

1

18

4

9

−2+ s
−2+ s + s2

(2− s)2(1+ s)
(1− s)(2+ s)2

1

18
− 2

9

8

9

5

18

2+ 3s − 2s2

(2+ s)(1+ s + s2)
(2− s)2(1+ s)
(1− s)(2+ s)2

2 0 0
1

2

3(3− s)(1+ s)(−3+ s2)2
(3+ s)2(9− 9s2 + 3s4 + s6)

(3− s)3(1+ s)
(1− s)(3+ s)3

1

2
− 1

2
0

1

2
−( (−3+ s)2(1+ s)
(3+ s)(−3+ s2) )

(3− s)3(1+ s)
(1− s)(3+ s)3
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Table 48.5. Continued.

α β γ δ w(z) z(s)

9

8
−1

8

1

8

3

8

−(27− 9s − 3s4 + s5)
3(−1+ s)(3+ s)2(1+ s2)

(3− s)3(1+ s)
(1− s)(3+ s)3

1

8
−9

8

9

8
−5

8

(−3+ s2)(27− 9s + 18s2 − 6s3 − 108s4 + 36s5 + 18s6 − 6s7 − 3s8 + s9)
(−1+ s)(3+ s)2(1+ s2)(9− 9s2 + 3s4 + s6)

(3− s)3(1+ s)
(1− s)(3+ s)3

0 −2
1

2
0

(−3+ s)(3+ s2)(−9− 6s2 + 36s4 − 6s6 + s8)
9(−1+ s)2(1+ s)(3+ s)2(1+ s2)2

(3− s)3(1+ s)
(1− s)(3+ s)3

1

8
− 25

8

1

8

3

8

5(1+ s)(3+ s2)(−63+ 21s − 117s2 + 39s3 − 9s4 + 3s5 − 3s6 + s7)
(3+ s)2(1+ s2)(−105− 45s2 + 21s4 + s6)

(3− s)3(1+ s)
(1− s)(3+ s)3

1

2
−2 0 0

(3+ s2)(−945− 1575s − 4860s2 − 2220s3 + 1242s4 + 270s5 − 60s6 − 60s7 + 15s8 + s9)
(3+ s)2(3+ 3s + 9s2 + s3)(−105− 45s2 + 21s4 + s6)

(3− s)3(1+ s)
(1− s)(3+ s)3



Chapter 10

Applications of Painlevé equations

This chapter is devoted to considering Painlevé differential equations from the point
of view of applications. During the last three decades both the wave theory in non-
linear media and the analytic theory of differential equations have simultaneously
experienced a considerable development under mutual influence. This development
has been, essentially, stimulated by the needs of physics. Indeed, interaction of large
amplitude waves has frequently appeared in different fields of physics such as plasma
physics, nonlinear optics, and ferromagnetism from the beginning of 1960’s. There-
fore, it is natural that the applications of Painlevé equations mostly fall in the fields
of partial differential equations and of difference equations, both belonging to main
mathematical tools of physics. This chapter aims to offer a short overview of the con-
nections between Painlevé differential equations and their physical applications. In
fact, interdisciplinary research in this type of field necessary needs that some ideas of
applications should be familiar to mathematicians, while physicists should be aware of
the usefulness of the mathematical machinery behind of Painlevé equations. However,
we feel it necessary to emphasize that this chapter is an overview only, not trying at
all to be a complete presentation.

§49 Partial differential equations related to Painlevé equations

By experience, despite of the large number of nonlinear problems appearing in physics,
the key role among them seems to belong to a relatively small number of universal
mathematical models. Moreover, many of them possess the property of integrability,
making possible a more deep and efficient investigation. In 1967, Gardner, Green,
Kruskal, and Miura [1] proposed the inverse scattering transform method (IST) to
analyze the question of integrability. This method made possible to find the connection
between the Korteweg–deVries equation and the linear Schrödinger equation on a line,
proposing an exact method of solving some nonlinear partial differential equations.
Since then, this method has been known as the IST-method, see Debnath [1], 363–386.

Applying the IST-method permits to establish an exact integrability of a large
number of both nonlinear partial differential equations and of ordinary differential
equations. Of course, this integrability property has appeared to be extremely impor-
tant in different fields of science. Moreover, by the IST-method, there appears to be
a close connection between nonlinear partial differential equations admitting to use
this method and ordinary differential equations admitting the Painlevé property. In
particular, this includes the Painlevé differential equations. In fact, the well-known
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conjecture, due to Ablowitz, Ramani and Segur [1], on the connection between ordi-
nary differential equations of Painlevé type and nonlinear partial differential equations
of IST-type, the group analysis method for partial differential equations and the method
of Painlevé analysis as modified by Weiss [1] and Weiss, Tabor and Carnevale [1] gave
rise to several new physically significant models.

Perhaps we should remark here that the transcendental solutions of Painlevé equa-
tions, the Painlevé transcendents, seem to have in nonlinear theoretical physics very
much the same role as the classical special functions possess in the corresponding
linear theory.

This section has been organized according to the general type of the partial dif-
ferential equations in question. Although this means that the corresponding Painlevé
equations appear in a somewhat nonlogical manner, we hope that this is not too con-
fusing, as this section remains relatively short anyway.

A. Korteweg–de Vries type equations

1. The Burger equation
ut = uxx + 2uux (49.1)

is the simplest nonlinear model equation for diffusive waves in fluid dynamics, hence
being of considerable interest in physics applications relying on nonlinear evolution
equations. It may be regarded as one-dimensional reduction of the Navier–Stokes
equations, see Calogero and Degasperis [1]. For an overview of basic properties of
the Burgers equation, see Debnath [1], p. 284–301. Writing now (49.1) in the form

ut − (ux + u2)x = 0 (49.2)

and considering (49.2) as a compatibility condition for a function �, we obtain

u = �x, ux + u2 = �t (49.3)

and further
�xx +�2

x = �t . (49.4)

Applying now the Cole–Hopf transformation � = log	, we first get from (49.3)
u = �x = 	x/	 and by partial differentiation of this,

�xx = 	xx
	

−
(
	x

	

)2

, �t = 	t
	
. (49.5)

Substituting (49.5) into (49.4) results in the linear diffusion equation

	t = 	xx. (49.6)

If we are now interested for solutions of (49.1) of type u(x + t), we may denote
z = x + t , v(z) = u(x + t), obtaining first from (49.1) v′ = v′′ + 2vv′. Integrating
then results in a Riccati differential equation

v′ = v − v2 +K, (49.7)
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K being a constant of integration. We remark that we have included the Burgers
equation here due to the close connection of the Riccati differential equation to Painlevé
equations.

2. The Korteweg–de Vries equation

ut − 6u ux + uxxx = 0, (KdV)

see Debnath [1], p. 347-356, was introduced in hydrodynamics to describe wave
evolution in the shallow water; the KdV-equation describes the balance between time
evolution, nonlinearity (uux) and dispersion (uxxx) for a solitary wave. As the KdV-
equation also describes plasma waves in a dispersive medium, it is natural that the
main applications of the (KdV) appear in hydrodynamics and in plasma physics. The
connection to Painlevé equations comes easily out from the fact that (KdV) admits
stationary (travelling wave) solutions u(x, t) = U(x − ct), where U(z) satisfies the
equation

(U ′′ − 3U2 − cU) = K1, (49.8)

where K1 is an arbitrary constant of integration. Multiplying (49.8) by 2U ′ and
integrating we obtain

(U ′)2 − 2U3 − cU2 = 2K1U +K2. (49.9)

This immediately shows that a stationary solution of (KdV) may be represented by
the Weierstraß ℘-function in the form

u(x, t) = − c
6
+ 2℘

(
x − ct − x0,

c2

12
−K1, −1

4
K2 + c

12
K1 −

( c
6

)3
)
. (49.10)

In particular, if K1 = K2 = 0, we obtain

u(x, t) = − c
2

sech2(
√
c(x − ct − x0)/2). (49.11)

On the other hand, if we substitute

u(t, x) = −w(z)+ λt, z = x + 3λt2

into (KdV), we obtain
w′′′(z) = −6w(z)w′(z)+ λ.

An immediate integration results in the first Painlevé equation in the form

w′′ = −3w2 + λz+K. (49.12)

Writing the KdV-equation in the form

2ut + 2uux + uxxx = 0, (49.13)
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it is a straightforward computation to reduce (49.13) to the equation

f ′′′ + 2ff ′ − 2ατf ′ − 4αf = 0 (49.14)

by using the substitution{
u = β/(2α)+ (3αt + δ)−2/3f (τ),

τ = (3αt + δ)−1/3(x − βt/(2α)+ γ /α − βδ/(2α2)
)
.

By a subsequent transformation

f = 3ατ − 6α2/3F, z = −α1/3τ

in (49.14), we get the equation

FF ′′ = (F ′)2/2+ 4F 3 + 2zF 2 +K, (49.15)

where K is an arbitrary parameter of integration. Substituting further

F = (w2 − w′ − z)/2
in (49.15), we obtain

w′′ = 2w3 − 2zw + α (49.16)

with respect to w(z), where α = (−8K)1/2 − 1. Of course, (49.16) is a slightly
modified form of the second Painlevé equation. Note, that if K = 0 in (49.15), then
we may apply the substitution F = w2 to obtain (P2) with respect to w(z) in its
standard form with α = 0.

3. The modified Korteweg–de Vries equation

vt − 6v2vx + vxxx = 0 (mKdV)

follows from the KdV-equation by the Miura transformation u = vx + v2. Indeed,
substituting this transformation in (KdV), we get

2vvt + vxt − 6(v2 + vx)(2vvx + vxx)+ 6vxvxx + 2vvxxx + vxxxx = 0,

which may be written in the form(
2v + ∂

∂x

)
Mv =

(
2v + ∂

∂x

)
(vt − 6v2vx + vxxx) = 0. (49.17)

Clearly, if v satisfies (mKdV), then u is a solution of (KdV). The connection of
(mKdV)with the Painlevé equations is due to Ablowitz and Segur [1]. In fact, assum-
ing that a solution of (mKdV) may be written in the form

v(x, t) = (3t)−1/3w(z),
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where z = x(3t)−1/3, then a simple computation results in

w′′′ − 6w2w′ − (zw)′ = 0.

Clearly, the second Painlevé equation now follows by integration.

4. The cylindrical Korteweg–de Vries equation

2ut + 1

t
u+ 2uux + uxxx = 0 (cKdV)

reduces to the first Painlevé equation by the transformation

τ = xt−1/2 + (δ + 2βt1/2)/(2γ t),

u(x, t) = x/(2t)+ δt−3/2/(2γ )+ β/(2γ t)+ f (τ)/t,
see Tajiri and Kawamoto [1]. In fact, integration now leads to the equation

f ′′ + f 2 − δτ/(2γ ) = K, (49.18)

where K is a parameter of integration.
There exists another transformation leading to the second Painlevé equation. In-

deed, the transformation

z = αt + 2γ t3/2/3,

τ =
(
x + δ/α + 2γ

(
δ/α2 − β/(αγ ))t1/2)z−1/3,

u(x, t) = (γ x + (3β − 2γ δ/α)
)
t1/2(3z)−1 + z−2/3f (τ)

applied in (cKdV) results in

f ′′′ + 2ff ′ − 2

3
ατf ′ − α

3
f = 0,

the solutions of which may be expressed in terms of the solutionsw(ξ) of the equation
(P2) with α = 0 by using the transformation

w2 = −6−1/3α−2/3f, ξ = (α
6
)1/3τ.

5. Higher order Korteweg–de Vries equations. The connection of higher order Kor-
teweg–de Vries equations (mKdV) with the second Painlevé equation and its higher
analogues has been treated above, see §22. Therefore, we omit these considerations
from this section.
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B. The Boussinesq and Kadomtsev–Petviashvili type equations

1. The Boussinesq equation

utt = c2
(
uxx + 3

2

(
u2

h

)
xx

+ 1

3
h2uxxxx

)
(B)

has a similar hydrodynamical background as the Korteweg–de Vries equation above,
as it may be used to describe the propagation of long water waves (with speed c)
in shallow water (of depth h). Closely related to (B) is the Kadomtsev–Petviashvili
equation

(ut − 6uux + uxxx)x + 3μ2uyy = 0, μ2 = 1, (KP)

originally used to describe slowly varying nonlinear waves in a dispersive medium.
The Kadomtsev–Petviashvili equation may be considered as a two-dimensional gen-
eralization of the Korteweg–de Vries equation. By a simple normalization, (KP)may
be written as

vtx + (v2 + vxx)xx + vyy = 0. (49.19)

Using now the transformation

x → x − 1

3
y − 10

9
t, t → y + 2

3
t, v→ u,

we obtain

utt − uxx + ε(u2 + uxx)xx = 0, ε2 = 1, (49.20)

with ε = 1, while for ε = −1, (49.20) is nothing but the Boussinesq equation, see
Nishitani and Tajiri [1] and Bassom, Clarkson and Hicks [2] for more details.

To find out connection of (49.20) with Painlevé equations, first observe that sub-
stituting z = x − ct into (49.20) leads to

(c2 − 1)u+ ε(u2 + u′′) = K1z+K2.

The solutions of this equation may be expressed by the Weierstraß function ℘(z) or
by the first Painlevé transcendents, depending on the constantsK1,K2 of integration.

On the other hand, substituting

ς = x −
(
δ

2θ

)
t2, f = ε

(
δ

θ
t

)2

+ 2u

into (49.20) and integrating once, we obtain

f ′′′ + ff ′ − εf ′ − ε
(
δ

θ

)
f − 2

(
δ

θ

)2

ς = K1. (49.21)
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But now, applying the transformation,

z = −ε
(
δ

2θ

)1/3 [
ς + 1

2

θ

δ

(
1+K1

θ

δ

)]
,

F = − 1

12

(
2
θ

δ

)2/3 (
f − 2ε

(
δ

θ

)
ς − 2ε −K1ε

θ

δ

)
,

the equation (49.21) reduces to (49.15), and therefore, further, to the second Painlevé
equation (P2).

2. The generalized Boussinesq equation

uxxxx + putuxx + quxuxt + ru2
xuxx + utt = 0, (49.22)

wherep, q and r �= 0 are constants, arises in several physical applications, see Ludlow
and Clarkson [1]. The connection to Painlevé equations now appears in special cases
of constants in (49.22).

For example, substituting into (49.22)

u(x, t) = w(z)+ λ1 log t, z = xt−1/2, W(z) = w′(z),
where λ1 is an arbitrary parameter, we get the equation

W ′′′ − 1

2
(p + q)zWW ′ + rW 2W ′ +

(
1

4
z2 + pλ1

)
W ′ − 1

2
qW 2 + 3

4
zW − λ1 = 0.

An additional transformation

W(z) = −(33/4y(x)− z)/p, x = −1

2
31/4z, (49.23)

with q = 0 and r = − 1
2p

2 now results in the fourth Painlevé equation (P4) for y(x)
with α = pλ1/

√
3 and β being a constant of integration.

Similarly, if q = 0 and r = − 1
2p

2 �= 0, then by the substitution

u(x, t) = w(z)+ 2λ1xt + λ2 log t, z = xt−1/2 + λ1pt
3/2,

W(z) = w′(z),
into (49.22), where λ1, λ2 are arbitrary parameters, we get the equation

W ′′′ − 1

2
p2W 2W ′ − 1

2
pzWW ′ +

(
1

4
z2 + pλ2

)
W ′ + 3

4
zW − λ2 = 0.

Again applying the additional transformation (49.23), we observe that y(x) satisfies
the equation (P4) with α = pλ2/

√
3 and with β being a constant of integration.
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Moreover, if r = 1
4q(p + q) �= 0, then taking

u(x, t) = w(z)− 4λ1xt + λ2t − 8

3
λ2

1 qt
3, z = x + λ1qt

2,

W(z) := w′(z),
where λ1 �= 0 and λ2 are arbitrary constants, we obtain

W ′′′ + 1

4
q(p + q)W 2W ′ + (−4λ1pz+ λ2p)W

′ − 2λ1qW = 0.

This equation is of Painlevé type, provided q = 2p and r = 3p2/2. Indeed, integrating
once results in

W ′′ + p2W 3/2+ (λ2p − 4λ1pz)W = λ3,

where λ3 is a constant of integration. Clearly, this equation is nothing but a slightly
modified second Painlevé equation.

3. The spherical Boussinesq equation, see Bassom, Clarkson and Hicks [2],

utt + 2

t
ut + γ

2t
uxx − 3(u2)xx − uxxxx = 0 (49.24)

may be reduced by

u(x, t) = − 1

4t

(
dw

dz
+ w2 + 2zw

)
, z = x/(2√t),

to the fourth Painlevé equation (P4) with respect to w(z), where α = 1− 1
2γ .

4. We shortly remark the shallow water wave equation

uxxxt + αuxuxt + βutuxx − uxt − uxx = 0, (49.25)

see Clarkson and Mansfield [1], which admits the symmetry reduction

u(x, t) = f (t)w(z)+ x/α + t/β, z = xf (t)
to

zw(4) + 4w′′′ + (α + β)zw′w′′ + βww′′ + 2α(w′)2 = 0.

This equation is of Painlevé type if and only if α = β or if α = 2β. These two special
cases are solvable in terms of the solutions of (P3) and (P5).

5. The modified Boussinesq equation

1

3
qtt − qtqxx − 3

2
q2
xqxx + qxxxx = 0 (mB)
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has been treated by Quispel, Nijhoff and Capel [1]. Again, a connection to (P2) and
(P4) may be easily found. Applying first the transformation

q(x, t) = x(K + at)/3+ θ(τ ), V (τ) = −θ ′(τ )/2, τ = x −Kt − 1

2
at2,

we reduce (mB) to the equation (P2) in the form

V ′′ = 2V 3 + aτV/3−K2V/6+ μ− 1/2,

with parameters a,K,μ. On the other hand, if we put

q = γ ln t +Q(τ), τ = xt−1/2,

then we obtain the equation

Q(4) − 3

2
Q′′(Q′)2 + 1

2
τQ′′Q′ + 1

12
τ 2Q′′ − γQ′′ + 1

4
τQ′ − 1

3
γ = 0

forQ(τ). Integrating this equation, we further substitute

Q′(τ ) = 2

K
w(τ)− 1

3
τ, zl = τ, K = −1

4
l3, l4 = 16.

The function w(z) now satisfies the fourth Painlevé equation (P4) where α = − 1
4 l

2γ

and β is an arbitrary constant of integration.

6. We finally mention here the pair

ut + vx + uux = 0, vt + uxxx + (uv)x = 0, (49.26)

of differential equations equivalent with the Boussinesq equation. This pair of equa-
tions may be solved by

u(x, t) = t + 2w(z), v(x, t) = −z− 2w2(z),

where z = x − t2/2−K,K being an arbitrary constant, and w(z) being a solution of
the second Painlevé equation. Similarly as to several occasions above, also here the
fourth Painlevé equation may be obtained. Indeed, (49.26) also admits a solution

u(x, t) = λ(w(z)+ 2z
)
(2t)−1/2, v(x, t) = −(w2(z)+ 2zw(z)− 2α

)
(2t)−1,

where 2μz = x(2t)−1/2, 2μ2 = 1, λμ = 1 such that w(z) is a solution of (P4) with
parameters α and β.

C. Sine–Gordon type equations

The sine–Gordon equations were originally discovered in differential geometric con-
siderations related to the theory of surfaces of constant negative curvature. Moreover,
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the idea of Bäcklund transformations was also discovered in relation to these con-
siderations. Although sine–Gordon equations come out from a purely mathematical
background, it has later appeared that they admit numerous physical applications.
These include applications in nonlinear optics, solid state physics, ferromagnetism
and elementary particle physics.

1. In some sense, the mathematical prototype for the sine–Gordon equations is the
Liouville equation

uxt = exp u. (49.27)

This equation appears in a variety of physical problems and may be applied in differen-
tial geometry and in the theory of automorphic functions, see Vekua [1]. In particular,
as has been shown by Barbashov, Nesterenko and Chervyakov [1], several nonlin-
ear models, e.g., in the general relativity with the constant curvature, the Born–Infeld
scalar field and the relativistic string, can be described in terms of the equation (49.27).

The general solution of (49.27) is known. In fact, if w(z) is a solution of the
equation

w′′ = (w
′)2

w
− 1

z
w′ + 1

z
w2, (49.28)

then the function u determined by the transformation u = lnw(z), z = xt is a
solution of (49.27). Clearly, (49.28) is exactly the third Painlevé equation in the case
of parameters α = 1, β = γ = δ = 0. We recall that in this case, (P3) can be
integrated in terms of elementary functions, see §29.

2. The sine–Gordon equation

uXX − 1

c2 uT T = sin(u) (SG)

may be expressed, in terms of the transformation

x = 1

2
(X − cT ), t = 1

2
(X + cT ),

in the form
uxt = sin u. (49.29)

Clearly, the sine–Gordon equation is invariant under u �→ u + 2nπ . Applying the
transformation

φ(τ, η) = u(x, t), 2x = τ + η, 2t = τ − η,
we observe that (49.29) may be also represented in the from

φττ − φηη = sin φ. (49.30)

The transition from (49.29) to (49.30) may be understood as the transition from the
“light cone” (x, t) to the laboratory coordinate system (τ, η).
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Looking now at the third Painlevé equation

w′′ = (w
′)2

w
− 1

z
w′ + 1

2z
(w2 − 1)

with the equation parameters α = −β = 1/2, γ = δ = 0, it is an elementary
computation to see that wheneverw(z) solves this equation, then the functionu(x, t) =
−i logw(z), z = xt, i2 = −1 is a solution of (49.29), see Ablowitz and Segur [1].

3. Similarly as to the sine–Gordon equation (49.29), the hyperbolic sine-Gordon
equation

uxt = sinh u (49.31)

also relates to the third Painlevé equation (P3). In fact, if w(z) is a solution of (P3)

with the same parameter values as in the case of the sine-Gordon equation above, the
function u(x, t) = lnw(z), z = xt is a solution of (49.31).

4. The sine–Gordon equation may also be considered with an additional term in the
form

uxt = ν sin u+ μxt sin 2u, (49.32)

where ν, μ are arbitrary parameters, see Gromak [6]. Of course, the sine–Gordon
equation (49.29) follows from (49.32) when ν = 1, μ = 0. If ν = 0, μ �= 0 in
(49.32), then (49.32) may be reduced to the sine–Gordon equation (49.29) by the
transformation

u1 = 2u, x1 = x2, t1 = t2(μ/2).
By a linear transformation of the independent variables, we may assume that μ = 2
in (49.32) without loss of generality, provided μ �= 0. Denoting z := xt , let u = u(z)
be an arbitrary solution. Then the function w(z) = exp(−iu(z)) is a solution of the
equation (P3) with the parameter values 2α = −2β = ν, γ = −δ = 1.

5. An even more generalized variant of the sine–Gordon equation is the equation

uxt = 1

xt
sec2
(

1

2
u

)(
a cot3

(
1

2
u

)
+ b tan

(
1

2
u

))
+c sin u+d xt sin 2u, (49.33)

where a, b, c, d are arbitrary parameters. Indeed, if a = b = d = 0, c = 1, then
we obtain the sine–Gordon equation, while if a = b = 0, then (49.33) reduces back
to (49.32). The case b = d = 0 when xt = z has been considered by Jimbo [1]
in relation to nonlinear field theory and Salihoǧlu [1] considered the connection of
(49.33) with nonlinear field theory, provided d = 0, c = −1, xt = z.The general case
of (49.33) has been treated by Gromak and Tsegelnik [1]. They showed that whenever
w(z) is a solution of (P5) with parameters α, β, γ , δ, then the function u(x, t) :=
2 arccot

√−w(z), z = xt is a solution of the equation (49.33) with parameters a =
−α, b = −β, 2c = −γ , 4d = −δ. Using this transformation, special classes of exact
self-similar solutions for the equation (49.33) may be easily constructed.
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6. We are closing this part of §49 by looking at the two-dimensional sine–Gordon
equation in the form

utt − uxx − uyy + ν sin u+ μf (x, y, t) sin 2u = 0, (49.34)

where ν, μ are arbitrary parameters and f (x, y, t) �= 0 is an additional function to be
fixed to obtain self-similar solutions, i.e. solutions depending on the variable z = xt .
Of course, the three-dimensional sine–Gordon equation follows from (49.34) by fixing
ν = 1, μ = 0. In this case, exact self-similar reductions to (P3) were obtained by
Lakshmanan and Kaliappan [1]. The form of the additional function f (x, y, t) for
which the equation (49.34) produces self-similar solutions generated by solutions of
(P3) has been offered in Gromak [7]. In particular, if

h = C2 − A2 − B2 �= 0, ς1 = t2 − x2 − y2,

ς2 = Ct − Bx − Ay, f (x, y, t) = ς, ς = ς1 − ς2
2 /h,

then u(ς) = i lnw(ς) is solution of (49.34), provided w(ς) is a solution of (P3) with
parameter values α = −β = −ν/8, γ = −δ = −μ/8. See also Clarkson, Mansfield
and Milne [1] for the exact self-similar reductions of two-dimensional system of sine–
Gordon equations to ordinary differential equations of Painlevé type.

D. Nonlinear equations of Schrödinger type

1. The basic form of the nonlinear Schrödinger equation is

iut + uxx + γ u2ū = 0, (NS)

where ū stands for the complex conjugate of u, and i is the imaginary unit. The non-
linear Schrödinger equation (NS) is one of the fundamental equations of the nonlinear
mathematical physics, being applied to describe the evolution of the hydrodynamic
waves in deep water, optical waves in the nonlinear crystals and fiberglass, plasma
waves and thermal waves in solids. In particular, the emergence of the laser technol-
ogy in 1960’s even increased the fundamental role of the equation (NS) and of its
solitary solutions in nonlinear optics.

To describe the connection of the equation (NS)with Painlevé equations, we may
seek, following Boiti and Pempinelli [1], solutions of (NS) in the form

u(x, t) = (2t)−1/2v(τ) exp(iQ(τ)), τ = xt−1/2/2

with real functions v(τ) andQ(τ), to obtain the equations

Q′′v + 2v′Q′ − 2τv′ − 2v = 0, v′′ − (Q′)2v + 2τQ′v + 2γ v3 = 0.

Substituting now
Q′(τ ) = τ + g/gτ , v2 = 2gτ
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and integrating, we get for g the equation

(g′′)2 + 4(τg′ − g)2 + 8γ (g′)3 + 2γμ2g′ = 0, (49.35)

where μ is an arbitrary parameter of integration. Fixing now γ = −1 in (49.35), as
we may do without loss of generality, and substituting

g = w(w − τ)2/2+ (w2
τ − 2wτ + 1− μ2)/(8w),

the nonlinear Schrödinger equation (NS) is finally transformed into a Painlevé equa-
tion (P4) of the form

ww′′ = 1

2
(w′)2 − 6w4 + 8τw3 − 2τ 2w2 − (μ− 1)2/2.

2. We next consider the nonlinear Schrödinger equation with an additional term in the
form

iut + uxx + εi(u2ū)x + μ/(t2uū2) = 0, (49.36)

where ε2 = 1 and μ is an arbitrary parameter. If μ = 0, then u = t−1/4f (η),
f = σeiθ , w(η) = σ 2, η = xt−1/2 satisfies (P4), see Ablowitz, Ramani and Segur
[1]. Moreover, if μ �= 0, then w(z) = σ 2/λ, z = η/k, λ4 = −1, k = −2ελ satisfies
(P4) with parameter values α = 2γ ελ2, β = 8(γ 2 − μ), while θ(η) satisfies the
equation σ 2θ ′ = σ 2η/4− 3εσ 4/4+ γ , see Gromak [10].

3. The equation of the form (Kawamoto [1])

iut + uxx + (−2αx + 2|u|2)u = 0 (49.37)

is connected with (NS). The equation (49.37) may be reduced by the transformation
u(x, t) = f (x) exp(iKt) to a slightly modified form of (P2): f ′′ − (2αx + K)f +
2|f |2f = 0.

E. Equations of Einstein type

There are a number of cases where equations of Einstein type are known to reduce to
some of the Painlevé equations, see Wils [1] and Schief [1]. We are restricted ourselves
to presenting an example of the complex Ernst equation

∇2u = 2ū(∇u)2/(uū− 1), (49.38)

where

u = u(ρ, z), ∇2u = ∂
2u

∂2ρ
+ 1

ρ

(
∂u

∂ρ

)
+ ∂

2u

∂2z
, (∇u)2 =

(
∂u

∂ρ

)2

+
(
∂u

∂z

)2

.

This equation appears when investigating axially symmetric vacuum solutions of the
equations of the general theory of relativity. If now w(ρ) is a solution of the equation
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(P5), where α = −β = − 1
2b

2, γ = 0, δ = −2a2, and a, b are real numbers, such that
w > 0 on some set of values τ ∈ E ⊂ R, then the function u = exp(iaz+ is)w(ρ)1/2,
where s is a real solution of the equation ds/dρ = b(1−w)2/(2ρw), is a solution of
the equation (49.38), see Léauté and Marcilhacy [1].

F. Equations of Toda type

The Toda lattice is a model of the particles on the line interacting with their closest
neighbors only and with unit mass. The equation of their motion takes form Q′′n =
exp(Qn−1 − Qn) − exp(Qn − Qn+1), where Qn(t) is the distance from the point
of equilibrium to the nth particle. If we now define Qn −Qn−1 = − lnpn, then pn
satisfies the equation

d2(logpn)

dt2
= pn+1 − 2pn + pn−1, (49.39)

which may be written, equivalently, in the form

q ′n = pn−1 − pn, p′n = pn(qn − qn+1), (49.40)

where qn = qn(t), pn = pn(t), n ∈ Z. Both of the equations (49.39) and (49.40) are
called as the Toda equation.

Let now

H = H2(q, p, k) = 1

2
p2 −

(
q2 + t

2

)
p − kq

be the Hamiltonian for the second Painlevé equation q ′′ = 2q3+ tq+ k−1/2,where
k is a complex parameter, see §43. Writing the variables as q(k) and p(k) and the
Hamiltonian as H(k), the Bäcklund transformation and the corresponding change of
the Hamiltonian can be presented as follows:

q(k − 1) = −q(k)+ k − 1

p(k)− 2q(k)2 − t ,
p(k − 1) = −p(k)+ 2q(k)2 + t,
H(k − 1) = H(k)+ q(k).

The τ -function of the second Painlevé equation will now be defined as

d

dt
log τ(k) = H(k),

up to a multiplicative constant. It is known that the τ -function satisfies the Toda
equation

d2

dt2
log τ(k) = τ(k − 1)τ (k + 1)

τ (k)2
,

see Okamoto [3].
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If we eliminate the function pn from the system

p′n = pn(pn + 2qn + 3t)+ 3n− 1,

q ′n = −qn(2pn + qn + 3t)− 3n− 1,
(49.41)

then the function yn(x) := (2/3)1/2qn(√2/3x) satisfies the Painlevé equation (P4)

with α = n, β = −2(3n+ 1)2/9. The pair (49.41) may be rewritten in the form

p′n = pn(qn − qn−1),

q ′n = qn(pn+1 − pn). (49.42)

Substituting rn = pnqn, sn = −pn − qn−1, un = pn+1qn, vn = −pn − qn into
(49.42), we see that the pairs (rn, sn), (un, vn) are solutions of the Toda equation
s′n = rn−1 − rn, r ′n = rn(sn − sn+1).

§50 Discrete Painlevé equations

This final section is devoted to offering the reader a short overview of discrete Painlevé
equations as the second aspect of applications. However, by lack of space, we have no
possibility of striving to completeness here either. For a more detailed exposition, we
propose an interested reader to consult the excellent survey article due to Grammaticos,
Nijhoff and Ramani [1]. Within of our limited scope, we first proceed to explain how
discrete Painlevé equations may be constructed, and how their continuous counterparts,
Painlevé differential equations, may be obtained from the discrete ones by a suitable
limiting process. From the several possible methods applicable into this direction,
we select the singularity confinement method, being perhaps the most natural from
the complex analytic point of view. Having found examples of discrete Painlevé, we
are going to look at their properties as complex difference equations. Unfortunately,
this field has called little attention recently, although two excellent books covering
the basic theory may be found, written by Nörlund [1] and Meschkowski [1]. Indeed,
since their publication, very few studies exist devoted to meromorphic solutions of
difference equations.

We now proceed to describe, in rough terms, how the singularity confinement
method, see Grammaticos, Ramani and Papageorgiou [1], applies to construct complex
difference equations corresponding, in some sense, to Painlevé differential equations.
The idea here, corresponding to the Painlevé property that all singularities of solutions
outside of the fixed singularities are poles only, is that a singularity of solution of a
discrete equation does not propagate, i.e. it disappears after finitely many iterations.

As the first concrete example, let us consider the following complex difference
equation

f (z+ 1)+ f (z)+ f (z− 1) = a(z)+ b(z)/f (z), (50.1)
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leading by some computations to a difference equation corresponding to (P1). Observe
that the argumentation of these computations is by no means strict in mathematical
sense, being rather of heuristic nature. Therefore, clearly, the process to construct
discrete counterparts of Painlevé differential equations is far from being unique. For
convenience, we now assume that the coefficients a(z), b(z) are polynomials. The
idea, as presented in Grammaticos, Nijhoff and Ramani [1], is to assume that f (z−1)
takes a finite, non-zero value, while f (z) = ε, and then to select the coefficients to
meet the requirement that after finitely many iterations, the dependence of f (z + n)
does not contain negative powers of ε. To this end, let us assume that b(z) �= 0. A
direct computation now results in

f (z+ 1) = b(z)
ε
+ a(z)− f (z− 1)− ε, (50.2)

f (z+ 2) = −b(z)
ε
+ a(z+ 1)− a(z)+ f (z− 1)+ b(z+ 1)

b(z)
ε +O(ε2) (50.3)

and

f (z+ 3) = a(z+ 2)− a(z+ 1)+ b(z)− b(z+ 1)− b(z+ 2)

b(z)
ε +O(ε2). (50.4)

If we now continue from (50.4) to the next iteration step

f (z+ 4) = b(z)
ε
+ a(z)− a(z+ 2)+ a(z+ 3)− f (z− 1)

+ b(z+ 3)

a(z+ 2)− a(z+ 1)
+O(ε),

(50.5)

diverging as ε → 0. To avoid this, we assume that a(z + 2) − a(z + 1) = 0, which
means that a(z) has to be a constant, say a. Under this assumption, reapplication of
(50.4) now results in

f (z+ 4) = b(z)
(
b(z)− b(z+ 1)− b(z+ 2)+ b(z+ 3)

)
b(z)− b(z+ 1)− b(z+ 2)

1

ε
+O(1). (50.6)

To avoid divergence of (50.6), we now require that

b(z)− b(z+ 1)− b(z+ 2)+ b(z+ 3) = 0. (50.7)

Denoting c(z) := b(z)− b(z+ 1), we conclude from (50.7) that the polynomial c(z)
has to periodic, c(z) − c(z + 2) = 0, hence a constant, say c(z) = −α. Therefore,
b(z + 1) = b(z) + α, and so b′(z + 1) = b′(z) implies, by periodicity again, that b′
is constant, hence b(z) = αz+ β. So, we obtain the following candidate

f (z+ 1)+ f (z)+ f (z− 1) = a + αz+ β
f (z)

(dP1)
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as for a discrete counterpart of the first Painlevé differential equation (P1).
To show now that (dP1) may be understood as a discrete counterpart of (P1), we

apply a transformation of type z = εt , striving to the continuous limit through ε→ 0.
More precisely, we define f (z) = − 1

2 + ε2u(t), a := −3, αt + β = − 1
4 (3+ 2ε4t),

expressing f (z+1), f (z−1) in (dP1) as Taylor series around z in terms of ε. Letting
now ε→ 0, one may immediately see that u(t) satisfies the first Painlevé differential
equation (P1), see e.g. Fokas, Grammaticos and Ramani [1].

To continue, a rather similar reasoning may be applied to show that for a suitable
choice of polynomial coefficients, the equation

f (z+ 1)+ f (z− 1) = a(z)+ b(z)f (z)
1− f (z)2 (50.8)

appears to be a discrete counterpart of (P2). Indeed, assuming that f (z− 1) does not
imply a singularity, and that f (z) = σ + ε with σ = ±1, the first steps of iteration
result in

f (z+ 1) = −b(z)+ σa(z)
2ε

+ a(z)− σb(z)
4

− f (z− 1)+O(ε) (50.9)

and

f (z+ 2) = −σ + 2b(z+ 1)− b(z)− σa(z)
b(z)+ σa(z) ε +O(ε2). (50.10)

To obtain (50.9) and (50.10), one may expand the expressions for f (z+ 1), f (z+ 2)
in Taylor series of ε around ε = 0. While continuing, we obtain

b(z)− 2b(z+ 1)+ b(z+ 2)+ σ (a(z)− a(z+ 2)
) = 0. (50.11)

Therefore, a(z) − a(z + 2) = 0, hence a(z) = δ has to be a constant by periodicity.
Moreover, b(z) − 2b(z + 1) + b(z + 2) = 0, and writing this as b(z) − b(z + 1) =
b(z+1)−b(z+2), we easily conclude that b(z) = αz+β has to be a linear polynomial.
Therefore, (50.8) reduces to

f (z+ 1)+ f (z− 1) = δ + (αz+ β)f (z)
1− f (z)2 . (dP2)

Again, the simple transformation f (z) = εu(t), αz + β = 2 + ε2t, δ = ε3μ results
in the second Painlevé equation (P2) with parameter μ.

Similarly as presented in §42 for Painlevé differential equations, their discrete
counterparts permit a similar coalescence property, which we now demonstrate by
showing that (dP1)may be obtained from (dP2) by a simple limiting process. Indeed,
substituting in (dP2) f (z) = 1+νg(z), α = −2Aν2, β = −4−2Cν, δ = 4+2Cν−
2Bν2, a straightforward computation results in

B + Az+ Cg(z)+ Aνzg(z)− g(z)g(z− 1)− g(z)2

− 1

2
νg(z)2g(z− 1)− g(z)g(z+ 1)− 1

2
νg(z)2g(z+ 1) = 0.
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Letting now ν → 0, we immediately get (dP1) in the form

g(z+ 1)+ g(z)+ g(z− 1) = C + B + Az
g(z)

.

We are not going to continuing further in detail, restricting ourselves just to list
here the basic discrete counterparts of the remaining Painlevé equations (P3) to (P6),
see Ramani, Grammaticos and Hietarinta [1] and Grammaticos and Ramani [1] for
their construction and downward coalescence:

f (z+ 1)f (z− 1) = (a + f (z))(b + f (z))
(cqzf (z)+ 1)(dqz + 1)

, (dP3)

(
f (z+ 1)+ f (z))(f (z)+ f (z− 1)

) = (f (z)2 − a2)(f (z)− b2)

(f (z)− (αz+ β))2 − c2 , (dP4)(
f (z+ 1)f (z)− 1

)(
f (z)f (z− 1)− 1

)
= (αz+ β)γ qz (f (z)+ a)(f (z)+ 1/a)(f (z)+ b)(f (z)+ 1/b)

(f (z)+ γ qz)(f (z)+ δqz) ,
(dP5)

(
f (z+ 1)f (z)− γ 2qzqz+1

)(
f (z)f (z− 1)− γ 2qzqz−1

)(
f (z+ 1)f (z)− 1

)(
f (z)f (z− 1)− 1

)
= (f (z)− γ q

za)(f (z)− γ qz/a)(f (z)− γ qzb)(f (z)− γ qz/b)
(f (z)− c)(f (z)− 1/c)(f (z)− d)(f (z)− 1/d)

,

(dP6)

where a, b, c, q, α, β, γ , δ are constants.
From the general point of view of this book it would be interesting to find out

purely complex analysis arguments for constructing the discrete Painlevé equations.
By Chapter 2, the first natural idea would be to insist that the difference equations in
question, at least in the case of (dP1), (dP2) and (dP4) admit at least some solutions
in the complex plane of finite order of growth. Observe that for complex difference
equations, in a very general sense, replacing for a solution f (z), the argument z by a
suitable periodic entire function, one may always construct another solution of infinite
order of growth. Therefore, in this situation, one has to look at the minimal growth of
solutions, or perhaps the minimal growth for certain classes of solutions. This kind
of investigations have started very recently, see Ablowitz, Halburd and Herbst [1],
Heittokangas et al. [1] and Grammaticos et al. [1]. However, the case is that this topic
is in its very beginning.

By the preceding list of basic discrete Painlevé equations, we immediately see
that all of them are special cases of the following general type of complex difference
equation: Let c1, . . . , cn ∈ C be distinct complex numbers, and J be a collection of
non-empty subsets of {1, 2, . . . , n}. We then consider a difference equation of type∑

J

αJ (z)
(∏
j∈J
f (z+ cj )

)
= R(z, f ) := a0(z)+ a1(z)f + · · · + ap(z)f p

b0(z)+ b1(z)f + · · · + bq(z)f q ,
(50.12)
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where the coefficients αJ , aj (z), bk(z) are meromorphic and of small growth S(r, f )
in the Nevanlinna theory sense, see Appendix B. We also assume that ap, bq and at
least one of αJ are non-vanishing functions, such that the corresponding product

∏
j∈J

contains at least one f (z+ cj ) with cj �= 0. Moreover, we assume that the right hand
side is irreducible with respect to f over the field of meromorphic functions small in
the sense of S(r, f ), and we denote d := max(p, q). We then obtain

Theorem 50.1. Let f be a meromorphic solution of (50.12). If d > n, then the lower
order μ(f ) = ∞.

Proof. Take ε > 0 small enough to satisfy γ := d
n(1+ε) > 1. Combining Lemma B.14,

Theorem B.16, Theorem B.17 and recalling Lemma B.10, we immediately obtain from
the equation (50.12),

d < dT (r, f ) = T (r, R)+ S(r, f )
= T
(
r,
∑
J

αJ (z)
∏
j∈J
f (z+ cj )

)
+ S(r, f )

≤
n∑
j=1

T
(
r, f (z+ cj )

)+ S(r, f )
≤ n(1+ ε)T (r + C, f )+M + S(r, f )
≤ n(1+ ε)T (σr + C, f ),

(50.13)

for all r ≥ r0 = r0(σ ) ≥ 1/ε, where M = M(ε) and C are some positive numbers,
and σ is an arbitrary number such that σ > 1. Inductively, for any k ∈ N, we obtain
from (50.13),

T

(
σkr + σ

k − 1

σ − 1
C, f

)
≥ γ kT (r, f ) (50.14)

for all r ≥ r0. Take now r ∈ [r0, σ r0 + C) and denote

s = s(k, r) = σkr + σ
k − 1

σ − 1
C.

Observe that s = s(k, r) covers each value in [σr0 + C,∞], provided (k, r) covers
N× [r0, σ r0 + C). But then

k = 1

log σ
log

(
s(σ − 1)+ C
r(σ − 1)+ C

)
≥ 1

log σ
log

(
s(σ − 1)+ C

(σr0 + C)(σ − 1)+ C
)

≥ 1

log σ

(
log s − log

(
σr0 + σ

σ − 1
C

))
.
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Hence, we may use (50.14) to see that for all s ≥ σr0 + C,

log T (s, f ) ≥ log γ

log σ

(
log s − log

(
σr0 + σ

σ − 1
C

))
+ log T (r0, f ).

Dividing now through by log s and letting s →∞, we observe that

μ(f ) ≥ log γ

log σ
.

Letting now σ → 1+, we are done. 	


As shown in Grammaticos et al. [1], the requirement that (transcendental) mero-
morphic solutions exist for a complex difference equation, may perhaps be used, by
a suitable reformulation of the equation in question, to obtain other restrictions than
what has been indicated in Theorem 50.1 above. Unfortunately, there does not exist
presently, according to our knowledge, purely complex analytic requirements which
would force a difference equation to reduce into the discrete Painlevé equations listed
above, or into some other existing versions of the counterparts to Painlevé differential
equations. A potential idea, not yet explored, might be to try some requirements related
to the value distribution of the solutions, see Heittokangas et al. [1], Theorem 3.1.



Appendix A

Local existence and uniqueness of solutions of complex
differential equations

In this appendix, we have collected, for the convenience of the reader, some basic
results concerning the local existence and uniqueness of analytic solutions of com-
plex differential equations. We are restricting ourselves to such local existence and
uniqueness results only, which are explicitly needed in the actual chapters of this book.
Essentially, two types of results have been included: We first offer some very basic
local existence and uniqueness results usually proved by the Picard successive ap-
proximations or by the Cauchy majorant method. Although basically familiar, there
are not so many standard references actually proving these results in the complex
plane case. Secondly, we include a couple of important results for the local existence
and uniqueness of solutions for complex differential equations in a neighborhood of
a singularity of regular type.

We omit most proofs in this appendix. However, for the convenience of the reader
again, we have included explicit references for complete proofs in standard books.

To start with, we first fix some notations in the n-dimensional complex space C
n,

equipped with the standard euclidean topology obtained by identifying C
n with R

2n,
as well as in an open set $ ⊂ C

n. For a point (z1, . . . , zn) ∈ $, we denote by
zj = xj,1 + ixj,2, j = 1, . . . , n, the corresponding real coordinates. Looking at a
function f : $ → C, continuously differentiable with respect to all corresponding
real coordinates, we may define the complex partial derivatives of f by

∂f

∂zj
:= 1

2

(
∂f

∂xj,1
− i ∂f
∂xj,2

)
, j = 1, . . . , n,

∂f

∂z̄j
:= 1

2

(
∂f

∂xj,1
+ i ∂f
∂xj,2

)
, j = 1, . . . , n.

Then we may define analyticity in several complex variables by

Definition A.1. A continuously differentiable function f : $→ C is analytic (holo-
morphic) in $, if

∂f =
n∑
j=1

∂f

∂z̄j
(dxj,1 − idxj,2) = 0

in $.
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It is now well-known that an analytic function f : $ → C may be uniquely
represented, locally, in a power series

f (z1, . . . , zn) =
∞∑

k1,...,kn=0

ak1,...,kn(z1 − β1)
k1 . . . (zn − βn)kn

converging uniformly in compact subsets of a polydisc B(β, r) = ∏nj=1 B(βj , rj ).
Moreover, if |f (z1, . . . , zn)| ≤ M in B(β, ρ) for every ρ such that 0 < ρj < rj ,
j = 1, . . . , n, then the Cauchy estimates

|ak1,...,kn | ≤ M/(rk1
1 . . . r

kn
n )

follow. For the practical applications of the following basic existence and uniqueness
results, it is important to recall the classical theorem, due to Hartogs, that when-
ever f : $ → C is analytic in each of its variables z1, . . . , zn separately, while all
other variables have arbitrarily given fixed values, then f is analytic in the sense of
Definition A.1.

Starting with the most elementary first order differential equation

w′ = f (z,w),

we may recall the following local existence and uniqueness theorem. For a complete
proof (by the Cauchy majorant method), see e.g. Herold [1], Satz 2.1, or Hille [2],
Theorem 2.4.1.

Theorem A.2. Suppose f : $→ C is analytic in a domain $ ⊂ C
2 and (z0, w0) ∈

$. Also assume that

B(z0, w0; r) := B(z0, r)× B(w0, r) ⊂ $

and that |f (z,w)| ≤ M for all (z, w) ∈ B(z0, w0; r). Then the initial value problem

w′ = f (z,w), w(z0) = w0

admits a unique analytic solution w(z) in a neighborhood U of z0 such that

B
(
z0, r(1− exp(−1/(2M))

) ⊂ U.
By a slight modification of the proof referred to above, Theorem A.2 may be

extended to corresponding systems of first order differential equations in the complex
plane, see Herold [1] or Hille [2] again. Actually, the following theorem is the key
result to proving that all solutions of the Painlevé differential equations (P1)–(P5),
suitably modified for (P3) and (P5), are meromorphic functions, see Chapter 1.
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Theorem A.3. Suppose that fj : $→ C, j = 1, . . . , n in a domain $ ⊂ C
n+1 are

analytic and that (z0, w1,0, . . . , wn,0) ∈ $. Also assume that for some r > 0,

B(z0, w1,0, . . . , wn,0; r) = B(z0, r)×
n∏
j=1

B(wj,0, r) ⊂ $

and that
|fj (z, w1, . . . , wn)| ≤ M, j = 1, . . . , n,

for all (z, w1, . . . , wn) ∈ B(z0, w1,0, . . . , wn,0; r). Then the initial value problem

w′j (z) = fj (z, w1(z), . . . , wn(z)), wj (z0) = wj,0, j = 1, . . . , n,

admits a unique analytic solution (w1(z), . . . , wn(z)) in a neighborhoodU of z0 such
that

B

(
z0, r

(
1− exp

( −1

(n+ 1)M

)))
⊂ U.

Corollary A.4. Consider the system of differential equations

w′j = fj (z, w1, . . . , wn), j = 1, . . . , n, (A.1)

where fj are functions satisfying the same suppositions in B̄(z0, w1,0, . . . , wn,0; r)
as in Theorem A.3. Let γ be a curve terminating in z = z0 and let {ak}∞k=1 ⊂ γ be a
sequence such that ak → z0 as k→∞. Suppose that a solution (w1(z), . . . , wn(z))

of (A.1) is meromorphic along γ \ {z0}, and that wj(ak)→ wj,0, j = 1, . . . , n, as
k→∞. Then, the solution is analytic at z = z0 as well and satisfies wj(z0) = wj,0.
Proof. By Theorem A.3, if ak satisfies |ak− z0|+ |wj(ak)−wj,0| < r/2, thenwj(z),
j = 1, . . . , n are analytic in B

(
ak, (r/2)

(
1 − exp

( −1
(n+1)M

)))
. From this fact the

corollary immediately follows. 	


Another slight modification of the Cauchy majorant proof, see e.g. Herold [1],
Satz 3.1, results in the following basic existence and uniqueness result for linear
differential equations:

Theorem A.5. Let bj,k(z), aj (z), j, k = 1, . . . , n, be analytic functions in a disc
B(z0, r). Then the initial value problem

w′j =
n∑
k=1

bj,k(z)wk + aj (z), j = 1, . . . , n,

wj (z0) = wj,0, j = 1, . . . , n,

admits a unique solution (w1(z), . . . , wn(z)) analytic in B(z0, r).
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Writing an nth order linear differential equation as a system of first order linear
differential equations, we obtain an immediate

Corollary A.6. Let p1(z), . . . , pn(z), a(z) be analytic in a disc B(z0, r). Then the
initial value problem

w(n) + p1(z)w
(n−1) + · · · + pn(z)w = a(z),

w(j)(z) = wj,0, j = 0, . . . , n− 1,

admits a unique solution w(z) analytic in B(z0, r).

Corollary A.7. If all the coefficients in Corollary A.5. are entire functions, then the
solution w(z) is entire as well.

In several occasions of our actual chapters, Painlevé differential equations appear
to be closely connected with Riccati differential equations. Therefore, we close the
first part of this appendix by

Theorem A.8. Suppose the coefficients a0(z), a1(z), a2(z) of a Riccati differential
equation

w′ = a0(z)+ a1(z)w + a2(z)w
2 (A.2)

are analytic in a disc B(z0, r). Then all local solutions of (A.2) in a domain $ ∈
B(z0, r) admit a meromorphic continuation over the whole disc B(z0, r).

For a proof of Theorem A.8, see e.g. Laine [1], Theorem 9.1.3, and Jank and
Volkmann [1], Satz 20.2.

Corollary A.9. If all the coefficients of (A.2) are entire functions, then all local
solutions of (A.2) admit a meromorphic continuation over the whole complex plane C.

We now proceed to the second part of this appendix, the local behavior of solutions
in a neighborhood of a singularity of regular type of the differential equation, resp.
a system of differential equations, in question. To this end, we consider a system of
differential equations with a singular point of regular type at z = 0, i.e. a system of
the form

zy′j = fj (z, y1, . . . , yn), j = 1, . . . , n, (A.3)

where the right hand sides fj (z, y1, . . . , yn) are analytic at z = 0, y1 = 0, . . . , yn = 0
and satisfy the initial conditions fj (0, . . . , 0) = 0 for j = 1, . . . , n. Such a system
is called a Briot–Bouquet system. The equation (A.3) can be written in the vectorial
form:

zY ′ = F(z, Y ), (A.4)

where Y := t(y1, . . . , yn) ∈ C
n is the unknown vector and

F(z, Y ) = t(f1(z, Y ), . . . , fn(z, Y ))
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is a vector-valued function. F(z, Y ) may be expanded into a power series

F(z, Y ) =
∑

j+|K|≥1

AjKz
jYK (A.5)

convergent, hence bounded, in some domain around the origin:

|z| < r0, ‖Y‖ < r1. (A.6)

Here K := (k(1), . . . , k(n)) ∈ (N ∪ {0})n, |K| := k(1)+ · · · + k(n), the coefficient
AjK := t(a

(1)
jK , . . . , a

(n)
jK ) ∈ C

n, ‖Y‖ = max
j
|yj | and YK = yk(1)1 . . . y

k(n)
n .

Theorem A.10. If none of the eigenvalues of the matrix

A =

⎛⎜⎜⎝
∂f1
∂y1
(0, 0) · · · ∂f1

∂yn
(0, 0)

...
...

∂fn
∂y1
(0, 0) · · · ∂fn

∂yn
(0, 0)

⎞⎟⎟⎠ (A.7)

is a positive integer, then the equation (A.4) admits a solution of the form

Y (z) =
∞∑
j=1

Cjz
j , Cj ∈ C

n, (A.8)

convergent at z = 0. Furthermore, there is a unique solution analytic around z = 0
and satisfying Y (0) = 0.

Proof. See Iwasaki, Kimura, Shimomura and Yosida [1], p. 259–263. 	


Corollary A.11. If λ ∈ C\N, then the differential equation

zy′ = λy + p10z+
∑
j+k≥2

pjkz
j yk

with constant coefficients admits a unique solution analytic around z = 0 such that
y(0) = 0.

Proof. For a proof by using the majorant method, see Herold [1], p. 55–56. 	


To compare two multi-indices K = (k(1), . . . , k(n)) and L = (l(1), . . . , l(n)),
we define a relation K � L, if either (a) or (b) holds:

(a) k(1)+ · · · + k(n) > l(1)+ · · · + l(n);
(b) k(1)+ · · · + k(n) = l(1)+ · · · + l(n),
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and, for some j satisfying 1 ≤ j ≤ n,

k(i) = l(i) for all i < j and k(j) > l(j).

We also write K  L if K � L or K = L, and K ≺ L, if L � K.
If it happens that the assumption concerning the eigenvalues of the matrix (A.7)

in Theorem A.10 fails, we can anyway prove the convergence of a formal solution as
follows:

Theorem A.12. Suppose that the system (A.4) with (A.5) and (A.6) admits a formal
solution of the form (A.8). Then (A.8) converges around z = 0.

Proof. The proof may be reduced to Theorem A.10. Indeed, for the eigenvalues
λ1, . . . , λn of the matrixA, take a positive integer j0 such that j0 ≥ max(λ1, . . . , λn)+
1. By the change of variables Y = W +∑j0j=1 Cjz

j , the system (A.4) transforms into

zW ′ = H(z,W) (A.9)

with H(z,W) = ∑j+|K|≥1HjKz
jWK satisfying H1,0 = · · · = Hj0,0 = 0 and

∂H(0,0)
∂W

= A.Moreover,

HjK = t
(
h
(1)
jK, . . . , h

(n)
jK

)
is a column vector in C

n. Then the system (A.9) admits a formal solution W(z) =∑∞
j=j0+1 Cjz

j . The further change of variables W = zj0V reduces (A.9) into the
system of the form (A.4) with the Jacobian matrix (∂F/∂V )(0, 0) = A− j0I, which
admits a formal solution V = ∑∞

k=1 Cj0+kzk. If j0 is sufficiently large, then all
eigenvalues of A− j0I are negative numbers. From this fact the conclusion follows.

	


Let us finally consider a more general case of the matrix A, assuming that the
eigenvalues λ1, . . . , λn of the matrix A satisfy the following two conditions:
(A1) For every (j, L)  (1, 0) where L := (l(1), . . . , l(n)), and for ν = 1, . . . , n,

j + λ1l(1)+ · · · + λnl(n)− λν �= 0.

(A2) (Poincaré condition) The convex hull of the points 1, λ1, . . . , λn in the complex
plane does not contain the origin, i.e. we can draw a line l through the origin so that
1, λ1, . . . , λn are situated on one side of l. Equivalently, we may say that there exists
a complex number t such that et , eλ1t , . . . , eλnt are all small simultaneously.

Theorem A.13. Under the assumptions (A1) and (A2), the equation (A.4) admits a
solution of the form

Y = 	(z, z�C)
with the following properties:
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(1) The series
	(z,Z) :=

∑
j+|L|≥1

PjLz
jZL,

where PjL ∈ C
n, Z = t(z1, . . . , zn), P0E[ν] = eν = t(0, . . . , 0, 1, 0, . . . , 0),

with 1 on the νth place, converges for |z| < r , ‖Z‖ < r , where r is a sufficiently
small positive constant.

(2) Z = z�C is a solution of the equation

zZ′ = �Z,
where C = t(c1, . . . , cn) ∈ C

n.

Proof. See Iwasaki, Kimura, Shimomura and Yosida [1], p. 278–289. 	




Appendix B

Basic notations and facts in the Nevanlinna theory

This section is devoted to reviewing those basic facts in the Nevanlinna theory, which
are necessary in the actual chapters devoted to Painlevé equations. For more material,
for proofs omitted here and for most of the notations, the reader may consult Hayman
[1], Jank and Volkmann [1] and Laine [1]. In addition, we frequently apply the
following notations: Given 	 : [r0,+∞) → R+, � : [r0,+∞) → R+, we denote
	(r) � �(r), resp. �(r) � 	(r), provided for some r0 ≥ 0, 	(r) = O(�(r)) as
r →+∞, and	(r) � �(r), if	(r)� �(r) and�(r)� 	(r)hold simultaneously.

Let f (z) be an arbitrary meromorphic function in C. For r > 0, denote by n(r, f )
the cardinal number of the poles of f (z) in the disk |z| ≤ r, each pole being counted
according to its multiplicity. Then the counting function of f (z) is defined by

N(r, f ) :=
∫ r

0

1

t

(
n(t, f )− n(0, f )) dt + n(0, f ) log r, (B.1)

which measures the average frequency of poles in the disk |z| < r . For x > 0, we
write log+ x = max{log x, 0}. The proximity function of f (z) is defined by

m(r, f ) := 1

2π

∫ 2π

0
log+ |f (reiθ )|dθ, (B.2)

which measures the average magnitude on the circle |z| = r. Then we put

T (r, f ) := m(r, f )+N(r, f ), (B.3)

which is called the characteristic function of f (z). It is easy to see that, for meromor-
phic functions f (z), g(z), formulas such as

m(r, αf + βg) ≤ m(r, f )+m(r, g)+O(1),
m(r, fg) ≤ m(r, f )+m(r, g),

T (r, αf + βg) ≤ T (r, f )+ T (r, g)+O(1),
T (r, fg) ≤ T (r, f )+ T (r, g)

(α, β ∈ C) are valid. Let (aj ) and (bk), respectively, be the zeros and the poles of g(z)
in the disk |z| < r , each repeated according to its multiplicity. By the Poisson–Jensen
formula, for every z satisfying |z| < r,

log |g(z)| = 1

2π

∫ 2π

0
log |g(reiθ )| · r

2 − |z|2
|reiθ − z|2 dθ

+
∑
|aj |<r

log

∣∣∣∣ r(z− aj )r2 − āj z
∣∣∣∣− ∑

|bk |<r
log

∣∣∣∣ r(z− bk)r2 − b̄kz
∣∣∣∣ . (B.4)
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Substituting g(z) = z−pf (z) = cp + O(z) (cp �= 0, p ∈ Z) into (B.4) with z = 0,
we have

m(r, f )+N(r, f ) = m(r, 1/f )+N(r, 1/f )+ log |cp|. (B.5)

Replacing f (z) by f (z)− a, a ∈ C, we obtain the first main theorem:

Theorem B.1. For an arbitrary meromorphic function f (z) and an arbitrary a ∈ C,

T (r, 1/(f − a)) = T (r, f )+O(1).
The characteristic function T (r, f ) measures the complexity of the behavior,

namely the transcendency of f (z). For example, T (r, ez) � r, T (r, exp(z2)) � r2.

Proposition B.2. A meromorphic function f (z) satisfies T (r, f ) = O(log r), if and
only if f (z) is a rational function.

The order of f (z) is defined by

ρ(f ) := lim sup
r→∞

log T (r, f )

log r
. (B.6)

For example, ρ(ez) = 1, ρ(exp(z2)) = 2, and ρ(q) = 0 for any rational function
q(z). From an identity due to H. Cartan,

T (r, f ) = 1

2π

∫ 2π

0
N(r, 1/(f − eiθ ))dθ + log+ |f (0)|,

we obtain
dT (r, f )

d log r
= 1

2π

∫ 2π

0
n(r, 1/(f − eiθ ))dθ,

provided that |f (0)| �= ∞. Combining this with the relation T (r, f ) = T (r, 1/f ) +
log |cp| in the remaining case f (0) = ∞, we derive

Proposition B.3. T (r, f ) is increasing and convex with respect to log r.

Furthermore, we have

Proposition B.4. A meromorphic function f (z) is transcendental if and only if
log r/T (r, f ) = o(1) as r →∞.
Proof. Suppose that f (z) is transcendental. We regard T (r, f ) = T∗(r) as a function
of log r. If dT∗(r)/d log r ≤ B for someB > 0, then T∗(r) ≤ B log r+O(1)� log r,
which contradicts the supposition. Since dT∗(r)/d log r is increasing with respect to
r by Proposition B.3, dT∗(r)/d log r → ∞ as r → ∞. For any ε > 0, there exists
rε > 0 such that dT∗(r)/d log r ≥ 1/ε, r ≥ rε and hence T∗(r) ≥ ε−1 log r +O(1),
r ≥ rε, which implies that log r/T (r, f )→ 0 as r →∞. 	
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Define, for an arbitrary a ∈ C,

δ(a, f ) := lim inf
r→∞

m(r, 1/(f − a))
T (r, f )

, (B.7)

and

δ(∞, f ) := lim inf
r→∞

m(r, f )

T (r, f )
. (B.8)

These quantities are called the deficiency of a, and that of ∞, respectively. For a
transcendental meromorphic function f (z), by Theorem B.1, if δ(a, f ) < 1 then
f (z) admits infinitely many a-points. If f (z) admits a finite number of a-points in C

only, then δ(a, f ) = 1.
To count the multiple poles, we put n1(r, f ) = ∑|τ |≤r (μ(τ) − 1), where μ(τ)

denotes the multiplicity of a pole τ and
∑
|τ |≤r denotes the summation over all poles

in the disk |z| ≤ r. Then

N1(r, f ) :=
∫ r

0

1

t

(
n1(t, f )− n1(0, f )

)
dt + n1(0, f ) log r (B.9)

measures the frequency of the multiple poles. We then define, for a ∈ C,

ϑ(a, f ) := lim inf
r→∞

N1(r, 1/(f − a))
T (r, f )

, (B.10)

and

ϑ(∞, f ) := lim inf
r→∞

N1(r, f )

T (r, f )
, (B.11)

which are called the ramification index of a, and that of∞, respectively. If all a-points
are simple, then ϑ(a, f ) = 0, and if they are double, then ϑ(a, f ) ≤ 1/2.

Let φ(r) be a function defined on an interval [r0,+∞), where r0 > 1.We write

φ(r) = S(r, f )
if φ(r) = o(T (r, f )) as r →+∞ outside of a possible exceptional set of finite linear
measure. Applying the differential operator (∂/∂x − i∂/∂y) to (B.4) (with g = f ),
we obtain

f ′(z)
f (z)

= 1

π

∫ 2π

0
log |f (reiθ )| · reiθ

(reiθ − z)2 dθ

+
∑
|aj |<r

(
1

z− aj +
āj

r2 − āj z
)
−
∑
|bk |<r

(
1

z− bk +
b̄k

r2 − b̄kz
)

for |z| < r. By this inequality, we get the basic estimates for logarithmic derivatives:

Proposition B.5. For an arbitrary non-constant meromorphic function f (z), and for
an arbitrary k ∈ N, m(r, f (k)/f ) = S(r, f ). In particular, if ρ(f ) < +∞, then
m(r, f (k)/f ) = O(log r).
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If z0 is a pole of f (z) with multiplicity μ0, then z0 is a pole of f (k)(z) with
multiplicity μ0 + k. Hence, N(r, f (k)) ≤ (k + 1)N(r, f ). By Proposition B.5,
m(r, f (k)) ≤ m(r, f ) + m(r, f (k)/f ) = m(r, f ) + S(r, f ). Hence T (r, f (k)) ≤
(k + 1)T (r, f )+ S(r, f ). Thus we have

Corollary B.6. For every k ∈ N, T (r, f (k)) ≤ (k + 1)T (r, f )+ S(r, f ).
Observing that

m(r, f (q)/f (p)) ≤
q−1∑
j=p
m(r, f (j+1)/f (j)), q > p, p, q ∈ N,

and that m(r, f (j+1)/f (j)) = S(r, f (j)) = S(r, f ), see Corollary B.6, we obtain

Corollary B.7. For arbitrary positive integers p and q such that p < q, we have
m(r, f (q)/f (p)) = S(r, f ).
Remark. In Proposition B.5, Corollaries B.6 and B.7, S(r, f ) can be replaced by
O
(
log(rT (r, f ))

)
as r → +∞ outside of a possible exceptional set of finite linear

measure.

The second main theorem in the Nevanlinna theory, which is another basic result,
is stated as follows:

Theorem B.8. For an arbitrary non-constant meromorphic function f (z) and for an
arbitrary number of distinct points a1, . . . , aq ∈ C, q ∈ N, we have

m(r, f )+
q∑
j=1

m(r, 1/(f − aj ))+N(r, 1/f ′)+N1(r, f ) ≤ 2T (r, f )+ S(r, f ).

From this theorem, we immediately obtain

δ(∞, f )+ ϑ(∞, w)+
q∑
j=1

(
δ(aj , f )+ ϑ(aj , f )

) ≤ 2.

This implies that, for each n ∈ N, the number of the points a ∈ C such that δ(a, f ) ≥
1/n (resp. ϑ(a, f ) ≥ 1/n) does not exceed 2n, and hence all points with a non-zero
deficiency (resp. a non-zero ramification index) constitute a countable set. Thus we
have

Corollary B.9. For an arbitrary non-constant meromorphic function f (z),∑
a∈Ĉ

(
δ(a, f )+ ϑ(a, f )) ≤ 2, Ĉ = C ∪ {∞},

where the summation ranges over all points in Ĉ such that δ(a, f ) > 0 orϑ(a, f ) > 0.
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To eliminate the exceptional set, the following elementary lemma sometimes ap-
pears useful:

Lemma B.10. Let φ(r) and ψ(r) be monotone increasing functions on (0,+∞) sat-
isfying φ(r) ≤ ψ(r) outside of an exceptional set of finite linear measure. Given
α > 1, there exists a number r0 > 0 such that φ(r) ≤ ψ(αr) on (r0,+∞).

The following lemma is due to Clunie [1], see also Laine [1]:

Lemma B.11. Let f be a transcendental meromorphic function such that f p+1 =
Q(z, f ), p ∈ N, where Q(z, u) is a polynomial in u and its derivatives with mero-
morphic coefficients aμ(z), μ ∈ M . Suppose that the total degree of Q(z, u) as a
polynomial in u and its derivatives does not exceed p. Then

m(r, f ) = O
( ∑
μ∈M

m(r, aμ)
)
+ S(r, f ). (B.12)

Moreover, if ρ(f ) < +∞, the error term S(r, f ) can be replaced by O(log r) with
no exceptional set.

Proof. For r > 0, consider the subinterval defined by

I (r) = {θ ∈ [0, 2π ] | |f (reiθ )| > 1
}
.

It is easy to see that

m(r, f ) = 1

2π

∫
θ∈I (r)

log+ |f (reiθ )|dθ. (B.13)

We writeQ(z, f ) in the form

Q(z, f ) =
∑
μ∈M

aμ(z)f
i0(μ)(f ′)i1(μ) . . . (f (l))il (μ),

l, ij (μ) ∈ N ∪ {0} (j = 0, 1, . . . , l), ι(μ) = i0(μ)+ i1(μ)+ · · · + il(μ) ≤ p.
Then,

f =
∑
μ∈M

aμ(z)f
ι(μ)−p(f ′/f )i1(μ) . . . (f (l)/f )il (μ).

Hence, for r > 0 and for θ ∈ I (r),
log+ |f (reiθ )|

≤
∑
μ∈M

(
log+ |aμ(reiθ )| + p

l∑
j=1

log+
∣∣f (j)(reiθ )/f (reiθ )∣∣)+O(1).
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Substituting this into (B.13), we get

m(r, f )�
∑
μ∈M

m(r, aμ)+
l∑
j=1

m(r, f (j)/f ). (B.14)

By Corollary B.7, we obtain (B.12), which completes the proof. 	


The following lemma, due to Mohon’ko and Mohon’ko [1], see also Laine [1],
gives an estimate for the proximity function of the reciprocal of f (z)− c:
Lemma B.12. Let F(z, u) be a polynomial in u and its derivatives with meromorphic
coefficients bκ(z), κ ∈ K . Suppose that f is a transcendental meromorphic function
satisfying F(z, f ) = 0, and that c is a complex number. If F(z, c) �≡ 0, then

m(r, 1/(f − c)) = O
(∑
κ∈K

T (r, bκ)
)
+ S(r, f ). (B.15)

Moreover, if ρ(f ) < +∞, the error term S(r, f ) can be replaced by O(log r) with
no exceptional set.

Proof. Put g = f − c. Then F(z, g + c) = 0, namely

G(z, g) ≡ F(z, g + c)− F(z, c) = −F(z, c). (B.16)

Since G(z, 0) ≡ 0, we may write (B.16) in the form

G(z, g) =
∑
λ∈�

Bλ(z)g
i0(λ)(g′)i1(λ) . . . (g(l))il (λ) = −F(z, c) �≡ 0, (B.17)

l, ij (λ) ∈ N ∪ {0} (j = 0, 1, . . . , l), i0(λ)+ i1(λ)+ · · · + il(λ) ≥ 1, (B.18)

where Bλ(z) (λ ∈ �) and −F(z, c) are linear combinations of bκ(z), κ ∈ K , with
complex coefficients. For r > 0, consider the subinterval

J (r) = {θ ∈ [0, 2π ] | |g(reiθ )| < 1
}
.

From (B.16) and (B.18), we derive that, for θ ∈ J (r),
log+ |1/g(reiθ )| ≤ log+ |1/F (reiθ , c)|

+
∑
λ∈�

(
log+ |Bλ(reiθ )| +

l∑
j=1

ij (λ) log+
∣∣g(j)(reiθ )/g(reiθ )∣∣)+O(1). (B.19)

Observe that

m(r, 1/g) = 1

2π

∫
θ∈J (r)

log+ |1/g(reiθ )|dθ,
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and that
m(r, 1/F (z, c)) ≤ T (r, F (z, c))�

∑
κ∈K

T (r, bκ).

Then, from (B.19), it follows that

m(r, 1/g)�
∑
κ∈K

T (r, bκ)+
l∑
j=1

m(r, g(j)/g). (B.20)

Combining (B.20) with Proposition B.5, we obtain (B.15). 	


Remark. In Lemma B.11 or B.12, S(r, f ) can be replaced by O
(
log(rT (r, f ))

)
as

r →+∞ outside of a possible exceptional set of finite linear measure.

We also give here another version of the error term in Lemma B.11 or Lemma
B.12 for a special class of meromorphic functions.

Lemma B.13. Suppose that f is a transcendental meromorphic function such that
log T (r, f ) = O(r). Then m(r, f (k)/f ) = O(r) and log T (r, f (k)) = O(r) with no
exceptional set for every k ∈ N. Furthermore, the error term S(r, f ) in Lemma B.11
or Lemma B.12 can be replaced by O(r) with no exceptional set.

Proof. It is not difficult to see that m(r, f ′/f ) � log T (2r, f ) + log r = O(r) with
no exceptional set. By the same argument as in the proof of Proposition B.5, we can
inductively show that m(r, f (k)/f ) = O(r) with log T (r, f (k)) = O(r) for every
k ∈ N. From this estimate the conclusion immediately follows. 	


We close this appendix by giving some results from Nevanlinna theory needed
in our considerations related to discrete Painlevé equations in Chapter 10. Basically,
these results are elementary. However, their proofs usually don’t appear in standard
references of value distribution theory.

Lemma B.14. Given ε > 0, c ∈ C and a meromorphic function f , then

T (r, f (z+ c)) ≤ (1+ ε)T (r + |c|, f (z))+M
for all r ≥ rc, for some constantM = M(c, ε).

Proof. This follows by a slight modification of the proof of Lemma 1 in Ablowitz,
Halburd and Herbst [1]. 	


Proposition B.15. Given three distinct meromorphic functions f, g, h,

T (r, fg + gh+ hf ) ≤ T (r, f )+ T (r, g)+ T (r, h)+O(1).
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Proof. Looking at pole multiplicities, summing over |z| ≤ r and integrating logarith-
mically, we immediately get

N(r, fg + gh+ hf ) ≤ N(r, f )+N(r, g)+N(r, h).
To estimate log+ |fg + gh+ hf |, we first observe that

log+ |fg + gh+ hf | ≤ log+ 3 = log+ |f | + log+ |g| + log+ |h| + log 3

whenever |f | ≤ 1, |g| ≤ 1, |h| ≤ 1. If, on the other hand, all of f, g, h are > 1 by
modulus, then

log+ |fg + gh+ hf | = log+
(
|fgh|

(
1

|f | +
1

|g| +
1

|h|
))

≤ log+ |f | + log+ |g| + log+ |h| + log 3.

If one of f, g, h only is ≤ 1 by modulus, say f , then we have

log+ |fg + gh+ hf | ≤ log+(|g| + |gh| + |h|) ≤ log+(3|gh|)
≤ log+ |f | + log+ |g| + log+ |h| + log 3.

Finally, if exactly two of f, g, h are ≤ 1 by modulus, say f and g, then

log+ |fg + gh+ hf | ≤ log+(1+ 2|h|) ≤ log+(3|h|)
≤ log+ |f | + log+ |g| + log+ |h| + log 3.

Therefore, by integration,

m(r, fg + gh+ hf ) ≤ m(r, f )+m(r, g)+m(r, h)+ log 3,

and the assertion follows. 	


A slight modification of the proof above immediately results in

Theorem B.16. Given distinct meromorphic functions f1, . . . fn, let {J } denote the
collection of all non-empty subsets of {1, . . . , n}, and suppose that αJ ∈ C for each
J ∈ {J }. Then

T
(
r,
∑
J

αJ

(∏
j∈J
fj

))
≤

n∑
k=1

T (r, fk)+O(1).

Remark. It is a straightforward modification to obtain the corresponding estimate
as in the preceding theorem, if the constant coefficients αJ are replaced by small
meromorphic functions αJ (z).



282 B Basic notations and facts in the Nevanlinna theory

Theorem B.17. Let f be a meromorphic function and

R(z, f ) = a0(z)+ a1(z)f + · · · + ap(z)f p
b0(z)+ b1(z)f + · · · + bq(z)f q

be irreducible rational in f with meromorphic coefficients aj (z), bk(z) of small growth
S(r, f ). Then

T
(
r, R(z, f (z))

) = max(p, q)T (r, f (z))+ S(r, f ).
Proof. This is usually known as the Valiron–Mohon’ko theorem. For a proof, see
Laine [1], Theorem 2.2.5. 	
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